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PKEFACE. 

In the following work an attempt has been made to give as 
complete an account of modern Optics, including the labours of 
Gauss, Listing, Maxwell, Helmholtz and Abb4 as could be com- 
pressed within the limits of a single volume ; at the same time 
much that is of interest and importance, both theoretical and 
practical, has been necessarily omitted. The subjects have been 
treated as far as possible in a natural order, beginning with the 
simplest and advancing to the most general and complex. Thus 
the reflexion and refraction of single rays of light are considered 
before the corresponding properties of pencils, and the complete 
approximate theory of lenses is given before the theory of caustics 
and aberrations, and these before the general theory of thin 
pencils. The detailed cbnsideration of heterogeneous media, which 
may be said to fall outside the province of optics, has been 
postponed to the last chapter. Gauss' theory of lenses has been 
worked out completely by elementary geometrical methods, so as 
to bring it within the reach of all students ; while, at the risk of 
some repetition, his own elegant analysis has been given in a 
separate chapter. Before treating the refraction of thin optical 
pencils after the manner of Maxwell, a short account of the 
general properties of all thin pencils which are not systems of 
normals, has been introduced. I append a list of the most 
important memoirs and treatises relating to this subject, most 
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VI PREFACE. 

of which I have been able to consult. The list has no pretence to 
completeness ; for numbers of memoirs have been so often incor- 
porated into text-books that it is not necessary to specify them in 
particular. I would mention Lloyd's "Treatise on Light and 
Vision," a most valuable though scarce work, as having been of 
special service ; the chapter on spherical aberration and the 
general description of the instruments have been derived mainly 
from this treatise. Cayley's Memoirs on Caustics, Maxwell's papers 
on Thin Pencils, Helmholtz' Physiologische Optik and Abba's 
papers on the microscope, have formed the basis of the sections 
dealing with these various subjects. 

Any notifications of inaccuracies or suggestions which may add 
to the usefulness of the work will be most gratefully received. 

R. S. HEATH. 

Mason College, Birminohaji. 
April, 1887. 



LIST OF MEMOIRS AND TREATISES. 



Refractimi of rays of Light. 

R. Rabau. Minimum aberration through a prism. Carl. Repositorium iv. 1868. 
M. Jenkins. Gfeometrical proof that the deviation of a refracted ray of light 

increases with the incidence. Messenger (2) li. 1873. 
P. M. Clark. Minimum aberration through a prism. Messenger iv. 1874. 
O. Airy. „ „ „ Messenger v. 1875. 



On systems of Lenses. 

Gauss. Dioptrische Untersuchungen. AbL Oottingen i. 1838 — 1843. Werke, 

Band v. 
A. Martin. Interpretation g^metrique et continuation de la theorie des 

lentilles de Gauss. Ann. de Chimie et de Physique (4) x. 1867. 
Listing. Ueber einige merkwiirdige Punkte in Linsen vmd Linsensystemen. 

Pogg. Ann. cxxix. 1868. 
V. V. Lang. Zur Dioptrik eines Systems centrirter Kugelflachen. Pogg. 

Ann. CL. 1873. 
J. LissAJons. Sur quelques constructions g^ometriques applicables aui 

miroirs et aux lentiUes. Comptes Rendus lxxix. 1874. 
A. Catlet. An elementary construction in optics. Messenger (2) vl 1877. 
H. ZracKEN-SoMMER. Ueber die Brechung eines Lichtstrahls durch ein 

Linsen-system. CreUe lxxxii. 1877. 
R. Most. Ueber ein dioptrisches Fundamental-gesetz. Pogg. Ann. SuppL vin. 

1878. 
E, Pendlbbdrt. On equivalent lenses. Messenger vii. 1878. 

On the principal points of a system of lenses. Messenger 

IX. 1879—1880. 
C. Pendlebury. On lenses and systems of lenses, treated after the manner 

of Gauss. Cambridge, 1884. 
E. J. RouTH. Note on geometrical optics. Quart. Journ. Math. xxi. 1886. 



viii LIST OF MEMOIRS AND TREATISES. 



General Theorems and Caustics. 

\X. R. Hamilton. Systems of rays. Trans. Royal Irish Academy, vol. xv. 

1828, XVI. 1830-31, xvir. 1837. 
H. HoLDlTCH. Caustic by reflexion at a circle. Qtiart. Journ. Math. I. 1857. 
The nth caustic hy reflexion at a circle. Ibid. II. 1858. 

Note on the incipient caustic. Ibid. iii. 1860. 

A. Catley. Memoir on caustics. Phil. Trans. 1857. 

Supplement to the memoir on caustics. Phil. Trans. 1867. 

Maxwell. On the cyclide. Quart. Journ. Math. vol. ix. 1868. 

O. RbTHiG. Der Malus'sche Satz und die Gleichungen der dadurch definirten 

Flachen. Crelle Lxxxiv. 1878. 
.J. Warren. Note on geometrical optics. Quart. Journ. Math. xn. 1873. 
G. F. Childe. Ray-surfaces of reflexion. Cape Town, 1857. 

Eay-surfaces of refraction. Quart. Journ. Math, xiii., xiv., 

1875—76. 



Aberration. 

J. Herschel. Aberration of compound lenses and object-glasses. Phil. 

Trans. 1821. 
Airy. Spherical aberration of eye-pieces of telescopes. [1827]. Canib. Phil. 

Trans. III. 1830. 
Lord Ratleigh. Aberration of lenses and prisms. Phil. Mag. vol. ix., ser. 5, 

1880. 
On the minimum aberration of a single lens for parallel 

rays. Proc. Camb. Phil. Soc. vol. IIL, part vill. 1880. 



Theory of thin pencils. 

KuMMER. Strahlensysteme. Crelle, vol. lvii. 1860. 

H. J. Sharpe. Systems of rays. Messenger, vol. iil 1874. 

Maxwell. On the focal lines of a refracted pencil. Lond. Math. Soc. vol. iv. 

1871—73. 
On the application of Hamilton's characteristic function to the 

theory of any optical instrument symmetrical about an axis. Lond. 

Math. Soc. vol. VL 1874—75. 

On Hamilton's characteristic function for a narrow beam of light 

Lond. Math. Soc. vol. vl 1874—75. 



LIST OF MEMOIRS AND TREATISES. ix 

Dispersion and Achromatism. 

Robert Blair. Experiments and observations on the unequal refrangibility 
of light. Phil. Trans. Edin. 1791. 

Airy. On the principles and construction of achromatic eye-pieces of tele- 
scopes and on the achromatism of microscopes. [1824]. Camb. Phil. 
Trans. II. 1827. 

R. Leslie Ellis. On the achromatism of eye-pieces of telescopes and micro- 
scopes. Camb. Math. Joum. no. vi., vol. i., 1839. 

R. Pendlebury. On the condition of achromatism of a system of lenses. 
Messenger, vol. ix. 1879 — 1880. 

The Eye and optical instrmnents. 

Helmholtz. Physiologische Optik. Leipzig, 1867. 

Die theoretische Grenze fur die Leistungs-fahigkeit der Microscope. 

Pogg. Ann. Jubelband, 1874. 
Maxwell. On the general laws of optical instruments. Quart. Joum. 

Math. II. 1858. 
E. Hill. On a practical method of finding the magnifying power of a 

telescope. Messenger v. 1876. 

J. B. Listing. Ueber das Huyghens'sche Ocular. Pogg. Ann. clxii. 1871. 

J. J. Lister. On some properties in achromatic object-glasses applicable to 
the improvement of the microscope. PhU. Trans. 1830. 

Nageli u. Schwendener. Das Microscop. Second Edition, Leipzig, 1877. 

W. B. Carpenter. The microscope. Sixth Edition, 1881. 

The microscope. Enayd. Brit. vol. xvi. 1883. 

E. Abb^. On the microscope. Monthly Microscopical Journal, voL xiv. 1875. 

• Methods of improving the spherical correction. Journal of the 

Royal Micros. Soc. li., 1879. 

On the estimation of aperture. Ibid., vol. i. New Series, 1881. 

On the relation of aperture to power. Ibid., vol. ii., 1882. 

On improvements in the microscope with the aid of new kinds of 

optical glass. Ibid., part i., 1887. 

James T. Chance. On the optical apparatus used in Lighthouses. Proc. 

Inst, of Civil Engineers, vol. xxvi., 1867. 
Thomas Stevenson. Lighthouses. Encycl. Brit. vol. xiv. Ninth Edition, 1882. 
Young and Forbes. Experimental determination of the velocity of light. 

PhU. Trans., Part i., 1882. 
Bravais. On Halos. Joum. de FEcole Royale Poly technique, t. xviii. 1845. 



LIST OF MEMOIRS AND TREATISES. 



Treatises. 

Robert Smith. A compleat system of optics, to which are added remarks 

upon the whole. Cambridge, 1738. 
J. Herschel. Light. [1827]. Encycl. Metropolitana, vol. iv. 1845. 
Henry Coddixgton. Optics. Part i. Cambridge, 1829. 

Optics. Part II. Cambridge, 1830. 

HtriiPHREY Llotd. On Light and Vision. London, 1831. 

William N. Griffin. Optics. Second Edition. Cambridge, 1842. 

S. Parkinson. Optics. Fourth Edition. Cambridge, 1884. 

W. Steadman Aldis. Elementary Geometrical Optics. Second Edition. 

Cambridge, 1886. 
Lord Ratleigh. Optics. Evfiyd. Brit. vol. xvii. 1884. 
P. G. Tait. Light. ErMycl. Brit. vol. xiv. 1882. 

Light. 1884. 

Verdet. Cours de Physique, il 1869. 

Conferences de Physique, ii. 1872. 



CONTENTS. 

CHAPTER I. 
Nature and Properties of Light. 

ART. 

1, 2. Nature and properties of light. 

3. Law of Emission of Light. 

4. Total quantity of light emitted. 

5. 6. lUumiuation. 

7. Objects appear equally bright at all distances. 

CHAPTER II. 
Reflexion and Refraction of Rats of Light. 

8. Reflexion, refraction and scattering of light. 

9. 10. Law of Reflexion.. 

11. Analytical expression of the Law of Reflexion. 

12. Incident and reflected rays make equal angles with any line in the plane. 

13. Reflexion of projections of rays on a normal plane. 

14. Successive reflexion of a ray at two mirrors. 

15. Law of Refraction. 

16. 17. Properties of the refractive index. 

18. Critical angle. 

19. Analytical expression of the Law of Refraction. 

20. Projections of refracted rays on a normal plane. 

21. 22. Deviation increases with the angle of incidence. 

23, 24. A prism bends a ray of light from the edge of the prism. 

25. Refraction by a prism in a principal plane. 

26. Minimum deviation by a prism. 

27. Prism of small angle. 

28. 29. General refraction by a prism. 



xii CONTEXTS. 

CHAPTER III. 
Reflexion and Refraction of Direct Pencils. 

ART. 

30. Reflexion at a plane .surface. 

31. Successive reflexion at two parallel mirrors. 

32. Successive reflexion at two inclined mirrors. 

33. Reflexion of a finite bright body. 

34. Direct refraction at a plane surface. 
3.5. Refraction of rays from a finite body. 

36. Reflexion and refraction at a spherical surface. 

37. Reflexion of a symmetrical pencil at a spherical surface. 

38. Principal focus of a mirror. 

39. Reflexion of a small object. 

40. Linear magnitude of the image. 

41. Refraction of a direct pencil at a spherical surface. 

42. Principal foci. 

43. 44. Tracing the relative positions of conjugate foci. 

45. Formula when any pair of conjugate foci are origins. 

46. Image of a finite body. 

47. 48. Geometrical constructions for conjugate foci and the emergent ray. 

49. Linear magnitude of the image. 

50. Helmholtz's formula. 



CHAPTER IV. 

Elementary Theory of Refraction through Lenses. 

51. Classification of lenses. 

52 — 56. Refraction by any thick lens. 

57. Refraction by a thin lens. 

58. Refraction by a sphere. 

59. Positions of the cardinal points for different lenses. 

60. Refraction by two lenses. 

61 — 67. Refraction by any system of lenses. 

68. Geometrical constructions for conjugate points. 

69. Geometrical construction for the emergent ray. 

70. Nodal points. 

71. Another geometrical construction. 

72. Case in which the initial and final media are the same. 



CONTENTS. XIU 

CHAPTER V. 
Refraction through Lenses. 

ART. 

73. 74. Gauss's theory of refraotiou at spherical surfaces. 

74. Principal points and planes. 

75. Focal points and planes. 

76. Listing's nodal iDoints. 
77 — 79. Conjugate foci. 

80, 81. Equivalent surfaces and lenses. 

82. Case in which the cardinal points are at infinity. 

83 — 85. Elementary theory of equivalent lenses. 

CHAPTER VL 
General Theorems. Caustics. 

86. The reduced path of a ray of light is a minimum. 

87. An orthotomic system of rays is always orthotomic. 

88. Analjrtical proof of the preceding theorems. 

89. Pi'operties of the characteristic function. 

90. Surfaces which will reflect or refract to a point all rays issuing from a 

point. 

91. Caustic curves and surfaces. 

92. Character of a symmetrical pencil. 

93. 94. Least circle of aberration. 

95. Brightness of the least circle of aberration. 

96 — 99. Caustic by reflexion at a circle. 

100, 101. Geometrical investigations of caustics in two simple cases. 

102, 103. Caustics after n reflexions at a circle. 

104, 105. Secondary caustics. 

106. Caustic by refraction at a plane. 

107. Caustic by refraction at a circle. 

108. Caustic by refraction at a circle when the incident rays are parallel. 

109. Caustic by reflexion at an ellipse of rays issuing from the centre. 

110. Length of the arc of a caustic. 

111. Application of caustics to deduce the appearance of objects. 

112 — 1 14. Curves of special illumination by reflexion at bright grooves. 

CHAPTER VIL 
Aberration of Direct Pencils. 



115. Introduction. 

116. Aberration by reflexion at a spherical surface. 

117. Aberration by refraction at a plane. 



xiv CONTENTS. 

ART. 

118 — 120. Aberration by refraction at a spherical surface. 
121. Aberration in any lens. 
122—128. Aberration in a thin lens. 

129. Aberration in any system of thick lenses. 

130. System of thin lenses. 

1.31 — 133. System of two lenses. 

134. Lateral aberration. 

CHAPTER VIII. 

On the General Form and Properties of a Thin Pencil. 
General Refraction of Thin Pencils. 

135. Introduction to thin pencils. 

136. Limiting points and principal planes. 

137. 138. Focal points. 

139. Focal lines. 

140. Density of the rays. 

141. Application of the theory to a system of normals. 

142. Bounding surface of a thin pencil. 

143. Circle of least confusion. 

144. General section of a thin pencil. 

145. Nature of an image. 

146. 147. Elementary theory of thin pencils. 

148. Circle of least confusion. 

149. Elementary theory of oblique refraction of thin pencils at a plane. 

150. Oblique refraction at a spherical surface. 

151. Oblique reflexion at a spherical surface. 

152. General form of the characteristic function for thin pencils. 

153. 154. General refraction of thin pencils. 

155. Application to a spherical surface. 

156. Refraction of thin pencils by prisms. 

157. Lens with cylindrical surfaces. 

158. Oblique centrical refraction by a thin lens. 

159. Approximate formulas. 

160. Curvature of images. 

161 — 163. Application of the characteristic function to the theory of any 

symmetrical optical instrument. 
164 Characteristic function of a small pencil passing through a heterogeneous 
medium. 

CHAPTER IX. 

Dispersion and AcHROMArisM. 

165, 166. Newton's experiment with prisms. 
167. A pure spectrum. 



CONTENTS. XV 

ART. 

168. Dark lines of the solar spectrum. 

169. Different kinds of spectra. 

170. Absorption spectra. 

171. The measure of dispersive power. 

172. Irrationality of dispersion. 

173. Dispersion by a prism. 

174. 175. Position of minimum dispersion. 

176. Dispersion by two prisms with parallel edges. 

177, 178. Dispersion by any system of prisms with parallel edges. 

179. Achromatism. Secondary spectra. Experiments of Blair and Abbl 

180. Condition for achromatism with two prisms. 

181. Condition for achromatism in any system of prisms. 

182. Chromatic difference of focal length in a thin lens. 

183. The twofold nature of the correction for a system of lenses. 

184. 185. Condition of achromatism of two lenses in contact. 
186. ThQ same for any system of thin lenses in contact. 

187 — 190. Achromatism of two lenses separated by an interval. 
191. General theory of achromatism for any system of thick lenses. 



CHAPTER X. 
The Eye and Vision through Lenses. 

192. The eye. The sclerotic and the cornea. 

193. The choroid, iris, pupil, ciliary processes and the ciliary muscle. 

194. The retina, yellow spot, fovea centralis and blind spot. 

195. The crystalline lens. 

196. The aqueous and vitreous humours. 

197. 198. Measurements of the eye. 

199, 200. Listing's numbers for the typical and reduced eyes. 
201 — 203. Accommodation. 

204. Periodic light. 

205. Field of view. Theory of linear prospective. 

206. Binocular vision. 

207. 208. The horopter. 

209. Impression of solidity. The Stereoscope. 

210, 211. Theory of relief pictures. 
212 — 215. Vision through a lens. 
216—218. Spectacles. 

219. Reading glasses. 
220 — 224. Astigmatism. 

225. Introduction to vision through any system of lenses. 

226. Magnifying power of an instrument. 

227. The eye-ring and eye-point. 



XVI CONTENTS. 

ART. 

228. The field of view. 

229. Case in which the eye-point falls within the instrument. 

230. 231. Brightness of images. 

232. Angle of divergence in a wide-angled aplanatic system. 

233. Brightness when the pupil is not filled. 



CHAPTEE XI. 

Opticai, Instruments. 

234. Simple microscope. 

235. Coddington lens, Stanhope lens, Stanhoscope. 

236. Doublets of WoUaston, Pritchard and Chevalier. 

237. Sketch of theory of telescopes and microscopes. 
238 — 240. The astronomical telescope. 

241, 242. Galileo's telescope. 
243, 244. On object-glasses. 
245, 246. On eye-pieces. 

247. Huyghens' eye-piece. 

248. Ramsden's eye-piece. 

249. The erecting eye-piece. 

250. Magnifying power of a telescope with a compound eye-piece. 

251. Field of view of a telescope with a compound eye-piece. 

252. 253. Herschel's telescope. 
254 — 266. Newton's telescope. 
257 — 260. Gregory's telescope. 

261. Cassegrain's telescope. 

262. Aberration in Gregory's and Cassegrain's telescopes. 
263 — 267. The compound microscope. 

268. Magnifying power of the microscope. 

269, 270. On the measure of the aperture of the microscope. 
271. Recent improvements in the microscope. 



CHAPTER XII. 
Optical Instruments and Experiments. 

272. The Camera obscura. 

273. The Camera lucida. 

274. Hadley's Sextant. 

275. Fahrenheit's Heliostat. 

276. Foucault's Heliostat. 



CONTENTS. XVU 

ART. 

277. Silbermaun's Heliostat. 
278—281. Lighthouses. 

282 — 286. Determination of refractive indices. 

287 — 290. Experimental determination of the cardinal points of an optical 
instrument. 

291. Photometry. 

292. Ritchie's Photometer. 

293. Foucault's Photometer. 

294. Rumfoi"d's and Bunsen's photometers. 
295—297. Stellar photometry. 

298. Methods of determining the velocity of light. 

299. Fizeau's method. 

300. Messrs. Young and Forbes' experiments. 

301. 302. Foucault's experiments. 



CHAPTER XIII. 

Refraction through Media of VARrixQ Density. 
Meteorologicax Optics. 

303. Introduction. 

304 Equation of path of ray in a medium stratified in spherical surfaces. 

305. Maxwell's Fish-eye problem. 

306. Astronomical refraction. 

307. Simpson's formula. 

308. Bradley's formula. 

309. Laplace's and Bessel's investigations. 

310. Medium stratified in cylindrical surfaces. 

311. 312. Mirage. 

313. General heterogeneous continuous medium. 
314—319. Theory of the rainbow. 

320. Explanation of the primary rainbow. 

321. Explanation of the secondary rainbow. 

322. Rainbows of higher ordera. 

323. Halos and similar phenomena. 

324. Ice-crystals. 

325. The halos of 22" and 46*'. 

326. The parhelio circle. 

327. The parhelia. The oblique arcs of LOwitz. 

328. The parantheUa. 

329. The anthelion. 

330. The tangential arcs. 

331. Figures of halos. 



CHAPTER I. 

The nature and general properties of Light. 

1. Light may be defined as the external conditions which, 
acting through the instrumentality of the eyes, produce in the 
brain the sensation called sight. At various periods in the 
history of the science of Optics different and sometimes conflicting 
theories have been advanced to explain the nature of light. It is 
now usually supposed that light consists of vibrations of a highly 
elastic solid medium pervading all space, which has been pro- 
visionally called the aether. But, though opinions respecting the 
nature of light have been divided, there are a few of its leading 
properties which have been amply established by experience and 
are universally recognised as fundamental and dependent upon no 
hypothesis whatever ; and any theory on the nature of light has 
to furnish a satisfactory explanation of these properties before it 
can be accepted. The province of Geometrical Optics is to deduce 
by the methods of geometry the consequences of these general 
properties and thereby to explain the less obvious modifications 
which light undergoes, and to apply them to the construction of 
instruments for the improvement of our sight and the examination 
of objects too minute or too distant to be seen distinctly by the 
naked eye. 

2. Any space through which light can pass, whether it be 
occupied by matter or not, is called a medium. In any homo- 
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2 PROPERTIES OF LIGHT. [CHAP. I. 

geneous medium light travels with uniform velocity in straight 
lines. 

Light consists of separable and independent parts. If part of 
the light proceeding from a luminous body be intercepted by an 
opaque obstacle, this will not in any way affect the remaining 
portion which is allowed to pass. Also, in general, light from two 
independent sources may travel along the same path without 
interference. These two experimental facts show that light is 
capable of a quantitative measurement. For the present we shall 
suppose that the light with which we are dealing is all of the same 
kind and homogeneous, and that its quantity or intensity is 
measured in terms of some fixed standard. 

When light travels through any medium of which we have 
cognisance, part of it is absorbed by the medium, and only part 
of it is transmitted. But in what follows, unless the contrary be 
stated, the media will be supposed to be perfectly transparent, that 
is, they will transmit the whole of the light incident upon them. 

It will often be convenient to consider the portion of light 
which travels along some particular line in the medium apart from 
the rest; such a portion of light is called a ray, and it will be 
supposed to have the form of an indefinitely slender cone, whose 
axis is the line in question. A collection of rays which during 
their course never deviate far from some fixed central ray is called 
a pencil of rays, and the fixed central ray is called the aosis of the 
pencil. If the rays of a pencil meet in a point, that point is called 
the focus of the pencil. 

As we shall have continually to mention the eye in the course of 
subsequent investigations, it may be well here to refer very briefly 
to the theory of the eye; the details of the theory cannot be given 
till later. The pencil of rays proceeding from a point and limited 
by the aperture of the pupil, is by the crystalline lens of the eye 
brought to a focus on the retina, and the point is seen by means 
of such an image on the retina. Each point of a surface gives a 
corresponding image, and thus we are enabled to form a mental 
picture of a surface. 

3. Observation leads us to distinguish certain bodies, which 
may be called self-luminous, whose presence is necessary to excite 
our organs of sight. Bodies which in themselves are not luminous 
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become luminous in the presence of a self-luminous body and are 
then visible to us. This distinction is immaterial for our present 
purpose however ; in treating of the emission of light from a body 
it -will not be necessary to consider whether the body is self- 
luminous or luminous through the presence of other bodies; the 
laws of emission are the same in both cases. 

Let dQ be the quantity of light emitted by a bright point or 
an indefinitely small element of a bright surface, within a small 
cone of solid angle dm, whose vertex is at the origin of light and 
whose axis is in a given direction, then the intensity of the 

emission of light in that direction may be measured by j^ . 

A bright body emits light in all directions, but the intensity of 
emission is different for different directions. The law of emission 
is given by a well-known experiment. Luminous bodies appear of 
the same brightness whatever be the inclination of the bright 
surface to the line of sight. Thus if a cylinder of silver be heated 
till it becomes luminous and taken into a dark room, it cannot be 
distinguished from a perfectly flat bar ; and similarly, a luminous 
sphere (like the sun as seen through a mist) appears like a flat 
disc. The same experiment is true of the intensity of the heat 
rays radiated from a hot body; in this form it is intimately 
associated with the Theory of Exchanges. 

This experiment shows that the intensity of emission of light 
from any element of a bright surface in any direction is proportional 
to the cosine of the inclination of the direction of emission to the 
normal to the element of the surface. 

For suppose that a bright body is viewed through a tube of 
small aperture ; when the tube is directed so that the element of the 
bright surface seen is normal to the line of sight, let the area of the 
element be w. Then when the tube is directed so that the normal 
to the element of the bright surface seen through the tube makes 
an angle 6 with the line of sight, the area of the element will 
be (0 sec 0. Letf{d) be the intensity of emission per unit area in a 
direction making an angle with the normal to the element ; then 
the whole amount of light transmitted to the eye when the element 
is inclined to the line of sight at an angle 6 is msec 6 . f{d). 

But this, by experiment is independent of 6, and therefore 

/((9) cccos e. 
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4. Let dS be the area of an element of the bright surface and 
let fj^dS denote the intensity of the light emitted in the direction 
of the normal to the element. Then fj, may be called the 
intrinsic brightness of the element. 




Let AB be the element, OZ the normal to it, and let OP be a 
direction making an angle 6 with the normal OZ, and such that 
the plane POZ makes an angle <f> with a given fixed plane through 
OZ. Describe a small cone whose axis is OP, and let the solid 
angle of the cone be da. Then the quantity of light emitted 
within this small cone is fidS cos 6 dm, or /idS cos 6 sin 6 dO d<^. 

The whole quantity of light emitted by the element dS in all 
directions will therefore be 

fxdS 11 sin d cos dO d^, 

the limits of integration being 

,^ = to <\> = 2ir\ 
61 = to e = \-7r]' 

This gives on integration, 

fidS 27r . ^ or fiirdS. 

Hence if we denote the whole quantity of light emitted 
by the element per unit area by /u,', the intensity of emission 
per unit area in a direction making an angle with the normal 
will be f/JTr . cos 0, and therefore the intrinsic brightness is fj^'ltr. 

Similarly, if /i" denote the quantity of light emitted in all 
directions from a luminous point, the intensity of emission in any 
direction will be /i"/27r. 
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5. If dQ be the quantity of light which falls on a small 
area dA of an illuminated surface surrounding a given point of 

the surface, then -j-j is called the intensity of illumination of the 

surface at that point. 

We shall now find the illumination of a small area dA due 
to an element of any bright surface dS. Let be the centre 
of the element of the luminous surface and G the centre of the 
illuminated area dA, and let 00 = r. Let 6 be the inclination 
of 00 to the normal at 0, and <f> that of 00 to the normal at 0. 

Then if dA subtend a solid angle dm at 0, the quantity of 
light it receives will be fidS cos 6 da, where fi is the intrinsic 
brightness of the element. 

T, J , dA cos d> 

rsut dcD = = — -; 

r 

and therefore the quantity of light received by dA from the 

element dB is 

Td T A cos Q cos (f) 
/t dS dA j — -. 

This is symmetrical with regard to the two elements, and 
would therefore represent the quantity of light received by 
dS from the element dA, were it of intrinsic brightness /i. 

Let d(T be the solid angle subtended at by the bright 
element dB, so that 

J dB cos 6 

then the illumination of dA due to the element dB is 

lxd(T cos ^. 

6. The illumination of a small area dA due to any finite 
surface of uniform brightness may now be found. 

Take any small element of the bright surface about a centre 0, 
and as before let d<j be the solid angle subtended by it at the 
centre of the illuminated area. Let ^ be the angle between 
the line 00 and the normal at 0. Then the illumination due to 
the bright element is 

dl = /i cos ^ dcr. 
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Describe a sphere of unit radius with C as centre ; this will 
cut the small cone subtended at C by the element of area, in a 
section whose area is da; hence do- cos will be the projection of 
this small section on the plane of the illuminated area at G, and 
may be denoted by dvF ; then 

dl = fjuit!T. 

By integration we arrive at the following method of determining 
the illumination of a small area at G due to any finite bright 
surface. 

From G draw radii to all points of the boundary of the bright 
surface as seen from G, forming a conical surface. Let the part 
of the surface of the sphere of unit radius whose centre is G, 
intercepted within the cone, be projected on the plane of the area 
at G. If or be the area of the projection, the illumination of the 
area will be given by the equation 

I = fits-. 

>] Ex. To find the illumination due to a spherical luminary. 

Let a be the semi-vertical angle of the cone whose vertex is at the centre 
of the area and which envelopes the bright sphere. The curve in which this 
cone cuts the sphere of imit radius is a circle whose radius is sin a. Hence 
if 5 be the zenith distance of the luminary, the illumination on a small 
horizontal area is 

I=lj.7ram^acos6. 

7. Objects appear equally bright at all distances. 

The apparent brightness of an object may be measured by the 




whole quantity of light entering the eye from the object divided 
by the area of the picture of the object on the retina of the eye. 

Let P be any point of the object, p the corresponding point of 
the picture on the retina ; then it will be shown afterwards that 
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the line Pp passes through the fixed point 0, the optical centre of 
the eye. 

Let *S be the area of a saiall object and s that of the picture 
and let OP = R,Op = r. Then S:R = s:r\ 

Now the quantity of light entering the eye is fiSro/E', where a 
is the area of the aperture of the eye. This may be written 
fj^<o/r' ; hence, dividing by s, we get the intrinsic brightness of the 
image, which is equal to fico/r'. 

We shall assume for the present that as the eye adjusts itself to 
different distances, r does not change. 

Thus the apparent brightness is independent of the distance of 
the object. 

The area of the aperture of the eye changes according to the 
brightness of the light. But if we suppose the aperture to remain 
the same, as the object is removed, no change in brightness has 
taken place, so that the aperture does not need further adjust- 
ment. 

When the object is very distant the area of the picture on the 
eye gets to be very small indeed, so that the nerves of the retina 
cannot distinguish it from a point. In this case the brightness 
must be measured simply by the quantity of light ; and therefore, 
by the same investigation, the brightness varies inversely as R'. 



EXAMPLES. 

1. A small white surface being placed horizontally on a table, and illumi- 
nated by a lamp or candle placed at a given horizontal distance a, show that 
the height of the flame from the table which will give the greatest possible 

illumination is equal to — p . 

2. If candles of equal brightness be placed at the angular points of a 
regular polygon, prove that a small plane area placed at the centre of the 
polygon will be equally bright on both sides, whatever be the orientation 
of its plane. 

3. An elliptic arc bounded by the major axis 2a is illuminated by a 
bright point at the focus S; show that the illumination is a minimum at 
a point P such that SP=^, if the eccentricity be greater than f. Investigate 
also the points of maximum and minimiun illumination when e is less than |. 
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4. If J be the measure of the illumination at any point of a horizontal 
plane caused by the sky supposed uniformly bright, and g^ the illumination 
where the brightness varies as the cosine of the zenith distance (the zenith 
brightness being the same in both cases), show that cl=%q. 

5. A bright point is placed at a distance r from the centre of a sphere 
whose radius is a. Show that the average illumination of the surface of 
the sphere is 

I_ r-s/r^-a^ 
cfi' r-a 

6. A curve is illuminated by a bright point in its own plane. If the 
illumination is the same at every point, show that the equation to the curve 
is 1^ = 0,^ sax '2,6, or else a circle. In what relation do the two solutions stand 
to one another ? 

7. An infinitely long luminous vertical straight line stands on a horizontal 
table. Show that the illumination at a point on the table distant r from 
the foot of the luminous line varies inversely as r. 

8. Find the form of a surface of revolution such that it may be uniformly 
illuminated by light proceeding from a point in its axis, and show that the 
illumination will still be uniform, if the surface scatter partially, but 
uniformly, the light incident on it. 

9. A luminous point is placed on the axis of a truncated conical shell ; 
prove that the whole illumination of the surface of the shell varies as 



where Oj, a^ are the radii of the circular ends of the shell and c^, c^ the distances 
of the luminous point from their plane. 

10. A right cone of vertical angle 9,6 is described about a given self- 
luminous sphere, and at the points of the sphere in which the axis of the 
cone cuts it, tangent planes are drawn ; prove that the mean illumination 
of that part of the cone which is enclosed between these two planes varies 

as cos ^ cos^ 6. 

11. A right cone, the radius of whose base is to its height as 1 : ^/2 stands 
on a table and its surface is uniformly self-luminous ; show that the illimii- 
nation on the table at a distance from the axis of the cone equal to its 
height, is 

12. A uniformly bright isosceles triangle is placed with its plane vertical 
and its base on a horizontal table. Prove that the illumination at a point 
of the table such that the line joining to the middle point of the base 
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is perpendicular to the base and equal to half of it, varies as 
■K a , a 



rCOS" 



4 (262 -a2)* hS' 

where 2a is the length of the base, and h that of either side. 

13. A uuiformly bright area, in the form of a quadrant of a circle, has 
one of its bounding radii in a given plane to which the plane of the quadrant 
is at right angles ; prove that the curves of equal illumination on the 
given plane are found by eliminating <^ between rsin0 = aoos(5-<^), and 

14. Two non-intersecting surfaces wholly within view of one another 
are bounded by circles in parallel planes perpendicular to the straight line 
joining the centres of the circles. The distance c between the planes is large 
compared with the radii a and h of the circles. Show that, if one of the 
surfaces be uniformly luminous, the intensity of illumination being G per 
unit area, the total amount of light intercepted by the other sui-face is 
approidmately 

^a%^ f , a2 + 62 , a* + 6* + Zd^h"^ 
■^^-§r |l — ^ + -^ ] ■ 

15. A bright sphere rolls rapidly on a table along a circle whose centre 
is A. Show that the curves of equal apparent illumination are concentric 
circles', the apparent illumination on any one being 

2 „ /^ dd 



■ r 



where (1— ^)^=j, and /, F would be the illuminations at the points on 
the circle nearest to and furthest from the sphere if it were at rest. 



CHAPTER II. 
Reflexion and Refkaction of eats of Light. 

8. When a ray of light travelling in one medium is incident 
on the surface of another medium, it is usually divided into three 
separate portions which behave in different manners. 

(i) A portion is reflected back into the original medium, 
in a direction determined according to a certain law. 

(ii) Another portion passes into the new medium, having its 
direction changed according to another law ; this portion is said to 
be refracted into the new medium. 

(iii) A third portion is said to be scattered by the surface 
bounding the two media ; the bounding surface becomes illuminated 
and itself acts like a source of light sending rays in all directions. 

When a ray of light is incident on a solid opaque body, the 
second portion does not exist, and all the light is either reflected 
or scattered. The quantity of light reflected depends upon the 
nature of the surface ; the smoother and more highly polished the 
surface is, the more light is reflected. The scattering of light is 
probably due to the unevenness of the surface ; the incident light is 
reflected by minute portions of the surface which act as mirrors 
distributed irregularly in all directions. It is by the scattering of 
light that non-luminous bodies become visible when in the presence 
of a bright body. 

9. The plane containing the incident ray and the normal to 
the surface separating the two media, is called the plane of inci- 
dence, and the acute angle between the incident ray and the normal 
is called the angle of incidence, and the acute angle between the 
reflected ray and the normal, the angle of reflexion. 
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When the direction of a ray of light is changed by reflexions or 
refractions, the angle through which the original ray produced must 
be turned in order to bring it into the position of the final ray, is 
called the deviation of the ray. 

The law according to which a ray of light is reflected at a 
surface may be thus stated. 

The angles of incidence and reflexion always lie in the same 
plane and are equal to each other. 

This is an experimental law which may be verified by direct 
observation. The most accurate direct verification of the law of 
reflexion is furnished by the use of the transit circle and a trough 
of mercury to determine the altitude of a star. The telescope is 
first directed towards the star itself and then towards the trough 
of mercury which is placed so that the star can be seen by reflexion 
at the surface of the mercurJ^ The two readings are taken, and it 
is found that the difference of the readings is double of the altitude 
of the star. Since the surface of the mercury assumes the form of 
a horizontal plane under the action of gravity, and since the rays 
of light from a star are parallel, it easily follows that the ray 
incident on the mercury and the ray reflected from it make equal 
angles with the vertical. The measurements by the transit circle 
are of the utmost accuracy, and the law has always been found to 
be absolutely true to the degree of accuracy of which the instru- 
ment is capable. 

10. If the ray be incident on a plane surface the reflected ray 
may be found by a simple geometrical construction. If P be any 




point on the incident ray PQ, and if from P a perpendicular PN 
be drawn to the reflecting plane and be produced to P' so that P'N 
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is equal to PN, then by elementary geometry it is clear that P'Q 
produced is the direction of the reflected ray. 

If the surface be not plane, we may substitute the tangent 
plane to the surface at Q, for the plane of the mirror in the 
previous construction. 

11. This law of reflexion may be expressed by means of an 
analytical formula. 

Let ON be the normal to the reflecting surface, PO and OQ 




the incident and refliected rays respectively, and let ^ be the angle 
of incidence. Measure OP and OQ each equal to unity, and join 
PQ, meeting the normal in N. Then by the law of reflexion, W is 
the middle point of PQ, and ON is perpendicular to PQ, so that 

OiV"= cos(j). 

Let (j), q, r) be the direction cosines of the normal, and 
(I, m, n), (I', m', n') the direction cosines of the incident and reflected 
rays, respectively, referred to any rectangular axes through 0; then 
(I, m, n) are the coordinates of the point P, (I', m, n') the 
coordinates of Q. If we express the fact that N is the middle 
point of PQ, we find the equations 

Z+ I' =2 cos <j):p\ 
m + m =2 cos (f) .q \. 
re 4- n' = 2 cos ^ . r J 

We may substitute the value of cos ^, in terms of the direction 
cosines, from either of the equations 

cos <j) = lp + mq + nr, 

cos (j) = rp + m'q + n'r ; 

and then the equations are linear equations in I, m, n, V, m', n'. 
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As soon as we know the direction cosines of the incident ray and 
the normal, the equations will give the direction cosines of the 
reflected ray. The equations are equivalent to two independent 
equations only; for if we multiply them, respectively, by p, q, r, 
and add the results, we get an identity. The values of I', mf, n as 
derived from the equations, will satisfy the relation 

P + m" + n" = l. 

12. It may easily be proved by elementary geometry, that 
when a ray is reflected at a plane surface ilie incident ray 




and ilie reflected ray make equal acute angles with any line in or 
parallel to the reflecting plane. 

For let PO, OQ be the incident and reflected rays, and let the 
plane of incidence meet the reflecting plane in the line MON. Also 
let AOB be a line drawn through parallel to the given line. On 
the lines OP, OQ measure equal lengths OP, OQ, and through P, 
Q draw planes perpendicular to the line MON meeting this line in 
the points M, N and the line AOB in the points A, B, respectively. 
Then since OP is equal to OQ, and the angle POM equal to the 
angle QON, it easily follows that OM^ON and PM=QN; also 
that OA = OB, MA = NB ; and therefore that the triangles PAM, 
QBN are equal in all respects. From these results, it follows that 
the triangles AOP, BOQ are equal in all respects, and therefore that 
the angles AOP, BOQ are equal. This proves the proposition. 

Conversely, if two lines PO, OQ lie in a plane normal to the 
reflecting plane and make equal acute angles with any given 
line in the plane, they may be taken to represent an incident and 
reflected ray, respectively. The proof is similar to the preceding. 

To prove these theorems analytically, we take the normal to 
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the reflecting plane at the point of incidence as the axis of z, so 
that, with the previous notation, p = 0,q = 0. The formulae then 
show that 

z+r=o. 

This is true for all directions of the axis of x and shows that the 
incident and reflected rays make supplementary angles with any 
line taken as the axis of x. 

To prove the converse, we take the plane of incidence as the 
plane of xz, and suppose that the direction cosines of the given 
line are (X, fi, 0). Then m = 0, m' = 0, and since PO, OQ make 
supplementary angles with the line (\, fi, 0) 

\Z + fim + Xl' + fim! = 0, 

which is equivalent to Z + Z' = 0. This proves that PO, OQ are 
related like an incident and a reflected ray. 

It follows from the preceding proposition that if a ray of light 
be reflected in any manner successively at two plane surfaces, the 
initial and final rays are equally inclined to the line of intersection 
of the plane surfa/ies. 

13. If a ray of light he reflected at a surface, the projections 
of the incident and reflected rays on any plane through the normal, 
themselves obey the law of reflfexion. 




For along the incident and reflected rays measure equal 
distances OA, OB ; then AB will be bisected at right angles by the 
normal to the surface ON. Let PNQ be the projection of ANB 
on any plane through the noimal, so that OP, OQ arc the 
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projections of the incident and reflected rays. Then it is clear 
that PN= WQ, and therefore OP, OQ are equally inclined to the 
normal ON". 

Further, it is easily seen that the triangles AOP, BOQ are 
equal in all respects, and therefore the angle A OP is equal to the 
angle BOQ. In other words, the incident and reflected rays are 
equally inclined to any plane through the normal. 

14. Let a ray of light be reflected successively at two plane 
mirrors, to find the direction of the ray after any number of 
reflexions. 

We shall first consider the case in which the reflexions take 
place in a plane perpendicular to both mirrors. 




Let OA, OB be the plane mirrors and let PQRST...he the ray 
of light which is reflected successively at Q, R, S, T... 

Let e denote the angle between the mirrors, and let 6^, 6^, 6^... 
be the acute angles formed by the ray with the reflecting surfaces 
at the successive incidences. Thus the angles at Q are each 6^, 
those at R, 6^, and so on ; so that from the triangle QOR we find 
6^ = 9^ + €, and similarly 6^ = 6^ + e, &c. These equations may be 
written 



Sn»-0n = e; 



and therefore, by addition 

When n is even, the angles 6„^, and 5,, are measured firom the 
same mirror, and therefore 6^^^ — 6^ is the angle between the initial 
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and final rays; therefore the total deviation is equal to n times 
ili£ inclination of the mirrors. The deviation is the same what- 
ever the angle of incidence, so that any two rays are inclined at 
the same angle to each other after reflexion as before incidence. 

When the ray is reflected twice, once at each mirror, the 
deviation of the ray is twice the angle between the mirrors. This 
is the principle of Hadley's Sextant. 

At each reflexion the value of 6 is increased by e. When 6 
becomes greater than ^ir the ray will begin to come back from the 
angle outwards, generally by a different path ; but if the angle 6 
be so chosen that one of the subsequent angles is equal to ^tt the 
corresponding incidence is direct, and the ray will return by the 
same path. When 6 becomes greater than ir reflexions will cease; 
for the ray becomes either parallel to one of the mirrors or meets 
it only when produced backwards. 

If the incident ray do not lie in a plane perpendicular to the 
line of intersection of the mirrors, the preceding investigation will 
apply to the projection of the path of the ray on such a plane. If, 
further, we remember that the inclination of the ray to this plane 
changes at each reflexion just as if the ray were reflected at it, the 
direction of the emergent ray is completely determined. After 
any even number of reflexions the ray makes with the principal 
plane the same angle as at first, and after an odd number of 
reflexions, an equal angle on the other side of the plane. 

15. When a ray of light passes from one medium to another 
by refraction, the two portions of the ray before and after incidence 
on the new medium are called the incident and refracted rays ; and 
the acute angles which they make with the normal to the surface 
of separation at the point of incidence, are called the angles of 
incidence and refraction, respectively. 

The angles of incidence and refraction lie always in the same 
pla/ne, and their sines are to one another in an invariable ratio. 

This is the fundamental law of refraction ; it is established 
by experiments which will be described later. 

The constant ratio depends on the nature of the two media and 
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the kind of light transmitted ; it is called the refractive index from 
the first medium to the second. 

If a ray of light pass from a vacuum into a given medium, the 
constant ratio is the ahsolute refractive index of that medium. 

If be the angle of incidence and <^' the angle of refraction, as 
a ray passes from one medium into another, the law of refraction 
is expressed by the equation 

sin (^ _ 

where /t is the refractive index from one medium to the other. 

16. It is an experimental law, that the path of a ray of light 
is reversible; in other words, if a ray travel backwards through 
the second medium along the direction of the refracted ray, it 
will after refraction into the first medium retrace the path of the 
incident ray. 

If we denote the two media by A, B and the refractive index 
from A into B by /x^, and the refractive index from B into A by 
fi^a, this experiment shows that 

sin ^ _ sin (^' _ 

with the previous notation ; and therefore, eliminating <j} and <j), 

M'ab • H-ha = 1- 

17. Also, it is found^by experiment that if a ray of light pass 
through any number of media bounded by parallel planes, into a 
medium of the same nature as that in which it was originally 
travelling, the initial and final directions of the ray are parallel to 
each other. 

Let A be the original medium, B, G the other media. Let 

(f> be the angle of incidence on B, <J3^ the corresponding angle of 
refraction. Then ^, will be the angle of incidence on G, and so 
on. The final angle of refraction into A is shown to be ^ by the 
experiment. Using the same notation as before to express the law 
of refraction at the successive surfaces, we arrive at the relations 

sin (f) 



■„ 1 — M'abt 

sm 9, 



H. 
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sin <f>, 
sin <l>, 



■H'bc 



sin <f) 



= IJ'ka, say. 




or 



By multiplication, 

Mai • H'bc • f'cd M/ra ~ 1- 

If there are only three media, this relation becomes 

For example, let us take the three media, air, glass and water. 
The values of the refractive indices from air to glass, and air to 
water are, respectively, fiag = f . f^av> = f • 

The preceding formula enables us to find the refractive index 
from glass to water. 

For fJ's«, = f-aa-fJ'aw 

that is, the refractive index from glass to water is f . 

Also, let /i, /ti' be the absolute refractive indices of the media 
A and £. Then if we denote the vacuum by the suffix v, 
fi^ = fi^. fi„,,. But fia^ is the reciprocal of fi^ or the reciprocal 
of fi, and therefore 



f^a» = 



f^ 



that is, the relative refractive index between any two media may he 
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found by dividing the absolute refractive index of the second by that 
of the first. 

The law of refraction can now be more symmetrically ex- 
pressed in terms of the absolute refractive indices of the two 
media, fj, and /jl ; using the previous notation, the relation between 
the angles of incidence and refraction becomes 

fi sin <p = jj.' sin <\)'. 

18. Suppose that /a' is greater than fj, ; that is, suppose B to 
be a more highly refracting medium than A. Then if </> be given, 
' the equation to determine <^' is, 

sin d) =—, sin d> . 

This value for sin ip' is always less than unity whatever the 
value of <f), so that a value of <f>' can always be found for any value 
of (f). Thus when a ray of light travelling in any medium is 
incident on a more highly refracting medium, the law of refraction 
always gives a direction for the refracted ray. 

But when the ray is passing from the medium B into the 
medium A which is less refractive, we may suppose <f>' given, and 
the equation to determine ^ is 

sin d) = - sin A' . 

If sin (J)' is greater than fi/fj,' the corresponding value for sin ^ 
becomes greater than unity ; so that the law of refraction fails to 
give a real direction for the refracted ray. 

The angle sin"' {fj^jfi), or, the greatest angle at which a ray 
of light proceeding in the more highly refractive medium can be 
incident on the other so as to be refracted into it, is called the 
critical angle between those media. 

When a ray of light is incident on a medium less refractive 
than the medium in which it is moving, at an angle greater than 
the critical angle, the whole of the light is found to be reflected ; 
the refracted part does not exist. This is known as total internal 
reflexion. 

2—2 
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19. General formulae, giving the direction cosines of the 
refracted ray in terms of those of the incident ray and the normal 
to the refracting surface, may be constructed as in the case of 
reflexion. 

Let MQN be the normal to the refracting surface, PQR the 
path of the ray of light. 




Measure PQ, QR along the incident and refracted rays pro- 
portional to yu. and //.', the refractive indices of the media in which 
they are moving; and draw PM and RN perpendicular to the 
normaL Then since 

^ sin ^ = fi sin <j>', 
the perpendicular PM is equal to the perpendicular RN. 

Now the projection of PQ on any line is equal to the projection 
of the bent line PMQ ; and the projection of QR is equal to that 
of the bent line QNR. But the projections of PM and NR are 
equal, since they are equal and parallel. Hence the difiference of 
the projections of PQ and QR is the same as the difference of the 
projections of MQ and QN. 

Let (p, q, r) be the direction cosines of the normal, (i, m, n) 
{I', m, n) the direction cosines of the incident and refracted rays 
respectively. Then since PQ, QR, MQ and QN are proportional 
to fi, y!, fj. cos ^ and fi! cos ^', respectively, if we take the difference 
of the projections on the three axes successively, we find the 
equations 
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fd — III' = (/A COS (j) — fl COS ff>')p 1 

fj,m — fi'm' — {jx cos <^ — /t' cos <^') q >. 
fin — fi'n' = (fi cos 4> — /i' cos (f>') r ) 

We may substitute in these equations the values of cos cj), cos (j)' 
in terms of the direction cosines, 

cos ^ = Ip -{■ mq + nr, 
cos <f)' = I'p + m'q + n'r ; 

and then the equations are linear equations in l', m! , n, I, m, n. 
The equations are only equivalent to two independent equations, 
for if we multiply them respectively by p, q, r and add them, we 
get an identity. The values of V, m, n as derived from the 
equations are such that l'^ + m" + n'* = 1. 

If we suppose that fi = — ii, then <(> = — <})', and the refraction 
becomes a reflexion. Substituting these values in the general 
equations for the direction of the refracted ray, the equations 
coincide with those already given for the corresponding problem 
relating to reflexion. All the subsequent theorems relating to 
refraction will give corresponding theorems for reflexion by making 
the same substitution /i = — fi. 

20. There are two other useful theorems relating to the 

incident and refracted rays which may be proved from the 

preceding formulae, but the following geometrical proofs are 
simpler. 

The angles which the incident and refracted rays make with any 
plane through the normal to the refracting surface, obey the law of 
refraction. 

Also the projections of the incident and refracted rays on any 
plane through the normal are connected by a law of refraction, with 
a refractive index depending on the inclinations of the rays to the 
plane. 

For let AO, OB be any two refracted rays, and let the lengths 
oi AO, OB be taken equal to ^ and fi, the refracting indices of 
the two media, respectively. Then if AM, BN be drawn from A 
and B perpendicular to the normal to the refracting surface, AM, 
BN will be equal and parallel. 
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Let PO, OQhe the projections of AO, OB on any plane through 
the normal, P and Q being the projections of the points A, B 




respectively. Then the triangles APM, BQN are equal in all 
respects. 

Let 7), J) be the acute angles which the incident and refracted 
rays make with the plane; ^, ^ the acute angles which the 
projections of these rays on the plane make with the normal. 
Then AP = fji,siarj, BQ = /j/ sin nj', and therefore, since AP is equal 

to 5(2, 

fi sin 1} = fi sin if. 

This proves the first theorem. 

Also OP = fi cos rj, OQ = fi cos 7]' ; and therefore, since PM is 
equal to QN, 

fi cos i; sin ^ = fi' cos r)' sin ^', 

which proves the second theorem. ^ 

21. In any refraction, the greater the angle of incidence, the 
greater will be the angle of deviation. 

For if <p, (p' be the angles of incidence and refraction, 

sin ^ = /* sin ^', 

sin ^ — sin ^' _ /i — 1 



and therefore 
that is, 



sin ^ + sin ^' n+1' 

tan I (^ — ^') fi— 1 
tan ^ ((j) + <p')~ fi + 1 ' 
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or finally, tan ^ {<f> - <f>'} = ^^^ tan ^ ((f> + (^'). 

But the deviation is equal to ^ - (f>'. If <f, increase, and 
therefore also cfi', tan i (^ + <j}') will increase, since H^ + ^') is less 
than Itt, and therefore the deviation will increase. 

When the ray is passing into a rarer medium, we have only to 
suppose the ray reversed; then since the angle of refraction 
increases as the angle of incidence increases, the proof comes 
under the case just considered. 

This may be seen also directly by differentiating the equation 
sin = /x sin <f>'. 

If we take logarithms and then differentiate, we see that 

d(f> d<f>' 

tan <f) tan <f>' ' 

and therefore defy is greater than d^' ; so that d (^ — ^') is positive. 
In other words the deviation increases with the angles of incidence 
and refraction. 

But further, the preceding equation may be written in the 
form 

d(l> _fji cos (f/ 
d(j} cos (f> ' 

and therefore I -7^ 1 = 5—, , 

\d<fi J cos^ <f> 

\a(p I cos </) 

From this we infer that -^ increases with the angle of 

incidence; in other words, as the angle of refraction increases 
uniformly, the demotion will increase faster and faster. 

22. We shall now give a geometrical proof of these two 
theorems. 

Let C be the centre of any circle of radius r ; take an external 
point 0, such that 00 = fir, and draw any line OPQ through to 
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meet the circle in P, Q, and join GP, GQ. Then if we denote the 
angle GPQ by ^, and GOP by ^', 




sin (^ : sin f = 00 : CP = /i : 1, 
or sin ^ = /i sin ^'. 

The angles ^ and <^' are therefore related like angles of 
incidence and refraction of a ray of light. The deviation will be 
the angle PGO, or D say. By varying the direction of the line 
GPQ from the position GAB, to the position OT in which it 
touches the circle, the angle ^ will be made to increase from 
to ^TT, and during this change Z) is increasing also. This proves 
that the deviation increases with the angle of incidence. 

The angle of refraction increases from zero to the value GOT; 
this angle represents the critical angle. 

But further, as <f) or <f)' increases uniformly, the deviation 
increases faster and faster. 

For let Opq be another chord of the circle close to OPQ. 
Then the change in D is the angle subtended at the centre by the 
arc Pj). And since the angle PGQ is tt — 2<j}, the increase in (j> is 
represented by the arc J {Qq + Pp) ; and therefore, by subtraction, 
the increase in <j>' is represented by an arc ^ {Qq — Pp)- 

If we suppose ^, <f)' and D to have become ij) +a:, ^' + tc' and 
D + 8 respectively, we have 



by similar triangles. 



1^ + 1 
\0P^ 
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X (00 ] 
Hence s ~ i 1?T^ + ■'^ f ultimately, 

and similarly | "" H OP " '^ ) ' 

But as P moves from A to T, OQ becomes more and more 
nearly equal to OP ; so that «/8 and x'/S become smaller and 
smaller, which proves the proposition. 

_ „, ,, , sin(rf> — rf)') . , . 

Ex. Snow that -: — j^ — ~-^ increases as increases. 
sin(<^ + 0') ^ 

23. Any medium bounded by two plane faces meeting in an 
edge, is called a prism. The inclination of the faces to each other 
is called the refracting angle of the prism. 

At present we shall only consider the path of rays of light 
which pass through the prism in a plane perpendicular to both its 
faces, and therefore perpendicular to the edge of the prism ; we 
shall call such a plane a principal section of the prism. 

When a ray of light passes through a prism which is mare 
highly refractive than the surrounding m,edium, the deviation is, in 
all cases, from the refracting angle towards the thicker part of the 
prism. 

Let PQBS be the course of a ray of light through a prism in a 
principal section QOR. Draw the normals at Q and R meeting 
in L. There are three cases to be considered, according as the 
triangle OQR is acute angled, or contains a right angle or an 
obtuse angle. 




In the first case the rays PQ and RS lie on the sides of the 



26 



REFRACTION BY PRISMS. 



[chap. II. 



normals away from the vertex, and therefore the deviations both 
at ingress and egress will be away from the edge of the prism. 

In the second case let one of the angles of the triangle OQR be 
a right angle ; at that point of incidence there will be no deviation 




and at the other point of incidence the deviation is away from the 
vertex. 

In the last case, one of the angles, ORQ, is obtuse, the other 

o 
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angle, OQR, being acute. Then the ray SR lies on the side of the 
normal towards the vertex, so that the corresponding deviation is 
towards the vertex, while at Q the deviation is away from the 
vertex. But the angle of refraction at Q is greater than that at R, 
the former being the exterior angle of the triangle QRL and the 
latter an interior angle. Hence the deviation at Q is greater than 
that at R, so that on the whole the deviation is away from the 
vertex. 

If the prism be less highly refractive than the surrounding 
medium, all these effects are reversed. 

24. This theorem may also be proved by comparing the action 
of a prism with that of a plate. 

When a ray of light passes through a plate bounded by two 
parallel faces, it emerges parallel to its original direction. Let 
PQBS be the path of a ray through such a plate bounded by the 
faces AB, CD. Let RN be the normal at the second face. 

Now suppose the second face turned about R towards AB, in 
such a way as to make a prism whose edge is perpendicular to the 
plane of the ray. Let RN' be the new position of the normal to 
the second face and RS' the emergent ray. Then in the figure, the 




angle of incidence at the second face is increased; hence the deAna- 
tion at the second face is increased. The ray is therefore deviated 
towards the thicker part of the prism. 
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Similarly, if the second face CD be turned in the opposite 
direction, the deviation at the second face will be diminished and 
the same result will follow. 

25. Let PQRS be the path of a ray through a prism whose 




edge is at 0, and whose refracting angle is t. 

Draw the normals at Q and R, LQM and LRW respectively, 
meeting in L. 

Let ^, ^' be the angles of incidence and refraction at Q, and let 
■^, yjr' be the angles of emergence and incidence at R, respectively. 
We shall consider 4> and i/r as positive when they are measured 
from the normal towards the thicker part of the prism, so that <^' 
and yjr' will be positive when they are measured from the normals 
towards the vertex. In the figure ^, <}>', yjr, yjr' are all positive. 

By the law of refraction we have 

sin </> = /i sin <^') 

sin i^ = /Lt sin i|r'j ^ '' 

Also, the angles at the base of the triangle OQR are 
respectively ^ir - <f>', and Jtt - yjr, hence 

I + ^TT — </)' + ^TT — l/r' = TT, 

or f + -.|r' = i. (2). 

This result is also true when the triangle OQR is obtuse ; in 
this case one of the angles ^' or i^' would be negative. 
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If 7 be the critical angle for the medium, then <f>' and ylr' can 
never be greater than 7. If, therefore, the refracting angle of the 
prism be greater than 27, no ray can pass through the prism. If 
I be greater than 7, 0' and yfr' must always both be positive. 

Let D be the whole deviation of the ray as it passes through 
the prism. Then at the first refraction the ray is deviated 
through an angle <}> — <^', and at the second refraction it is further 
deviated through an angle -^ — •>|r'. Therefore 

D = <f) — (f)' + '\{r — yj/, 

or D = ^ + 'f - t..... (3). 

^ > t' ' i> > u^' . ^y V > -•■ / <- 4 "^ "Zsi^ V '^<^- 
The whole theory of the path of a ray of light in a principal 
section through a prism is contained in the equations (1), (2) 
and (3). 

26. The deviation is a minimum when the ray of light passes 
symmetrically through the prism. 

Let (^„ be the value of for this symmetrical path, and let ^ 
gradually increase from 0„. Then ^' and i/r' increase and decrease, 
respectively, by equal increments; hence, since <^' becomes greater 
than ■^', the deviation at the first face increases faster than that at 
the second face diminishes, so that on the whole the total deviation 
increases. The same result is easily seen to be true even after ■y^' 
becomes negative (if it does become negative before <^ reaches ^tt). 
Hence as </> increases from ^^ the deviation continually increases. 

If <^ diminishes from c^,, then ■y\r increases from i^^, and we 
have only to consider the reversed ray to see that the same 
result follows. 

Hence, when the ray of light passes symmetrically through the 
prism, the deviation is a unique minimum. 

The theorem may also be proved by means of the formulae of 
the preceding article. 

The equations (1) are 

sin ^ = /A sin ^'| 
sin i|r = /i sin i/r' 
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and therefore adding, 

sin (f) + sin yjt = fi (sin <j)' + sin y}r'), 
or 2 sin ^ (<^ + 1/^) cos ^ ((/> - 1^) = 2/i . sin ^ (</>' + yjr') cos ^ ((^' - yjr'), 

xi. J. • • , /r. \ • 1 COS i( 6' — yjr') 

that IS sin i (x' + 1) = ii sin A t . ^-^^ f-r-' . 

^ COS^C^-'f) 

Suppose that <f> and -^ are unequal, say <^ is greater than yjr. 
Then the deviation ^ — ^' is greater than the deviation yjr — yjr ; 
therefore ^ — i/r is greater than <^'—y^', and therefore cos ^ (^'— ■>/^') 
is greater than cos ^ (^ — •<|^)- 

Similarly cos ^ (<^' — ilr') is greater than cos ^{<f> — yjr) it yJr be 
greater than (p. Hence in all cases in which <f) and y}r are unequal 
sin ^ (Z> + i) is greater than /i sin 1 1. 

But when <f) = y{r, sin ^ (D + 1) = fi sin ^ i. 

Hence when (f> = yfr, D is a unique minimum. 

Ex. 1. Show that 

sm^ ^ (2) + 1) = sin2 1 1 + .^l ' — T^^~K^,- , 

■* ^ ' ''I - sm^ 5 (<^ - V') seo^ i t 

and thence show that the deviation is a minimum when = i/'. 

Ex. 2. Prove that (ju^ - 1 ) sin^ t = 4 cos s cos (« - 1) cos (s-(f>) cos (« - 0')> 

where 2»=<^ + <^' + 4. 

27. When the refracting angle of the prism is small, then the 
deviation will be small. In this case 

Hence, sin (t + D — ^) = /x. sin (t — ^'), 

or, since i and D are small, 

(i + B) cos — sin ^ = /it cos ^' — fi sin ^' ; 
therefore D cos <}) = i{/i cos ^' — cos ^}, 



or 



^^ J/tCOSf _^) 
( COS <f) j 



If the ray passes nearly perpendicularly through the prism (f) 
and <l>' will both be small, so that to the third order of small quan- 



26 — 29.] REFRACTION BY PRISMS. 31 

titles, the value of the deviation becomes 

which, to this approximation, is independent of ike angle of inci- 
dence. 

28. We shall next suppose that the ray does not lie in a 
principal plane of the prism. 

Let the same notation as before be applied to the projections 
of the path of the light on a principal plane. Also let 77, r)' be the 
inclinations of the incident and refracted rays to the principal 
plane at the first refraction, ^, f ' the inclinations of the refracted 
and incident rays to the same plane, at the second refraction, 
respectively. Then by § 20 

sin t] = fj, sin rj'] 
sin ^ = fi sin f J ' 

Also, ^ and 17' denote the inclination of the same ray to the 
same plane, and therefore f = tj' and ^ = i}. 

This proves that the incident and emergent rays are equally 
inclined to the principal plane, or to the refracting edge of the 
prism. 

Further, there are the equations of refraction 

sin <f> cos 7] = jM sin ^' cos jj' 
sin i/r cos t) = /J. sin ■^' cos 17'J ' 

and <f>' + -yj/ = i. 

These equations contain the whole theory of the refraction of a 
ray through a prism. 

29. We now proceed to find the deviation produced by the 
prism. If D„ be the deviation of the projection of the rays on a 
principal plane, we shall have 

D, = <l> + y}r-i. 

Let OAB be the principal plane, OA, OB the projections of 
the incident and emergent rays on this plane, OP, OQ these rays 
themselves ; and let all these lines be terminated on a sphere 
whose centre is 0. Then the arc AB represents D„, and the arc 
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PQ represents the complete deviation. Also the area AP and BQ 
are each equal to r], so that PQ will bisect AB in N. Then from 




the right-angled triangle PAN, we deduce the equation 

cos ^ Z) = cos \ Z>o cos 7), 

which determines the total deviation. 

From this equation we see that D is always greater than D^. 
Now the minimum value of X)„ is found by the same method as 
before; the deviation will be a minimum as the prism is turned 
about its refracting edge, when <f) = -<fr ; and we deduce as before 
the equation 

sin ^ (Z)„ + t) cos T] = fi sin ^ I cos t)'. 

In this equation if we put i; = 0, we get the same value for the 
minimum deviation as before ; this value is less than D^, for cos tj' 
is greater than cos 17. It follows, therefore, that the deviation of a 
ray by a prism is least when the ray passes through the prism in a 
principal plane and when the angles of incidence and emergence are 
equal. 



EXAMPLES. 

I. If T=0, N=0 be the equations to the tangent and normal at any 
point P of a reflecting curve, ^, j) the coordinates of the radiant point, show 
that the equation to the ray reflected from the curve at P is 

T^ N' ' 

where 7", ^ are the values of T, N when |, i) are substituted for the current 
coordinates. 
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2. Without knowing the angles of a triangular prism, show that its 
refractive index can be determined by observing the minimum deviations of 
rays passing through the prism in the neighbourhood of the three angles ; and 
if these deviations be denoted by 2a, 20, 2y, then /x is given by 

/x' - fi^ (cos a + cos j3 + cos y) + /I {cos (|8 + y) + cos (y + a) + cos (a + j3)} 

-cos(a+/3 + y) = 0. 

3. Two prisms of refractive indices fn, •, and angles a, )3 are placed with 
faces in contact, edges parallel and angles in opposite directions. Find 
equations to determine the angle of incidence when there is no deviation ; and 
in this case, writing 2/1^ - 1 =m and 2j/2 - 1 = n, show that if 

m sin^ a-Vn sin^ |8 = sin^ (a - /3) 
the angles of incidence and emergence are ^ + a, a;+j3 respectively, where 
?recos2(.r+j3)+mcos2 (.»+a) = sin2(a-/3)-mre. 

4. The refractive indices of three rays with respect to a given prism are 
/ii, ^i2i f3 > show that if D^, B^ D^ their minimum deviations through it are in 
Arithmetical Progression, then 

sin ^jOj _ sin ^D^ + sin \D^ 

5. Two prisms of the same vertical angle but of different refractive 
indices are placed in contact with their edges parallel and their angles turned 
opposite ways ; prove that the deviation due to the system of a ray which is 
incident perpendicularly on the first surface of the system increases with the 
angle of the prisms. 

6. A prism, refractive index /i' and refracting angle 60°, is enclosed 
between two others of refractive indices ji and angle 60", their edges being 
turned the opposite way to that of the first. Show that if a ray passes through 
without deviation, its course must be symmetrical, and that 

3fl2 = ^'2 + ^' + l. 

7. If n equal and uniform prisms be placed on their ends with their edges 
outwards, symmetrically about a point on the table, find the angle of each 
prism in order that a ray refracted through each of them in a principal plane 
may describe a regular polygon. Show that the distance of the point of 
incidence of such a ray on each prism from the edge of the prism, bears to 
the distance of each edge from the common centre the ratio of 



y^ 



11*2-2,1 cos- +1 : j[i+l. 



8. A battery of n similar prisms is so arranged that a beam of light after 
traversing them at minimum deviation comes out in position to traverse them 
again ; show that the angle A of the prisms is given by 



.A . fiv ^A\ 



Taking glass, for which ,i = |, determine the least number of prisms with 
which the result can be accomplished, and draw a sketch of the necessary 
arrangement. 

H. 3 
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9. A direct- vision spectroscope is composed of three prisms, two of which 
are exactly alike and are placed each with a face in contact with the faces of 
the third and their vertices turned towards its blunt end. Find equations for 
the angles of the prisms and their refractive indices in order that a ray 
refracted through the three prisms may be able to emerge parallel to its 
direction of incidence. 

If the refractive indices of the two similar prisms and the third be ^6 and 
V3 + 1, respectively, and the angle of the third prism be 120", show that the 
angle of the two like prisms is tan""^ (6 + 3^3). 

10. If 6, (f) be the angles of incidence and emergence of two parallel rays 
passing through a prism in a plane perpendicular to the edge; rfj, d^ the 
distances between these rays before incidence and after emergence, show that 

J = - ^ , where d6 is any small change in 6, and d<^ the corresponding 

Orn QiU 

change in 0. 

11. Three plane mirrors are placed so that their intersections are parallel 
to each other, and the section made by a plane perpendicular to their inter- 
sections is an acute-angled triangle ; a ray proceeding from a certain point of 
this plane after one reflexion at each mirror proceeds on its original course ; 
prove that the point must Lie on the perimeter of a certain triangle. 

Prove that the ray after another reflexion at each mirror will proceed on 
its original path, and that the whole length of its path between the first and 
third reflexions at any mirror is constant and equal to twice the perimeter of 
the triangle formed by joining the feet of the perpendiculars. 

12. Any number (n) of right-angled prisms are placed with their edges 
turned alternately in opposite directions, and a face of each in contact with a 
face of the next one, and a ray passes through with a minimum deviation. 
If <f> and ijf be the angles of incidence on the first prism and emergence from 
the last, show that 

if w be even, and 

if ji be odd. 

13. The section of a prism made by a principal plane is a triangle ABC. 
A ray faUs on AB making an angle <p with the normal (measured towards the 
edge) and after internal reflexion at BC emerges from AC. Employing the 
usual notation, show that D=<j)+ylr + A, (j)'-fj/=B-C. 

If a ray incident on AB in a direction perpendicular to BC emerge from 
AC parallel to the incident course, show that ABC must be an isosceles 
triangle. 
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14. A ray of light is incident in a principal plane on the base of a tri- 
angular prism and emerges at the base after internal reflexion at the other two 
sides. Prove that the deviation D is least when the angles of incidence and 
emergence are equal, and that if A is the angle between the sides of the prism, 
and n the refractive index, 

cos\D= -fiCoaA. 

15. A ray is refracted at one face of a triangular prism in the principal 
plane, and after being reflected at each of the other faces emerges through the 
first face; show that the whole deviation is greater or less than two right 
angles, according as the vertical angle of the prism is less or greater than a 
right angle. Show also that if the angle of emergence of the ray be equal to 
the angle of incidence, the deviation will be a minimum when the vertical angle 
is less, and a maximum when it is greater, than a right angle. 

16. A ray enters a prism of quadrilateral section in a principal plane and 
after reflexion at three sides in order emerges from the one at which it entered, 
making the angle of emergence equal to that of incidence but on the opposite 
side of the normal. Show that the section of the prism by the principal 
plane can be inscribed in a circle. 

IV. Sunlight falls on a small isosceles prism standing on a horizontal 
table and emerges after reflexion at the base, the edge of the prism being 
inclined at any angle to the sun's rays. Show that the result is the same as if 
the sunlight had been simply reflected at the table. 

18. There are two confocal reflecting ellipses ; a ray proceeds from a point 
P of either of them in a direction passing through one of the foci and is con- 
tinually reflected between the curves. If, after 2ra - 1 reflexions it returns to 
the point P, the length of the path is equal to n times the difference of the 
major axes. 

19. A cylindrical pencil of light is incident on a refracting prolate spheroid 
in a direction parallel to the axis, the excentricity of the spheroid being e, and 
the refractive index /j, ; find the positions of the rays which emerge parallel to 
the axis, supposing fi > l/e\ and show that none of the emergent rays will be 
parallel to the axis if /i< 1/e^. 

20. The interior of an elliptic ring is a perfect reflector, and an origin 
of light is placed in the focus S. Show that, if P^ be the point of the ?ith 
reflection of any given ray, and if A be the vertex nearer to S, then 



tan i ^<SP2„+ 1= (^y tan i ASP,„_,. 



21. Three plane mirrors are placed with their planes at right angles 
to one another. If a ray be reflected by all of them successively, its 
direction will be parallel to its direction at incidence. 

3—2 



36 EXAMPLES. [chap. II. 

22. If a ray of light be reflected successively at three mirrors whose 
normals make angles ^2^3, J^s^i, -^i-^j with one another, at angles of 
incidence oi, 02, 03, and come back in the same direction, prove that 

cos iV2^3_COS N^Ni_COS i\'iiV2 
cos aj COS 02 COS 03 

23. A ray of light is reflected at each of three plane mirrors which are 
all parallel to one line, and the final direction of the ray is parallel to its 
direction before first incidence. Show that the incident ray must be 
parallel to one of three fixed planes, and the portions after first and second 
reflexions parallel to the other two ; and find the positions of these planes. 

24. A ray is reflected at three plane mirrors successively, so as to be 
parallel to its original directions after the reflexions, and the three directions 
which it takes are mutually at right angles to each other. Prove that the 
mirrors are mutually inclined at angles of 60°. 

25. A ray of light is incident from the centre of an ellips oid, the inner 
surface of which is polished, and whose equation is ax^ + h/^+^j^l; prove 
that the equations of the ray reflected from the point (x, y, z) of the suiface 
will be 

i-x ^ r,-y ^ C-z 
x{Zaf-\) y(26^2_x) 2(2cp2_i)' \ 

1 ^ 

where -^=a?x^ + h'hf-\-<?z^. 

Prove also that all rays which after reflection pass through the line x=y=z, 
were before reflection in the surface of the cone defined by the equation 
y3(6-c)+zj;(c-a)+^(a-6)=0. 

26. A ray of light is incident parallel to the axis of a reflecting elliptic 
paraboloid whose equation is 

hy^-\-cz^ — %x 
at a point (/, g, h) ; show that the equations to the reflected ray are 

Prove that each reflected ray will pass through each of two parabolas lying 
in the principal planes of the paraboloid. 

27. A ray of light is reflected at two plane mirrors, its direction before 
incidence being parallel to the plane bisecting the angle between the mirrors 
and making an angle 6 with their line of intersection ; prove that the 
deviation is 2 sin~i (sin 5 sin 2a), where 2a is the angle between the planes. 

More generally if 2), be the deviation after r successive reflexions, 

cos^2>2„-i=sin5 sin {(2re - 1) a - <^} , 

sin J 2)2,,= sin 5 sin2«<i, 

where (/> is the angle which a plane through the intersection of the mirrors 
parallel to the incident ray makes with the plane bisecting the mirrors. 
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28. A ray of light is reflected a number of times between two plane 
mirrors, not in a principal plane ; prove that all the rejfiected segments of 
the ray are generating lines of a hyperboloid of revolution. 

29. The siu'face of a piece of water is covered except one narrow slit in 
the form of a straight line ; a luminous point is placed in a given position 
above the surface ; if this point be taken as origin of coordinates and the 
vertical line as axis of z, and if the equations of the slit are x = a, z= —c, 
show that the equation to the sheet of light in the water is 

a^{{x^+f) {x-af+x^{z+cf} =y.'^{x-af{a'^{x^+y^) + (?x^}. 

30. A ray falls on a prism whose refracting angle is ^tt at a point P 
on one face and makes an angle 6 (in any plane) with the perpendicular from 
P on the refracting edge. If the ray can get through without internal 
reflexion, show that 5<cos~i V/*^ - Ij where /x is the refractive index. 

31. The sun's light is refracted through a prism the edge of which is 
vertical ; find the position of the refracting surfaces in order that for a given 
altitude of the sun the deviation of the rays of a given refractive index 
may be a minimum. 

If z be the sun's zenith distance, i the refracting angle, x the angle of 
first incidence reduced to the horizon, y. the refractive index, show that the 
minimum deviation D is given by the equations 

. D . . 

sin— =sm0sm 



;.«n|{l+(l-i)o.t.,}* 



32. A ray of light falls on a prism in a plane making an angle y with 
the principal plane; show that the angle between the incident ray and the 
principal plane is equal to that between the same plane and the emergent 
ray. Prove also that if y=^ the emergent ray is parallel to a generator 
of the cone ain^ i (fiV - x') = :i/'^, where r'=x^+i/^+z\ and the normal to the 
face of emergence is- the axis of z, and the principal plane the plane of yz. 



CHAPTER III. 
Reflexion and Refraction of Direct Pencils. 

30. Hitherto we have considered the reflexion and refraction 
of single rays only ; we shall now consider the modifications pro- 
duced in pencils of rays, by reflexion and refraction. 

A pencil of rays is incident on a plane reflecting surface; to find 
the form of the pencil after reflexion. 

Let QR be any ray diverging from a fixed point Q, and RS its 
course after reflexion at the mirror. 




Draw QM perpendicular to the mirror and produce RS back- 
wards to meet it in q; this can always be done, for the lines 
QM, QR and RS lie in one plane. Then by the law of reflexion 
it follows that the angle qRM is equal to the angle QRM, and 
therefore the triangles QRM, qRM are equal in all respects, so 
\h.3.tqM=QM. 

The position of q is independent of the particular ray chosen, 
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and the pencil after reflexion diverges from q. Thus the foci of 
the incident and reflected pencils lie on the same perpendicular to 
the mirror, at equal distances from it, on opposite sides. 

31. A bright point being placed between two parallel plane 
mirrors, required to find the foci of the reflected rays. 
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Let Q be the radiant point ; through Q draw a line AQB 
perpendicular to both surfaces and produce it indefinitely both 
ways. 

Then, taking Aq equal to AQ, q' will be the focus of the rays 
from Q after reflexion at the first mirror. These reflected rays, 
diverging from q' will become incident on the second mirror. If, 
therefore, we take Bq" equal to Bq', q" will be the focus of the 
rays after a second reflexion, and so on. Again, the rays diverging 
from Q and incident on the second mirror will have a focus q,, 
where Bq, = BQ ; the rays diverging from this focus and incident 
on the first mirror will have a focus q,„ where Aq,i=Aq,, and so 
on. Thus there are an infinite number of foci all arranged on 
the line AB, and becoming more and more distant after each 
reflexion. 

The distances Qq', Qq"... may be easily calculated. For, 
making QA = a, QB = b, and AB = a + b = c,-we find 
Qq' =2AQ=2a, 

Qq" =BQ + Bq' = Qq' + 2BQ = 2a+2b = 2c, 
Qq'" =AQ + Aq" = Qq" +2AQ = 2c + 2a, 
Qq"" = BQ + Bq'" = Qq'" + 2BQ = 2a + 2b + 2c = 4c, 
and so on. 

In like manner we find 

Qq, = 2b, Qq„ = 2c, Qq,„ = 2G + 2b, Qq„„ = ^c&c. 
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32. A bright point being placed between two plane mirrors, 
inclined to one another at an angle, required to find the position 
and number of the foci of reflected rays. 

Let OA, OB be the sections of the mirrors by a plane drawn 




through the radiant point Q perpendicular to both mirrors; and 
let a perpendicular be drawn from Q to the mirror OA and 
produced to q, so that Qq may be bisected by the mirror ; then 
q will be the focus of the rays after one reflexion at OA. Again, 
letting fall a perpendicular from g' on OB and producing it to q', 
at an equal distance on the other side, g'" will be the focus of the 
rays after a second reflexion, and so on. In like manner we find 
another series of foci q„ q„,q,„... if we first take the rays which 
are incident on the mirror OB. 

Now, by the construction, it easily follows that Oq' = OQ, and in 
the same manner we find that Oq" = Oq' — OQ. Therefore all the foci 
lie on the circumference of a circle whose centre is 0, and radius OQ. 

To determine the positions of the foci, let the arc QA = 6, 
QB = d' and AB = e + e' = ,.. 

Then the arc Qq = 2QA = 26, 

Qq" = BQ + Bq" = Qq' + 2BQ =29 + 26' = 2t, 

Q^" = AQ + A^'=Qf + 2AQ = 2t + 2d, and so on. 

SimUarly, Qq, = 2ff, Qq„ = 2i, Qq,„ = 2t + 20',&;c. 

And, in general, the distances in the first series are 
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Qq^'"^ = 2nt, Qq''""*^^ = 2m + 29, 
and in the second series, 

Q^tin) = 2««= Q?(2„+i) = 2nt + 2(9'. 
The number of images is limited; for when any one of the 
images falls on the arc ab, between the mirrors produced, it lies 
behind both mirrors, and therefore no further reflexion takes 
place. If the image g''"' be the first to fall on the arc ab, then, 
since this is one of the images which lie behind the second mirror, 
we must have the arc Qg'^"' > QBa ; that is, 2nt >Tr — 6, 

or 2n > . 

I 

If the first image which falls on the arc ah be one of those 
behind the first mirror, say Qg''^"'^'', we must have Qg''""*'' > QAh ; 

that is, 2ni-\-26>Tr- &, or 2m-\-6 + ff>'n--6, 

or finally, 2ra + 1 > . 

This is the same result as before, 2n being the number of 
images in the first case, 2n+l in the second. Therefore the whole 
number of images in the first series is the integer next greater 
than (tt — d)/t ; and, in like manner, the number of images in the 
second series may be shown to be the integer next greater than 

If t be a submultiple of two right angles, tt/c will be a 
whole number, and the number of images in each series will be tt/i, 
since 6/i and d'/i, are proper fractions ; so that the total number 
of images will be 27r/i. But in this case it happens that two of 
the images of the different series coincide. For if tt/i be an even 
integer, say 2n, then 

Qf^ + QiM = 2wt + 2wt = 27r, 
and therefore the images q''"'\ q^^„i coincide. And if ir/i be an odd 
integer, say 2w + 1, 

Q?'""^" + G?fe„^.) = 4w + 2 (5 + ff) = (4n + 2) t = 27r, 
and the images q^''"*'\ ^(jn+i) coincide. 

If therefore we include the radiant point in the number, the 
total nwmher of foci is 2'ir/i. 

This theory contains the principle of the kaleidoscope. 
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33. From the case of a single pencil we may now proceed to 
consider the way in which any object is seen by reflexion in a 
plane mirror. 

When any object is presented to a plane mirror, every point of 
the object is emitting rays of light ; when the rays from any point 
are reflected at the mirror they will proceed as if from a focus on 
the other side of the mirror, such that the two corresponding foci 
are on the same perpendicular to the mirror and at equal distances 
from it. To every point of the object will correspond one such 
focus, and the aggregate of these foci is called the image of the 
object. The image will be similar to the object and equal to it 
in every respect, since corresponding points of the image and 
object are similarly situated with respect to the mirror. But 
since the faces of the image and object are turned towards 
opposite directions, the position of the object with respect to 
right and left will be inverted in the image. If the eye be placed 
so as to receive reflected rays, they will produce the same impres- 
sion as if they were radiating from a real object behind the mirror 
in the position occupied by the image. We may trace the rays 
by which the eye sees any point of the object, by drawing a 
pencil of lines bounded by the pupil of the eye, towards the 
corresponding point of the image as far as the mirror, and then 
joining the points of the section of the small pencil by the mirror, 
to the point of the object. 

34. The pencils we shall now consider will be very slightly 
divergent, or in other wordg, the solid angles of the pencils will be 
very small. 

When the axis of the pencil coincides with the normal to the 
surface on which it is incident, the incidence is said to be direct ; 
in other cases the incidence is oblique. 

In general, the rays of the pencil after refraction or reflexion 
do not accurately pass through a point ; but there are many useful 
cases, where the incidence is direct, in which- the rays very 
approximately meet in a point. We shall now consider a few of 
these cases. 

A small pencil of light is incident directly on a plane refracting 
surface; to find the form of the pencil after refraction. 
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Let the pencil diverge from a point Q, the axis of the pencil, 
QA, being normal to the plane refracting surface. Let QRS be the 
path of any ray of light, and let RS produced backwards meet the 
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axis in q. Then the angle AQR is equal to the angle of incidence 
of the ray, and the angle AqR, equal to the angle of refraction. 
But if /i, fjf be the refractive indices of the two media, the law of 
refraction, expressed in the usual notation, is 

/i sin ^ = fi sin <f)'. 
This may be written, -^ = -5- . 

When we consider different rays of the pencil the position of 
the point R will vary, and therefore the position of q will vary. 
But if we suppose the pencil so small, that squares and higher 
powers of the angles (j) and <ji' may be neglected, RQ is equal to 
AQ, and Rq to Aq to this degree of approximation ; and therefore 

AQ_Aq 
(I n 
or as it is more usually expressed 

u _u 

where u and u denote the lengths AQ and Aq, respectively. To 
this order of approximation, the point q is fixed ; so that all the 
refracted rays produced backwards cut the axis AQ ia the same 
point q. The point q is therefore the focus of the refracted pencil. 
It is sometimes called the image of the point Q ; Q and q are also 
said to be conjugate fod. 

It therefore appears that a point and its image lie on the same 
normal to the surface, and on the same side of the surface ; if the 
distance of the point from the surface changes, the distance of the 
iTTiage changes in the same proportion, and the point and its image 
move in the same direction. 
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35. From the case of a single pencil we may deduce the 
manner and position in which an eye sees an object situated in a 
medium whose refractive index is different from air, as for instance 
an object under water. Every point of the object under water is 
emitting rays of light ; when the rays from any point emerge in 
air, they will proceed from the focus conjugate to the given point. 
Assuming the refractive index from air to water to be f , the focus 
conjugate to a given point will lie on the same normal to the 
surface at f- of the depth. To every point of the object there will 
be such a corresponding focus, and the aggregate of these foci is 
called the image of the object. To an eye in air, the emergent 
rays will produce the same impression as if they proceeded from 
a real object occupying the position of the image. The rays by 
which the eye sees any point may be traced by drawing lines 
bounded by the pupil of the eye towards the corresponding point 
of the image, as far as the refracting surface, and then joining the 
points of the section of the small pencil by this surface, to the 
point of the object. 

The forms of the images corresponding to different forms of 
object may be deduced by geometry from the preceding construc- 
tion. Thus it is clear that the image of a plane, will be another 
plane, the two planes meeting the refracting surface in the same 
line at different inclinations; to a sphere, will correspond an 
ellipsoid of revolution whose axis of revolution is normal to the 
surface, and so on. 

This representation of the image is only approximately true ; 
for of the rays proceeding from any point, it is only those which 
are nearly normal to the surface which emerge from the image. 
It is therefore necessary that the object should be small and that 
the eye should be almost directly over it, so that all the rays may 
pass out in a direction nearly normal to the surface. The more 
accurate theory must be postponed. 

36. We shall next consider the case of a small pencil directly 
reflected or refracted at a spherical surface. 

The most general case will not be a plane problem, but it may 
easily be derived from a plane problem. We shall first consider a 
pencil issuing from a bright point on the axis of the spherical sur- 
face ; the whole system of rays will then be symmetrical about the 
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axis, and we need only consider rays lying in one plane through the 
axis, and afterwards suppose the plane system to be revolved about 
the axis. It will be shown that after reflexion or refraction the 
peacil will approximately diverge from a focus also situated on 
the axis. If the bright point be not on the axis of the spherical 
surface, we join it to the centre of the surface ; the joining line is 
normal to the surface and therefore may be considered as itself an 
axis, and the problem is the same as before. 

37. Direct reflexion of a small pencil at a spherical surface. 
We first treat this as a plane problem. 




Let Q be the focus of the incident pencil, QOA being the axis 
of the pencil, the centre, and A the vertex of the spherical 
reflecting surface. Let QR be any incident ray, which after 
reflexion cuts the axis in Q'. 

Let AQ = x, AQ' =x', and let the radius of the circle be r. 

Then by the law of reflexion, the normal RO bisects the angle 
between RQ and RQ', and therefore 

RQ ■.RQ' = QO : OQ'. 

Now if the pencil be small, and we neglect the squares of the 
small deviations of the rays from the axis, we may take 

RQ = AQ, RQ' = AQ:, 

and therefore a; : x =x — r : r — x , 

that is x{r — x')=x' {x~r); 

which may be written, 

i + i=? (1). 

X X r 

To the degree of approximation just indicated, we may say that 
all rays passing through Q will after reflexion pass through Q', and 
vice versa. The points Q, Q' will be called conjugate foci ; either 
of them may be taken to be the image of the other. 
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38. The formulae we have proved connecting the distances of 
a pair of conjugate points from the surface include all cases that 
may arise. If, for instance, the reflecting surface is convex, so that 
.40 is measured in the opposite direction, we must change the 
sign of r in the formula. All distances measured to the right of 
A are considered positive, those measured to the left, negative. 

If the incident rays are parallel to the axis, so that x is infinite 
and positive, or infinite and negative, the corresponding value of x' 
in each case is 

«' = ^^=/ say. 

Hence if F be the middle point of .40, F is the focus for 
parallel rays proceeding in either direction. It is called the 
principal focus of the mirror. 

The formula (1) may be written 

xx' — xf — x'f = 0, 
(«= -/) («=' -/) =r. 
Let u, u' be the distances of a pair of conjugate points measured 
from the principal focus, so that 

u = X — f 

u'=x'-fy^ 

then uu' =f\ 

From this it appears that the whole theory of reflexion at a 
spherical surface, whether the surface be convex towards the 
incident light or concave, and whether the incident pencil be 
convergent or divergent, may be very briefly stated by the aid of 
the principal focus. For let F be the principal focus, which is the 
point midway between the vertex of the mirror and its centre; 
then a pair of conjugate foci always lie on the same side ofF, and 
at distances, u and u' from it, such that 

uu' =f, where /= Jr. 

The points Q, Q' are harmonics in regard to A, 0, and therefore, 
by a well-known geometrical construction, the position of Q' corre- 
sponding to a given position of Q may be found by aid of the ruler 
only. For draw any two lines from A and meeting in L, and 
from Q draw any line QCB cutting AL, OL in B, G respectively ; 
then if AC, OB meet in M, the line LM will cut .40 in the point 
Q required. 
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The equation (x -/) (x -f)=f 

is the relation FQ . FQ' = FO' = FA", 

so that F is the centre and A, the double points of the involution 
of which Q, Q' are elements. 

If now the system be revolved about the axis QOA we shall 
have considered all the rays issuing from the point Q. 

39. Now let the axis QOQA be turned about in all planes 
through a small angle, the points on it being fixed. Since the line 
is still normal to the surface, the points Q, Q' will still be conjugate 
foci. All the fixed points on the line will describe small elements 
of spheres whose common centre is at 0. To the approximation 
to which we are limiting ourselves, these small elements may be 
taken to be plane, all these plane elements being at right angles 
to AO. Then, corresponding to a small plane object at Q, we shall 
have a plane image at Q; the image and object will be similar 
and similarly situated, the lines joining corresponding points 
always passing through the centre of the mirror. The principal 
focus F will also describe a small element of a plane. This plane 
is called the principal focal plane. All pencils of parallel rays 
inclined at small angles to the axis of the mirror will have for 
foci points on the principal focal plane. 

40. Let /8, /8' represent the linear dimensions of the object 
and its image, then since corresponding points lie on the same 
line through the centre of the sphere, 

AQ" 
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That is, 
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Further details and constructions for conjugate foci will be 
given in the case of the direct refraction of a small pencil at a 
spherical surface; these will all be applicable to the present 
case, with the usual modifications. 

41. Direct refraction of a small pencil through a spherical 
surface hounding two different media. 

Let be the centre of the spherical surface separating two 
media whose refractive indices are /i and /*'. Let Q be the focus 




and QOA the axis of the incident pencil, and let QP be a ray 
in the first medium, which, proceeding from the focus Q, is 
refracted into the second medium along the line PR; and let 
PR be produced backwards to cut the axis in Q'. Draw the 
normal to the surface at P and let ^, ^' be the angles of incidence 
and refraction, respectively ; then 

/4 sin ^ = /i' sin <f)'. 

Let the angle AOP be denoted by 6; then from the triangles 
OPQ and OPQ , we obtain the relations 

sin <^ OQ 
sinO^ QP' 

, sin d)' OQ' 

and therefore ^ ^ = ^' ^ . 

We shall suppose that the inclinations to the axis, of the rays 
we are considering, are small; then, if we neglect squares of 0, 
we can write QA for QP, and Q'A for Q'P, so that to this 
approximation all rays in the plane through the axis, diverging 
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from Q, will after refraction pass through the point Q', determined 
by the relation 

OQ , OQf ... 

f'QA=''QA' ^^- 

The relation between the points Q and Q' is reciprocal ; they 
are called conjugate foci. 

Let AQ = x, AQ = x', and AO=r,x,x' and r being considered 
positive when they are measured from left to right. Then, in 
the figure, OQ = x — r, and OQ' = x' — r, and the preceding relation 
may be written 



and therefore. 



(x—r) , {(d — r) 
f^ ^f^ ^:' — ■ 



/M /j! ^ ij,-fj,\ _ _^^ /2)_ 

X x' r "''tf:l 



From this equation it appears that x and x' will increase 
together or decrease together, so that a pair of conjugate fod 
always move in the same direction. 

We might have taken the centre for origin. Thus let OQ =p, 
OQ' = p', with the same convention with regard to sign as before. 
Then, writing the relation (1) in the form 

,QA 
''OQ 

it becomes 



or 




42. It is often more convenient to choose a different con- 
vention with regard to sign. Suppose light travelling from left 
H. 4 
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to right, and let QA = x, Q'A = x', x being considered positive 



Q A O Q' 

when Q lies in front of A, and x' being positive when Q' lies 
behind A. Then the equation. (2) becomes 

XX r ' 

The principal fod are the points conjugate to the points at 
infinity in the two media, and play an important part in the 
theory. 

First, let us suppose that x is infinite, so that the rays are 
parallel after refraction into the second medium; the conjugate 
point is then determined by the equation 

ur 

Similarly if the rays are parallel to the axis in the first 
medium, they will, in the second medium, converge to a point Q', 
such that 

These points are the principal foci of the surface, and /,_/* its 
principal focal lengths. 

The relation between x and x' may now be written in the 
form 

-+•^ = 1 (3). 

X of ^ ' 

The course of a ray of light is always reversible, so that this 
includes the case in which rays are incident on a concave spherical 
surface. 

The focal lengths are always both positive, or both negative, 
so that the product ff is always positive. They are both posi- 
tive if the medium bounded by the convex surfece is more highly 
refractive than the other, and both negative if the medium bounded 
by the convex surface is less refractive than the other. 

43. The relation between the abscissae of a pair of conjugate 
foci, when referred to the principal foci as origins, takes a very 
simple and convenient form. 
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For let A be the vertex of the spherical surface separating the 
two media, F, F the principal foci of the surface, Q the focus of 
the raj's in the first medium, Q' the focus of the rays in the second 
medium. 



Q F A F' Q' 

Let QF = u, Q'F'=u', w being considered positive when Q is 
in front of F, and u being considered positive when Q' is behind F. 
Then the relation between x, x may be written in the form 

{x-f){x-f)^ff- 

that is, uu'=ff' (4). 

44. The relative positions of conjugate foci may be easily 
traced by means of the equation (4). 

Since / and /' are of the same sign, it follows that u, u' will 
have the same sign. Two cases will have to be considered. First, 
suppose that the medium which is bounded by the convex surface, 
that is, the medium in which lies the centre of the spherical 
surface, is the more highly refractive, so that / and /' are both 
positive. 



— r- 
A 



When Q is at infinity on the left, Q' will be at F'. Now Q 
and Q' always move in the same direction, so that as Q moves 
from infinity, Q recedes beyond F', until Q reaches F, and then Q 
is at infinity on the right. As Q passes F, u becomes negative 
and is at first very small, so that u' is negative and at first very 
large ; thus Q' emerges from infinity on the left and follows Q as 
it moves along. When Q is at J., Q' coincides with it. When Q 
passes A, Q' follows it, but moves more slowly than Q, and when Q 
reaches infinity on the right, Q coincides with F'. 

So long as Q lies in the first medium, the rays in the first 
medium form a pencil diverging from Q; but when Q passes 
beyond A into the second medium, the rays in the first medium 
form a pencil which if produced would converge to Q, but they are 
intercepted by the refracting surface and never actually pass 
through Q. In this case, Q is called a virtual focus. All these 

4—2 
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remarks apply also to the point Q' ; it is a real focus only when 
it lies in the second medium, and a virtual focus when it lies to 
the left of A, in the first medium. 

Next suppose that / and /' are both negative, then F lies to 
the right of A, in the second medium; and F' lies to the left of -4, 
in the first medium. 



1 1 1 

F' A F 

If we suppose Q to begin at infinity on the right, and to move 
backwards through all positions to infinity on the left, the motion 
of Q' may be described in exactly the same words as before. Q 
will be a real focus only when it lies to the left of A, and in other 
cases it will be a virtual focus ; similarly Q' will be a real focus 
when it lies to the right of A, and in other cases a virtual focus. 

The changes of sign and magnitude of x, x' as determined by 
the formula 

X X 

may also be discussed by a graphical construction. 

Let .ff^ be a point whose co-ordinates are (/, f). Then x, x' 




may be represented by OP, OQ, the intercepts on the axes of 
co-ordinates made by any line through K. If we allow a line to 
turn about the point K, it is easy to trace the changes in sign and 
magnitude of these intercepts, and therefore of x and x'. 

45. A formula similar to (3), may be found for the positions of 
a pair of conjugate foci, if we take as origins, any fixed pair of con- 
jugate foci Let G, G' be any given pair of conjugate foci, whose 
distances fi-om the principal foci are respectively g, g, so that 

99' = ff- 
Let the distances of Q, Q' from G, G' be respectively v, v', 
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the signs being fixed by the same convention as before. Then, with 
the previous notation, 

u = v-g] 

f f ft -^ 

u =v -g] 
and the relation between the abscissae of conjugate foci is 

(v-g){v'-g')^ff=gg'; 
which may be written in the form 

^ + < = 1. 

V V 

46. We shall next consider points not on the axis of the sur- 
face. 

Let the line OA turn about through a small angle, carrying 
the points Q, Q', F, F, A along with it. The new line OA will 
still be normal to the surface, and Q, Q' will still be conjugate 
foci. If OA be turned through all positions making a small angle 
with its initial direction, the points Q, Q', F, F' describe small 
elements of spheres ; if we neglect the squares of small quantities 
as before, these may be regarded as planes, cutting the axis at 
right angles. The planes at Q, Q' perpendicular to the axis may 
be called conjugate planes. Rays diverging from a point on one i 
of the planes, after refraction at the spherical surface will converge ' 
to a point on its conjugate plane. 

Corresponding to a small object in a plane perpendicular to the 
axis there will be a similar image in the conjugate plane, such that 
the lines joining the corresponding points of the object and its 
image all pass through the centre of the refracting surface. 

The planes at F, F perpendicular to the axis are called focal 
planes. Rays diverging from any point on the first focal plane will 
be parallel after refraction into the second medium, and conversely, 
any system of parallel rays in the first medium converge to a point 
on the second focal plane. 

We have already regarded the spherical surface as approximately 
plane near A, and shall continue to do so. We may call it the 
principal plane of the surface. 

47. We can now give simple geometrical constructions for 
determining the focus conjugate to a given point, and for drawing 
the emergent ray when the incident ray is given. 



54 



REFRACTION AT SPHERICAL SURFACES. [CHAP. III. 



Let P be a point whose conjugate focus is required. If we can 
trace any two rays through P they will meet in the required point. 
For one of the rays choose PM, parallel to the axis of the 
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surface, meeting the principal plane at A in M. Then MF' is the 
corresponding emergent ray. Also, let the ray PF meet the 
principal plane in M' ; this ray will emerge parallel to the axis, 
so that if we draw M'P' parallel to the axis it will meet MF' in 
the required point. 

For either of these two rays we might have substituted the 
ray PO, which passes into the second medium without deviation. 




Let P be a point, PQ any ray through it meeting the first 
focal plane in Q ; the conjugate focus of P, and the emergent ray 
may also be constructed in the following way. 

Draw the ray PO; it will pass through into the second medium 
without deviation, and the conjugate focus will lie on this line. 
Again let ROQ be drawn through 0, parallel to the ray PQ, 
meeting the second focal plane in Q'. Join OQ, and from Q' draw 
Q'P' parallel to OQ. This is the emergent ray corresponding to 
the incident ray PQ, and will meet P produced in the required 
point. For the rays RO and PQ are initially parallel, and therefore 
will meet on the second focal plane; and therefore the ray PQ after 
refraction will pass through Q'. Also PQ and QO are two rays 
proceeding from Q, a point on a focal plane, and therefore they 
will emerge parallel to each other after refraction. But the ray 
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QO passes through into the second medium without deviation ; 
therefore the emergent ray Q'P' is parallel to QO. 

48. The emergent ray may be also constructed as follows : — 




Let the incident ray meet the principal plane in M. Draw 
^iV parallel to the incident ray to meet the principal plane in iV; 
the ray FN will emerge along NS parallel to the axis, meeting the 
focal plane at F' in the point S. Then since PM and FN are 
parallel initially, they will converge to a point on the second focal 
plane, and therefore MS is the emergent ray. 

These constructions will afterwards be generalised so as to give 
the focus conjugate to a given point and the emergent rays, after 
refraction through any number of spherical surfaces, with their 
centres arranged along an axis. 

49. Let yS, /3' be the linear magnitudes of the object and its 
image, y8 and /3' being reckoned positive or negative according as 
they are above or below the axis. Referring back to the geome- 
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trical construction for finding the point P' conjugate to a given 
point P, it follows from the similar triangles PQF, M'AF that 

PQ : QF=AM' : AF; 

8 ff 
that is, with the same notation as before, — = — 7; , 

u J 

or 

and similarly, 
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50. Helmholtz has shown how to find an expression for the 
ratio of the linear magnitudes of the object and its image, in terms 
of the divergence of the rays before and after refraction, which is 
independent of the distance and focal lengths of the refracting 
surface. 

Let PQ, P'Q' be the object and image which are similar and 

p 
p 



Q' Q 



similarly placed, the centre of the sphere being the centre of 
similitude. 

Thus /3 : /3' = OQ : OQ'. 

But it follows immediately from the law of refraction, as was 
shown in § 41, that 

OQ _ ,0Q' 

''qa-^qa' 

and therefore, if we denote QA by x, and Q'A by x, 

X x 

which is a very useful formula. 

But if a be the angle of divergence of any ray through Q, and 
a' the angle of divergence of the corresponding ray through Q', 

tan a : tan a =- : —,\ 

X X 

and therefore, 

/t/S tan a = /i'/3' tan a', 
which is Helmholtz's formula. 
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EXAMPLES. 

1. A luminous point, placed inside an equilateral triangle whose sides 
reflect light, is reflected in succession at the three sides taken in a definite 
order ; the image so formed is again reflected, and so on indefinitely. Show 
that all the images so formed lie on one of two straight lines. 

2. Two concave mirrors face each other ; 0, 0' are their centres, and the 
distance A A' between the mirrors is greater than the sum of the radii. Prove 
that if §, q be conjugate foci for each mirror, Qq will be the diameter of a 
circle which cuts orthogonally the two circles on AO, A'ff as diameters. 

3. If a pencil be reflected between two concave mirrors, radii p, a-, facing 
each other on the same axis at a distance a apart, show that there are two 
positions of the geometrical focus such that after any even number of reflexions 
the geometrical focus coincides with its first position, unless either both p and 
o- are greater than a, or both p and o- are less than a, and p + a- > a. 

4. A pencil issuing from a point is incident upon a convex spherical 
refracting surface of index p. ; show that the distance of the point from its 
conjugate focus will be a minimum, when the distance of the point from the 
surface is to the radius of the surface as 1 : 1 + iJp. 

5. A ray of light, traversing a homogeneous medium is incident upon a 
spherical cavity within it ; supposing the limit of the magnitude of the 
deviation of the ray, produced by its passage through the cavity to be 6, show 
that the index of refraction of the medium is equal to sec ^6. 

6. Rays converging to a point Q fall on a spherical surface whose centre 
is C ; if, after one refraction, more than three rays in any plane through QG 
pass through the same point Q' on the axis QC, then will all the rays pass 
through the same point Q. 

7. Parallel rays fall on a sphere, and emerge after one internal reflexion ; 
show that rays which are reflected at the same point of the surface are 
parallel after emergence ; show also that, when the refractive index is greater 
than 2, no two rays will be reflected at the same point. 

8. Find the geometrical focus after direct refraction through a hoUow 
spherical shell bounded by two concentric spherical surfaces and filled with 
fluid of refractive index difierent from that of the shell. 

9. Two spherical surfaces A, B have the same centre ; P is the 
geometrical focus of rays from a luminous point Q after reflexion first at the 
surface A and then at the surface B, and R is the geometrical focus after 
reflexion first at B and then at A ; show that OP, OQ, OR are in harmonic 
progression. 
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10. A hemisphere of glass has its spherical surface silvered ; light is 
incident from a luminous point Q, in the axis of figure produced, on the 
plane surface ; show that if q is the geometrical focus of the emergent 
pencil, A the centre of the hemisphere, its vertex and /x the refractive index 

for glass, 

1 12^ 

Aq AQ~ OA' 

11. A ball of glass contains a concentric spherical cavity; show that, 
provided the radius of the cavity do not exceed the radius of the ball divided 
by the index of refraction jl of the glass, it wiU appear to an eye at any 
distance from the ball to be /i times greater than it really is. 

12. A sphere of a refracting substance whose index is \/3 has a concentric 
spherical nucleus which is a reflector, whose radius is such that a ray which 
just enters the sphere grazes the surface of the nucleus. Prove that, if a ray, 
which is incident at an angle 60", return to the point of incidence after inter- 
nal reflexions, the path within the medium will be ^ of what it would have 
been if there had been no nucleus. 

13. Explain why, in looking down the axis of a smooth gun barrel with 
an eye close to one end, a series of dark rings, images of the other end of the 
barrel, are seen on the surface, at distances from the eye equal to J, \,\... of 
the length of the barrel. 

14. Two equal concave mirrors of radius r are placed exactly opposite one 
another at a distance a, supposed greater than 2r, apart. Rays emanating 
from a point on the line joining their centres are reflected alternately at the 
mirrors. Show that after an infinite number of reflexions the conjugate foci 
are distant \ s/(fl^ — Sar) from the middle point of the line joining the centres 
of the mirrors. 

15. A transparent silver sphere is silvered at the back ; prove that the 
distance between the images of a speck within it formed (1) by one direct 
refraction, (2) by one direct reflexion and one direct refraction is 

2/iaK!(a — c)-^(a-^-c — |io) (fic + a—3a), 
where a is the radius of the sphere, and c the distance of the speck from the 
centre towards the silvered side. 

16. Six circles are placed with their centres at the angular points of a 
regular hexagon. How must a ray PQ fall on one so as to fall symmetrically 
on all the circles in order, the index of refraction from air to one of the circles 
being ^3 ? 

17. A pencil diverges from a point P and passes directly through a 
transparent sphere whose centre is 0. If Q„ be the focus when it is not 
reflected inside the sphere, Q„ the focus when the pencil has been reflected 2n 
times inside the sphere, show that 0§o, OQ^i 0Q2...0Q„ form a series in 
harmonical progression, and that 

_1 L-i 



CHAP. III.] EXAMPLES. 59 

18. A bright point is placed at the focus of a reflector which is in the 
form of a paraboloid of revolution; prove that the illumination, from the 
reflected light, of any point of a plane perpendicular to the axis of the reflector 
varies inversely as (y^ + Aa'^Y, where y is the distance of the point from the 
axis and 4a the latus rectum of the generating parabola. 

19. A triangular prism, whose nine edges are all equal, is placed with one 
of its rectangular faces on a horizontal table and illuminated by a sky of 
uniform brightness ; show that the total illumination of the inclined and 
vertical faces are in the ratio of 2 V3 : 1. 

20. A luminous sphere rests within a hemisphere of twice its radius, the 
rim of which is horizontal ; find the whole illumination of the interior surface 
of the hemisphere ; and if the sphere be raised so that its lowest point just 
coincides with the centre of the hemisphere, show that the illumination will be 
diminished in the ratio V5 - 1 : ij5 + \. 



CHAPTER IV. 

Elementahy Theory of Refkaction through Lenses. 

51. A LENS is a portion of a refracting medium bounded by 
two surfaces of revolution which have a common axis, called the 
axis of the lens. In general, the surfaces of revolution are 
spherical or plane. If these surfaces do not meet, the lens is 
supposed to be bounded by a cylinder having the same axis, in 
addition to the surfaces of revolution. 

The distance between the bounding surfaces, measured along 
the axis, is called the thickness of the lens. The thickness will 
generally be small in comparison with the radii of curvature of the 
bounding surfaces. 

Lenses are classified according to their forms. A lens bounded 
by two convex surfaces is called a double-convex lens. 

A lens bounded by two concave surfaces is called a double 
concave lens. 

A lens of which one face is convex and the other concave is 
called convexo-concave or concavo-convex, according as the light 
first falls on the convex or concave surface, respectively. 

The terms plano-convex, convexo-plane, plano-concave and 
concavo-plane need no further explanation. 

52. We shall now consider the refraction of light through a 
single double-convex lens, the radii of whose faces are r, r'. The 
following abbreviations wUl be found to be convenient : 
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and let the thickness of the lens he /xc, fi heing the refractive 
index of the substance of which the lens is made, when that of air 
is taken to be unity. 




There exist two points on the axis of the lens, which are most 
useful in the determination of the positions of conjugate foci, and 
corresponding incident and emergent rays. They are a pair of 
conjugate foci, such that any incident ray passing through one of 
them, will emerge in a parallel direction through the other. These 
points are called the nodal points, and also from another property 
which will be pointed out later, the principal points of the lens. 

We proceed to find the position and properties of the nodal 
points. Draw any two parallel radii OQ, O'Q' of the spherical 
surface, and join QQ' meeting the axis in C. Then from the 
similar triangles OGQ, O'GQ', 

OG : 0'G = r : r, 

and therefore C is a fixed point. Any ray of light which in its 
path through the substance of the lens passes through G will 
emerge parallel to its original direction, because the tangent planes 
at Q, Q' are parallel to each other, and the lens will act on such a 
ray like a plate with parallel faces. If therefore we take N, N' the 
conjugate foci of G with respect to the two surfaces, a ray of light 
diverging from N will after the first refraction pass through G, and 
therefore after the second refraction will pass through N' and wiU 
emerge parallel to the original direction ; in other words N, N' are 
the nodal points. The point G is called the centre of the lens. 

The position of the nodal points can now be determined. The 
distance between the centres of the spherical surfaces is easily seen 
to be given by the equation 

00' = r + r' -^vc, 
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r 



and therefore, OC = -——, (r + r' - fic) 

r + r 

ficr 



r + r 

Thus .10=^, = ^, 

r + r f+f 



and similarly 



r + r' f+f 



Let h be the distance of N from A, h' the distance of N' from 
A', both distances being measured from the surface into the lens. 
Then, since N and C are conjugate foci, 

fi 1 _/i— 1 
AG~h~^r' 

that is, T =*^— /^ - -2 ■ 

^ cf f 

From this we deduce the value of h, namely, 



Similarly, h' = 



f+f-o- 



53. There will be two images of a given object, formed by re- 
fraction at the two surfaces in succession, and we shall use a 
symmetrical notation for their positions along the axis. 

Let X, x denote the distances of the object and its first image, 
in front of, and behind the surface A, respectively ; and let y, y' de- 
note the distances of the final image and the first image behind and 
in front of the second surface, respectively. By the theory of a 
single refraction at a spherical surface, we get the equations 



1 ^ /* _ /tj 



.(1). 



XX r 

If — / 

y y r 

and x' + y' = fj,c 

If planes be drawn perpendicular to the axis of the system 
at the nodal points, these planes are planes of unit magnification; 
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that is, any object lying in the first plane, will have an image in the 
second plane, equal in all respects to the object. This theorem 
may also be enunciated in a slightly different manner; the line 
joining the points where the incident and emergent rays meet the 
first and second planes respectively is parallel to the axis of the 
system. The two planes are called the principal planes, and the 
points where they meet the axis (in this case coinciding with the 
nodal points), the principal points. 

To prove this theorem, let /8, /S„ yS' denote the linear magnitudes 
of the object and its images, respectively. Then k 

X X 

y y 

so that ^ = -^ 

P yoD 

But at the nodal points x'jy' = rjr, and therefore by the equa- 
tions (1), each of these ratios is equal to x/y. Hence /3 = y8'. 

54. If we eliminate x', y from the equations (1), we get 
1 1 

/ a' / 2/ 
that IS = ^^—.+ -=^,. 

^-/ y-f 

By reduction, this equation becomes 

^y (f+f - 0) -fy (/ - c) -fx if- c) = cff. 

By means of this equation the positions of the /ocaZ points may 
be found ; these are points such that rays diverging from them are 
made parallel by refraction through the lens ; in other words they 
are the points conjugate to the points at infinity, in both 
directions. 

If we make y indefinitely large, we get the first focal point, 
x = g, where 

^ f+f-o' 
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Similarly, the other focal point will be given by the equation 
y = cf', where 

The distance between the first focal point and the first princi- 
pal point is equal to that between the second principal point and 
the second focal point, and this distance is called the focal length 
of the lens. If we denote this focal length by ^, we must have 

^^g-h = g' -h', 



which gives 



or 



11 ^__c 



Introducing these values g, g, (j> into the equation (2), it 
becomes, on dividing by/+/' — c, 

or («'-9)(y-g')=gg'+c<l> 

^\ f+f-c +'[• 
and therefore by reduction, 

{<»-9) {y-9')=<i>'- 

Let the distances of a pair of conjugate points measured 
respectively in front of and behind the focal points, be denoted 
by M, «; the values of w, v are then connected by the simple formula 

uv = (p\ 
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55. The position of the point P' conjugate to a given point P 
may now be determined by a geometrical construction. Let F, 
F' be the focal points, H, E' the principal points. If we can 
trace two rays emerging from P after refraction by the lens. 
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these will meet in the required point P'. For one of these rays 
choose the ray PR parallel to the axis, meeting the first principal 
plane in R; then the corresponding emergent ray will pass through 
R', where RR' is drawn parallel to the axis to meet the second 
principal plane in R'. But PR and QH are two parallel incident 
rays, and therefore after refraction they will meet in the focal 
point F' ; hence R'F' is the emergent ray. For the second ray 
choose the ray PF, meeting the principal plane in 8; then the 
emergent ray will be parallel to the axis, through the point S', the 
projection of S on the second principal plane. This determines the 
position of P- 

56. Let yS, /3' represent the linear magnitudes of the object 

PQ and its image P'Q' as constructed by this process, reckoned 

positive if above the axis, negative if below. Then, by similar 

triangles, 

PQ : QF= 8H : HF. 

But PQ = ^,QF= u, 8H = P'Q' = - ^', and HF=<j>; so that 
the relation becomes 

j8' V 
similarly ^"~^' 

57. Two special cases may be noticed. 

First, suppose that the thickness of the lens is very small 
compared with the radii of its faces ; such a lens will be called a 
thin lens. In this case the points A, A' and C coincide, and the nodal 
points also coincide with these points. The equations then become 

I f 



X w r 



y 1/ s 

and x' + y' = 0. 

The quantities x, y will disappear on addition, and we get 



11/ iNfl , 1) 1 
- + - = U-l)\- + -\ = - 



a; 

As before, we have two focal points, each at a distance <f> from 
H. 5 
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the lens. If the distances of a pair of conjugate points measured 
from these focal points be u, v, so that 

u = x — <f>' 

then uv = </>'. 

58. Next, suppose that the lens consists of a perfect sphere. 
In this case, we shall measure all distances from the centre of the 
sphere. 

Let X, X be the distances of the object and its first image, in 
front of, and behind, the centre, respectively, and y, y' the distances 
of final and first image behind, and in front of, the centre. Then 
we have 

n 1 M— 1 
XX r 



Hence 



y y r 
x' + y' = Q 

X y fir 



1) 1 



= ^,say. 



P F O F' P' 

Let 0F= OF' = 4>, so that F, F' are the focal points. Then if 
P, P' be a pair of conjugate points, and PF= u, P'F' = v, the same 
relation holds between w, v as before, namely, 

uv = <^'. 

59. We shall here trace the positions of the cardinal points 
for different kinds of lenses. 

I. Double convex lens. 

This is the typical case we have already considered ; the radii 
r, r are both considered positive. 
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We shall suppose that in each case light passes from left to 
right, and shall distinguish the surfaces by' the figures 1, 2. 

The distances of the principal points measured from the surfaces 
towards the substance of the lens, are respectively 

h = 



h' = 



r + r'-(jM-l)c' 
cr' 



r + r' — {/ji—l)c' 
The distance between the principal points measured from left 
to right will he fj,c — h — h', that is 

TTZT' (fJ'-l)c(r + r'- /jLc) 

HH = ^^ '-j-^ Tv-^— = a, say. 

r+r' -(iJL-l)c ■' 

Also the focal length is 
</> = 



We shall suppose that the thickness of the lens is less than 
r + r', that is r +r' is > fic. 

Hence h, h', a and </> are all positive, and the arrangement of 
the points is as shown in the accompanying figure. 

In the limiting case in which one of the radii becomes infinite, 
the lens becomes a plano-convex lens. For example, suppose that 
r is infinite; then h' = 0, so that one of the principal points lies in 
the curved surface. 

II. Double concave lens. 

In this case, r and r' are both negative, so that h, h', a are all 
positive and <^ negative. The arrangement of the cardinal points 
is shown in the figure. 




If the radius of curvature of one of the faces becomes infinite, 
the lens is a plano-concave lens, and one of the principal points lies 
in the curved surface. 

5—2 
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m. Convexo-concave lens. 

We shall consider r positive and r' negative. The case in 
which r is negative and r' positive, may be derived from this by 
supposing the light to travel in the opposite direction, and the 
positions of the cardinal points will be the same in each case. For 
convenience of reference we shall write down again the values of 
h, h', a and ^, with the sign of r' changed. These are 

cr 



h = 
h' = 



r — r' — {(JL — I)c' 

— cr' 

r — r' — (jfi — l)c' 

p,^ (fJ.-l)c(r-r'-fic) 
r—r' — (fi—l)c ' 

,_ —rr' 

'P-(^-l){r-r'-(fL-l)c}- 

We must consider several cases separately. 

(1) Suppose that r is less than r'. Then h is negative, a is 
positive, and <f> positive. The positions of the centres of curvature 
of the surfaces and of the cardinal points are shewn in the figure. 



-b— t' 




This lens will be thickest in the middle and thinner towards 
the edges. 

(2) Suppose that r is greater than /, but that the centre of 
the surface 1 is behind the centre of the surface 2. This implies 
that r > r + fic, ov r — r > fi.c, and a fortiori r — r'>(ji — \)c. 

The value of h will be positive, a will be positive, but ^ 
negative. 




F' 
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The positions of the centre of curvature and the cardinal points 
for this case are shown in the figure. The lens will be thinnest in 
the middle and will get thicker towards the edges. 

(3) Suppose that r is greater than r', but that the centre of 
the surface 1 is in front of the centre of the surface 2. Then 
r — r is <fic, but may or may not be < (jm—1)c. 

(a) Let r — r' he < (fji — 1) c. Then h is negative, a positive 
and <ji positive, so that this resembles the case (1). 

(yS) Let r — / be < /*c but > (/i — 1) c. 

Then ^ is negative, a is negative and h positive. The cardinal 
points are represented in the figure. 



The lens in case (3), is thickest in the middle. 

Summing up these results, we see that those lenses which have 
positive focal length are thickest in the middle ; also lenses 
thinnest in the middle have negative focal lengths. But the 
converses of these statements are not true, for there is one form of 
lens which is thickest in the middle but yet has a negative focal 
length. 

60. The case of a system of two lenses may also be investigated 
in the manner of | 52 et seq. 

p H H^ R K^ i^ ^ 

Let H, H' be the principal points, and / the principal focal 
length of the first lens ; also let K', K be the principal points and 
/' the principal focal length of the second lens. Let P be any 
bright point, P, its conjugate focus after refraction by one lens, Q 
the conjugate focus of P,, after refraction by the second lens. Let 
X, x' be the distances of P, P, from the principal points H, H" 
respectively, the distances being measured in the usual way, and 
also let y, y be the distances of Q, P, from the principal points 
K, K' respectively, and let H'K = c, then x +y' = c. 
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Ill 

Also - + - = 7 

X X f 


\- 


y^y' /'] 




Eliminating x , y' we get the equation 


' 1 1+1 r 


/ «> 


/ y 



.(1). 



which becomes, after reduction, 

^ (f+f - c) -fy(f - c) -fx if- c) = 0. 

To find the position of the focal points, we make x, y succes- 
sively infinite ; making y infinite, we get the position of the first 
focal point, x = g, where 

._ f{f'-c) 
f+f-o- 



9 



Similarly, iiy = g' be the position of the second focal point, 
fif-c) 



9 



f+f 



Let /8, )S,, /8' denote the linear magnitudes of the images at 
P, P,, Q respectively, then 

^ = _^ 1 

X X 

y y' 

The principal points are points of unit magnification, and 
therefore to find them we must make )S = /S' ; the corresponding 
abscissae are such as to satisfy the equation xjy = afjy' ; and by 
equations (1), each member of this equation is equal to ///'. 
Hence, reverting to the equation x' + y' = c, we find the values 
of af, y" to be 



X = 



■/+/' 
_ cf 
'f+f'} 
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If h, h' be the values of x, y, corresponding to these values 
of x, y', we get, by equations (1), 

1 ./ + /' 1 
^ of /' 



h = - 



of 



f+f- 



and similarly h! = — -^ — %-, . 

/+/ -0 

These points are the principal points of the system. 

If <f) be the principal focal length of the system, 

^=g-h = g'-h', 

and therefore <^ = -^ — LL _ 

/+/ ~o 

The positions of all the cardinal points of the system have 
now been found, and therefore the solution is complete. 

The principal points H, H' and the focal length / might just 
as well refer to any system of lenses instead of to one lens, and 
the same remark applies to the points K', K and the focal length 
f, and therefore this investigation shows how to combine any 
two given systems of lenses. 

61. We shall next find the relations between the abscissae 
and magnitudes of an object and its image after refraction at 
any number of spherical surfaces arranged symmetrically along 
an axis. This will include as a particular case the refraction by 
any number of lenses of any thicknesses arranged at intervals 
along the axis. 

We shall suppose that there are n refracting surfaces, and 
that the absolute refracting indices of the several media are 

/^, fJ-v l^i f^u- l"©* *"> ^1) '"2 ''n-i ^® *^® ** radii of the surfaces, 

and, for brevity, suppose that 

iji w' A- 1 q^ n-I 

' '1 ' B-1 

Also, let the thicknesses of the media, measured along the 
axis be /i^t^, fif^ /^„-,d- 
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Finally, let the distance of the object from the first surface 
be denoted by fiv, the distance of the first image also measured 
from the first surface by fi^v^, the distance of the second image 
measured from the second surface by /i^v^, and so on, and the 
distance of the last image measured from the last surface, by 
fij)^. We shall find the relations between these quantities, 
beginning at the end and reckoning backwards. 

The distances of the last two images reckoned from the last 
surface are easily seen to be, respectively, /*„«„, and /i„_j (i)„_, - «„.,); 
and since these are conjugate focal distances with respect to 
the last surface 

1 1 I. 

This equation may be written in the form 
v„., = C+ j-- 

n 

In exactly the same manner it may be proved that 

'"^^ 

and therefore 

1 1 1_1 

Continuing this process backwards, we arrive at the equation 
— — — 1 1 

Also the distances fiv, fi^v^, being conjugate focal distances 
with reference to the first surface, are connected by the relation 

or - = A;„ + — , 
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and therefore, finally 



V " t^ + k, + t^+k,+ + k„_^ + v^- 

62. Let g/h, k/l, be the last two convergents of the continued 
fraction 

SO that, by the properties of such fractions, gl — hk = l; then the 
value of V will be given by the equation 

I ^ v„k + g 
V vj + h' 

It will be convenient to represent the distances of the object 
and its final image from the first and final surfaces, respectively, by 
f , f ' ; then ^= f^v, ^' = /i\, where ft! is written instead of /x„ for 
the refractive index of the final medium. The relation between 
^ and ^' is 

? ^'l + filh- 
or i;f r + l^'g^ - /^W - 1^1^'^ = 0- 

63. The focal planes of the system are the planes conjugate 
to the planes at infinity. 

To find the first focal plane, we must make ^' infinite, then 

the rays will be parallel in the final medium. The corresponding 

value of f is 

J, fd 

f = ^ = 7i.say. 

Similarly, if we make f infinite, so that the rays are parallel in 
the first medium, the value of ^' becomes 

r = -¥ = 7.,say. 
The relation between f, f ' may now be written 
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or 



that is 



(r-7.)(r-7.)= 



fifi'h fifilg 



k 



k' 



^-I'lt-igl-hk], 



(r-7.)(r-%)=- 






Let u, u denote the distances of the conjugate planes from the 
focal planes, the same convention of sign being observed as before ; 
then M = 7j - f, m' = f - 7^. Also let /= - /a/A;, /' = - //A;. Then 
the relation between the abscissae of conjugate points takes the 
form 

64. Let a, a,, a^ be the successive inclinations to the axis 

of a ray as it moves onwards through the diiferent media ; and let 

h, \, 6, be the distances from the axis at which it meets the 

successive spherical surfaces. Also let /ci tan a = ;8, yit, tan a , = j8, . . . 





p 

- — a 1 A.\ 


-^ 


Pi 


% 


Q 


A 


Ai 



In the figure, suppose that QAA^ represents the axis of the 
system, QP the incident ray, QiPP^ the course of the ray after one 
refr'action, produced backwards to meet the axis in Q^. Then 
AQ=h cot a = 6/i//3 . This relation may be expressed in the form 
fijAQ = ^/b. In exactly the same manner it maybe shewn that 
^JAQ=PJh. 

But tijAQ — fjiJAQ^ = — (jj, — fi^jr, since Q, Q^ are conjugate foci 
at refraction at the spherical surface ; and therefore 

b b~ ""' 
or ^^ = ^ + kJ}. 

Also, referring back to the figure, it is easy to see that 
6, = 6 + /u,j«jtanaj; 
that is 6, = 6 + ^^yS,. 
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In exactly the same manner it may be proved that 

K = K + tA) 

and so on. 

65. By these equations all the quantities yS,, 6,, /S^. K ^^^J 

be expressed in terms of b and /S ; their values become 

/8. = {K ihK + i)+K}b + (*A + 1) iS, &c. 

The coefficients of b and /8 in these equations are easily seen to 
be, respectively, the numerators and denominators of the successive 
convergents to the continued fraction 

J 1^ J. 1_ J_ 

«"^«,+ k^+ t,+ k^+ +/;„_,- 

Denoting these convergents hj pjqiipjq^ the equations 

may be written in the forms, 

b,=pJ>+sA 



there being n spherical silrfaces. 

We shall denote the last two convergents by g/h, k/l, respec- 
tively, remarking that the quantities g, h, k, I are connected by 
the relation gl — hk = l, by the theory of continued fractions. 
Also, instead of the final values i„_„ ^„, yu,^ we shall write 
b', /S', /i'; then the last two equations of the series become 

b'=^gb + h^\ 
^'=kb + l^ }■ 

If we solve these equations, and express 6, jS in terms of b', /8', 
we find by virtue of the relation gl-hk = l, 

6= Ib'-h^ 



P 



= lb'-hff\ 
= -kb' + gl3'l 
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66. We shall next find the relation between the linear 
dimensions of a point and its final image. 

Let r), i;,, 7; J... denote the linear magnitudes of the object and 
its successive images ; then by Helmholtz' theorem 

jjLT] tan a = ya,?;, tan a, = fi^r]^ tan a^... ; 
that is, 

where 17' denotes the linear magnitude of the final image. The 
value of ^' has already been obtained in the form ^' = kb + l0. 
Now it is easily seen that 6 = — f tan a = — ^/S//*, and therefore 



^=W-i 



But fil/k— f = 7, — f = M. with the previous notation, and /= —fi/k ; 
with these abbreviations, the preceding equation becomes 

The relation between the linear magnitudes of the object and 
image is therefore 

V _ w 

V f 

and from this we deduce — = — --. 

V f 

67. If we take u = —/and therefore u = — /', these equations 
give 71 = 71' ; this shows that the planes u = —f, u = — /' are planes 
of unit magnification ; in other words, any ray passing through 
the system meets these planes in two points such that the line 
joining them is parallel to the axis. They are called the principal 
planes, and the points where they meet the axis, the principal 
points of the system. 

Let H, H' be the principal points, Q, Q' any pair of conjugate 
foci. Let QH = x, Q'H'=x', the distances being measured according 

1 1 i r r 

Q F H H' F' Q' 

to the same convention of sign as before. Then the equation 
uu =ff' is equivalent to {x —f) {x' —f) =ff', from which we 
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deduce the equation 

X X 

The lengths // are called the principal focal lengths of the 
system. 

68. We can now give simple geometrical constructions for the 
focus conjugate to a given point and for an emergent ray when the 
incident ray is given. 

Let F, F' be the principal foci, H, H' the principal points of 
the system. 



P R 




r' 








""^^-^ H 




H '''"^~~~--^ 


S 




S' P 



Let P be a given point, it is required to find its conjugate 
focus. If we can trace the course of any two rays from P, we shall 
be able to find P". Take PF as one ray ; let PF meet the 
principal plane HS in S. Draw S8' parallel to the axis to meet 
the other principal plane in S' ; then the emergent ray will pass 
through S'. Also the rays FH and FS, since "they diverge from a 
point on a focal plane, will emerge parallel to each other ; if there- 
fore we draw 8'P' parallel to the axis, it will be the emergent ray 
corresponding to PF, and will pass through the required point. 
For the other ray, take PR, parallel to the axis, meeting the first 
principal plane in R. Draw RR! parallel to the axis to meet the 
other principal plane in R'. Then R'F is the corresponding 
emergent ray; produce R'F to meet 8'F in P', then P' is the 
point required. 

69. The emergent ray may be constructed as follows : 
Let QPR be the incident ray, meeting the first focal plane in P, 
and the first principal plane in R. Draw RR parallel to the axis 
to meet the second principal plane in R! ; the emergent ray will 
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pass through R'. Again, draw a parallel incident ray from F, 
meeting the first principal plane in S. Draw (SfS'T parallel to the 
axis meeting the second piincipal plane and the second focal plane 




in S', T respectively; S'T is the emergent ray corresponding to FS. 
But PR and FS are parallel, and therefore after refraction they 
will converge to a point on the focal plane at F'. Hence R'T is the 
emergent ray required. 

70. The best construction is effected by means of two new 
points, called nodal points. These points have their abscissae such 
that u = — /', u = -f. Let them be denoted by N, N' ; then i\^, N' 
are conjugate to each other. They also have the property that 
an incident ray which passes through N will emerge from N' in 
a parallel direction. 

This may be shown by constructing the emergent ray cor- 
responding to an incident ray PN passing through the point N. 



8 




S 


T 






^^^ 




F H 


^-'N 

-^ 


Kr,.-^N' 


F' 


P 




R 



Let the points R!, T be constructed as in § 69, then the emergent 
ray will be the line joining R' and T. But if N' be the second 
nodal point F'N' = FH and therefore the triangles TN'F, SFH 
are equal in all respects. Again, H'N' = HN, and therefore the 
triangles R'N'N', RNH are equal in all respects. And therefore 
since F8, PR are parallel, the lines N'T, N'R' are in the same 
straight hne. This shows that the emergent ray corresponding to 
PN passes through N, and is parallel to the incident ray. 

If the initial and final media are the same we have f=f', and 
therefore the nodal points coincide with the principal points. 

71. Let PQ be any incident ray through P. Let N, N' be the 
nodal points. Let PQ meet the first focal plane in Q. Draw N'Q' 
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parallel to PQ, meeting the second focal plane in Q' ; and draw Q'P' 
parallel to QN. Then P'Q' is the emergent ray. Join PN and 
draw N'P parallel to it to meet the ray Q'P' in F; then P' is the 




point conjugate to P. For draw RN parallel to PQ, N'R' parallel 
to QP'. Then the rays PQ and RN are parallel, and therefore 
will meet on the second focal plane, after refraction. But IfQ' 
corresponds to the ray RN, and therefore the emergent ray passes 
through Q'. Again PQ and QN are rays diverging from a point on 
the first focal plane, and therefore they will emerge parallel to each 
other. But QN will emerge parallel to itself ; hence the emergent 
ray Q'P' is parallel to QN. Finally, the ray PN will emerge from 
N' in a parallel direction, and therefore P' is conjugate to P. 

72. In all cases of refraction through lenses used in air, 
the initial and final media are the same, and therefore ii = ij!, 
f=f'= — f-jle, and the relation between the abscissae of conjugate 
points becomes 

uu =f. 

The nodal points also coincide with the principal points, and all 
the constructions depend in a simple manner on the positions of 
four planes and the points where they meet the axis, namely, the 
two focal planes and the two focal points, and the two principal 
planes and the two principal points. 



EXAMPLES. 

1. If an eye be supposed to consist of a sphere of fluid (radius r, refrac- 
tive index J^), in which is placed at a distance §r from the centre a convex 
lens whose axis coincides with the diameter and whose focal length and 
refractive index in air are, respectively, Jr and f ; show that the distance from 
the centre of the sphere for clear vision is f-Jf r. 
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2. A and B are fixed points, A being a luminous point and B the nearest 
point of a glass sphere with refractive index f». C, a point on BA produced, is 
the image of .4 as seen by an eye on AB produced beyond the sphere. Show 

n o 

that ACis least when the radius of the sphere is -jj- AB. 

3. Prove that the magnifying power of a thin double convex lens, the 
radius of each surface being p, when the space between the lens and an object 
at distance a is filled with fluid of .index /, is given by 

L — 1 _ ? 2/j - ft' - 1 



m 



P /* 



4. If a ray passes through a lena without deviation and if its directions 
before incidence and after emergence cut the axis of the lens in two points 
q, g', the limiting value of yg^ is a maximum or a minimum according as the 

thickness is equal to , _ , . where r, s are the radii of the surfaces of the 

V/i + l 
lens whose refractive index is /*, s being greater than r. 

5. A luminous point is placed on the axis of a concave lens at a distance 
■u, from it. The light falls on a screen at a distance k behind the lens and 
perpendicular to the axis of the lens. If / be the illumination of the screen 
where it cuts the axis and M F is what would be the illumination if the lens 



were removed, show that ■=; = , / ^ , , 
' / (fu + uk + k 



{fu + uk + kff 

6. If m be the linear magnifying power of a thin lens for an object at a 
distance u from the first surface, show that when the thickness t is taken into 
account, the magnifying power is increased by 






A* 

in which t^ is neglected ; r and s being the radii of the two surfaces of the 
lens, and u the distance of the object from the first surface. 



7. One side of a plate of glass is accurately plane but the other (the 
front) is slightly curved, forming a sphere of large radius r. Show that if a 
pencil is refracted through it, its focus wiU be displaced through a distance 

\t-\ \ , where t is the thickness of the plate, and v, the distance of the 

focus of the incident pencil from the front surface. 

8. Two thin lenses of equal munerical focal length / are placed on the 
same axis at a distance a apart, the one nearest the origin of light being 
concave and the other convex ; show that the least distance between an object 
and its final image is a+APfa. 
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9. Two thin lenses of equal focal lengths, /, are placed on the same axis 
at a distance a apart. P, Q are conjugate foci of any pencil refracted directly 
through the lenses. Show that there exist two points (0) on the axis for 

either of which (a and being constants) ^td + tSi ^ constant, provided 
f -^ ia and > - Ja ; and that if / = Ja then -w-fi ~ 7^ 's copstant . 

10. A thin lens has one face silvered so as to form a mirror. If Q be 
the image of a point P, formed by the mirror (by two refractions and one re- 
flexion), show that Q will be the same as if the lens were replaced by a spherical 
mirror whose radius R is given by the equation 

R s r ' 
r and s being the radii of the surfaces of the lens. 

11. A spherical glass shell, whose outer radius is a and centre 0, has its 
spherical cavity filled with mercury, the cavity being just large enough to 
prevent light from being refracted through the sphere without reflexion at the 
surface of the mercury. A source of light is placed at a distance c from the 
centre ; prove that an eye, placed beyond on the line joining the source of 
light to 0, must, in order to receive any light, be at a distance from whose 
reciprocal is not greater than 

IX being the refractive index of the glass. 

12. A system of 2re thin convex lenses of equal numerical focal length, /, 
are placed with their axes in the same straight line, and their centres at a 
distance 4/ apart, except the two middle ones, which are at a distance 8/ 
apart. Show that the focal length of a lens which must be placed midway 
between the two middle ones in order that the image of a bright point at a 
distance 4/ in front of the first lens may be formed at an equal distance 

behind the last lens is } , ^ /. 
2m + 1 "^ 

13. A luminous point P is placed in front of a vmiform sphere of glass 
(/i = 9), silvered at the back ; the distance of P from the sphere and the radius 
of the sphere are each one foot. Prove that, if the fraction X of the light 
which penetrates the sphere at or near perpendicular incidence, emerge again 
after reflexion at the back, the total illumination on a small screen, placed on 
the line from the centre of the sphere to P at a distance one foot from P, will 
be increased by this light beyond its value when the sphere is absent in the 
ratio l+Tj^X to 1. 

14. Show that the image of an arc of a conic whose focus is at one 
principal point of a thick lens, is an arc of a conic whose focus is at the other. 

H. 6 
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15. A double convex lens is formed by two equal paraboloidal surfaces 
cut ofiF by planes through the focus perpendicular to the axis. Prove that for 
rays passing in the neighbourhood of the axis, the focal lengtl^picasured from 
the posterior surface of the lens is 2a/(fi^ - 1), and the distance between a 
bright point and its image is a minimum when it is 2a (/j. + l)/(/i - 1), 4a 
being the latus rectum of either of the generating parabolas, %nd /i the 
refractive index of the glass. 

16. The two surfaces of a lens are formed by con^ntric «ind coaxal 
eUipse and hyperbola, of respective eccentricities e, e', which toath one another. 
Show that a small pencil of light incident directly, and diverging from, one 
focus of the ellipse, will converge to a focus of the hyperbola, if the refractive 

gg' i 

index of the lens be -; — . 
e -e 

17. If m, m', m" be the magnifying powers of a combination of any 

nimiber of lenses on the same axis for objects at distances u, u', u" from the 

first lens, show that 

u'-u" u'' — u u — u' „ 

+ ;-+ ^=0. 

m m m 

18. If j; be the distance between two objects and a:' the distance between 
the corresponding images due to any system of lenses, and if m be the magnifi- 
cation of the first image and n that of the second, show that 

x' tl' 
— = — mn, 

X ft, 

where /x and /x' are the refracting indices of the initial and final media. 

19. If (p, p'), (q, q^, (r, r*), be three pairs of conjugate points in any lens 
system, prove that 

I P^t P'' P _ pq • qr .pr .p'q' . q'r' .pV 

\p'^,py\~ ff 

where pq denotes the distance between the points ;;, q, with similar meanings 
for the other quantities, and/,/ denote the focal lengths of the system. 
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73. The Theory of Refrax^tion through any number of media, 
bounded by spherical surfaces arranged symmetrically along an axis, 
was first successfully developed by Gauss ; we proceed to give an 
account of his method. 

We shall take the axis of x along the axis of the system. Let 
the abscissae of the vertices of the bounding spherical surfaces be 

a, a,, ctj , and their radii r, r^, r^ Let fi, fi^, fi^ be the 

refractive indices of the media, and for brevity, let [fi — fi^)/r = k„, 

(jJi't — f'^/r^ = k^ and let the thicknesses of the media reckoned 

along the axis, be fi^t^, fi,/, , so that 

a^-a = fijt^, a^ — a^ = /ij,,, &c. 

Let the equations of any incident ray making a small angle 
with the axis of the system be 



y 



^^c.. 

M 



■a)+b 



r 



z=- {w-a) + c I 
/* J 

and after refraction at the first surface let the equations to the ray 

be 

« = £• (x- a) + b' 
z = 'h(a;-a) + c' 



6—2 
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If X be the abscissas of the point of incidence P, and 6 the angle 
subtended at the centre of the spherical surface by the arc AP, 
measured from A, the vertex of the surface, then 




a; = a + r (1 — cos 6), and therefore, since both the incident and 
refracted rays pass through this point, 

6+^r(l-cos0) = 6'+^r(l-cos5). 

Now y3, /8, are both small, and so is ^ ; we shall neglect the small 
quantities of the third order 6'^, and therefore we get b' = b. 
Similarly, c' = c. Thus b, c are co-ordinates of the point of 
incidence of the ray on the first surface. 

The direction cosines of the normal are (cos 0, — b/r, — c/r), and 
those of the incident ray (1, yS/y^t, y/fi.), and those of the refracted 
ray (1, /8,/^,, yjfi,), nearly. Expressing the relation between 
these direction cosines, by § 19, we get 

^ - A = - - (m cos ^ - /4. cos </>.) = - ^^^^' J, 

to our approximation. The values of yS^, 7, may now be written 

7,= 7 + V )' 
and the equations of the ray after its first refraction are completely 
determined. 

Let (6,, c,) be the co-ordinates of the point where the refracted 
ray meets the second surface, so that the equations to the refracted 
ray may be written in the form 

y = ^(x-a;)+b, 

■2 = — (« - a,) -I- c, 

then if we compare these equations with the other forms of the 
same equations previously given, we find 

b-&a=b,-^a„ 
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and therefore 






The same reasoning may be extended further ; the resulting 
equations will have the same forms as before, namely, 

7» = 7i + ^iCi I ' 
and h = K+^A 

and so on. 

All the successive quantities Pfi^...hp^... may be expressed in 
terms of the first two quantities yS and h ; thus 

y3,=A„6+A 



■'■f Pjiv PJi'i ^® t^® successive convergents to the 

continued fraction 

, J_ J 1 1_ J_ 

it is easy to see that the preceding equations are equivalent to 
the following: 

h=pp + qS, 



^n=p^.^b+q,„-,^. 

We shall write the final pair of equations in the form 

■ ^=kb + lfiy 

Then by the properties of convergents, gl—Kk = 1. By exactly 
similar reasoning it may be shown that 

c' =gc + hrf' 
y =kc + ly )' 
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Solving these equations, we get, by virtue of the relation gl — hk = l, 

b= Ib'-h^') 

c= Ic — hy ] 
and , , , , f . 

The equations to the incident ray are now 
and those of the einergent ray 



■a') + b' 



where 



'^,{z-a')+c' 

b' = gb + hm 
^' = kb + ip]' 



c' = gc + hr/\ 
y' = kc + lyl' 

In the subsequent parts of the theory, it will be sufficient to 
confine our attention to one of the equations to the incident ray ; 
for the same reasoning will apply to the other equation in all cases. 
Similarly, we shall only use one equation to the einergent ray, 

74. There are two planes perpendicular to the axis which 
possess the property that any incident ray meets the first, and the 
corresponding emergent ray meets the second, in points such that the 
line joining them is parallel to the axis. These planes are exceed- 
ingly useful in constructing the emergent ray corresponding to a 
given incident ray. We shall now prove the existence of su9h' 
planes and find their positions. 

The equation to the emergent ray may be written in the form 

kb + W, 



y- 



-Qc-a')+gb + h^, 



or 



y = ^.[l (x - a') + t^h] + b\^-^^^ +.^1 . 



/* 



M 
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To find where the emergent ray meets the plane a; = a/, we have 
only to write x for x in this equation. Also the equation to 
the corresponding incident ray is 

y = - {x-a) + h. 

By properly choosing x and x, we may make these values of y 
coincide for all values of /S and h, that is, for all rays. Equating 
the coefiScients of /3 and h in the two equations, the necessary 
conditions are found to be 

I (x — a') + fi'h _ « — a 1 

/i' ~ fj. \. 

k {x — a) + fig = fi j 

From the second equation we derive at once the value of x', 

r 

«' = «' + f (l-5') = P„say. 



Then, from the first 



and therefore 



x — a Z., . , l—\ 



* = «-^(l-0=i'.>say. 



These two planes are called the principal planes and the points 
where they cut the axis principal points. They have the property 
that the incident ray and the emergent ray cut the two planes, 
respectively, in points which are the projections of each other 
on these planes. 

75. When the incident rays are parallel, the emergent rays will 
meet in a point ; and for all different systems of parallel rays, the 
corresponding foci lie in a plane perpendicular to the axis. Similarly, 
if the emergent rays are parallel, the incident rays must proceed 
from some point in a fixed plane perpendicular to the axis. These 
planes are called focal planes, and the points in which they cut the 
axis are called \he focal points. 

To find the position of the focal plane corresponding to incident 
parallel rays, we may suppose that /S is fixed while 6 is a variable 
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parameter. The equation to the emergent ray being 

and b being a variable parameter, it is clear that the ray always 
passes through the fixed point determined by the equations 

y = ^\l(x-a') + fi'hl. 
The equation to the focal plane is therefore 

To find the equation to the other focal plane, we must make 
the emergent rays parallel, and therefore yS' constant and b' variable. 
By expressing the equation to the incident ray in terms of yS' and 
b', it may be shown in the same manner as before that the 
equation of the other focal plane is 

x = a + '^ = g„sa.y. 

The distance of the first focal plane in front of the first princi- 
pal plane is called the first focal length of the system ; and the 
distance of the second focal plane behind the second principal 
plane is called the second focal length. We shall denote these focal 
lengths by /and /'. Their values may be deduced at once from 
the abscissae of the focal planes and principal planes previously 
given. Thus 

Pi-9i = -^=f 

76. There are two other points along the axes which have 
useful properties connected with the incident and refracted rays. 
They are such that if the incident ray pass through the first, the 
emergent ray will proceed in a parallel direction through the 
second. These points were discovered by Listing, who gave them 
the name of nodal points. 
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To find the positions of these nodal points, let us enquire in 
what cases the emergent ray is parallel to the incident ray. The 
necessary condition is 

^ = ^. 

This relation may be expressed in terms of h and /3, and 
becomes 

1^ 



or 



6 = ^f^_/in 



If this value be substituted in the equation of the incident ray, 
it takes the form 

From this equation it appears that whatever the direction of 
the incident ray, it passes through the point on the axis, for which 

it' III 
a; = a-^ + ^ = n„say. 

In the same manner it may be shown that the equation 
to the emergent ray takes the form 



^=ff-«'-f+f 



and therefore the emergent ray passes through the point on the 
axis, for which 

The coordinates n^, n^ of the nodal points are therefore 
determined. From their values it is easily seen that 

The nodal points are therefore within the focal points, at 
distances from them equal to the focal lengths/' and/ respectively. 

In the very important case in which the initial and final 
media are the same, fi^fi and therefore f—f', and the nodal 
points coincide with the principal points. 

Other methods of finding the positions of these cardinal points 
will be given later. 
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77. When a system of incident rays all proceed from one 
point, the emergent rays also all ^jows through a point. These 
points are called conjugate foci ; also, one of them is sometimes 
said to be tlie image of the other. 

For we have seen how the incident and emergent rays depend 
entirely upon the values of ^, b, y, c. The conditions that the 
incident ray may pass through a point (^, rj, ^) are 

and a similar equation in (|, f ). Also the conditions that the 
emergent ray may pass through the point (^', -rj', ^) are 

and a similar equation in ^', f. It is possible so to choose 
(F. ■>?') f) ^ t*^ make the second conditions merely repetitions of 
the first. This will necessitate the equations 

If these conditions are satisfied, the points (^, j;, f), (f', -q', f) 
are so related that any incident ray passing through the former, 
will after refraction pass through the other point ; in other words, 
the two points are conjugate foci. 

From the equation 

we infer that a point and its image lie in the same plane through 
the axis. 



is 



78. The relation between the abscissae of the conjugate foci 
fc (I _ «) (^' _ a') + /^r (f - a) - /.; (^ - a') - /t/A = 0. 



From this equation the positions of the focal points can be 
deduced, and by means of these points the relation can be much 
simplified. To find the focal points, we make first, the 
incident rays, and secondly, the emergent rays, parallel; this 
will be done by making successively ^ and f infinite. The 
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abscissae of the corresponding images will be 

The relation between f, f ' may now be written 

(f - a) (r - a') - (fl'. - «^') (? - a) - (5^. - (») (r - «') = ^' , 
which may be expressed in the form 

U-o)-{9.-o)m'-o:)-{3,-a')]={g,-a){g,-a) + f^ 

(^-9d(^'-ff.) = -ff- 
If we denote the distances of the conjugate foci, respectively, in 
front of, and behind, the principal foci, by u, u', then u=g^ — f , 
u = ^ — g^, and therefore 

79. Returning to the other coordinates of the conjugate foci, 
we find -1 = ^ = —5^2 f — !-2 

~ / '^ 

that is, ~ = "s = — iv • 

V K f 

Inverting, and remembering the relation between u and u, this 

equation may be written 

v r /■ 

From these equations it follows that if u = —f, and therefore 
u' = — /', then 11 = 1], ? = ?'• Thus, according to our previous 
definition, the planes m = — /, «' = — /' are the principal planes. 

If the distances of any pair of conjugate foci measured, 
respectively, in front of and behind the principal planes be denoted 
by X, x, then ■u, = x —f, u' = x —f, and the relation between x, x' is 
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or, as it may be written, 

X X 

For the application of these various results to the geometrical 
construction of the corresponding incident and emergent rays, and 
of conjugate foci, we refer back to the previous elementary theory. 

80. A single surface or a thin lens can always be found, which 
when placed with its vertex at the first principal point will refract 
the incident rays into exactly the same directions as the whole 
system of surfaces, so that if we imagine the interval between the 
two principal planes to be annihilated, this single refracting surface 
or thin lens, will give the complete emergent system. Such a 
surface or lens is said to be equivalent to the whole system of 
refracting surfaces. The system will be equivalent to a single 
refracting surface when the initial and final media are different; 
when the initial and final media are the same, it is equivalent to a 
thin lens. 

To prove these propositions, we refer the equations to the rays, 
to the principal points as origins. The equation to the incident 
ray may be written 



or finally, 






and the corresponding emergent ray has for its equation 

The value of y corresponding to the point where the rays meet 
the principal planes is 

y=— j^ = 6..say; 
then ^' = + kb, 



«• 
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But this is the equation we should have obtained by a 
single refraction at a spherical surface, as ma}-^ be seen by com- 
paring it with the equations previously obtained. If fi, fj! be the 
refractive indices of the media, and r the radius of the surface, 
the value of k is 



k = 



r 



and therefore r = , - . 

k 

This value of r is measured from the vertex in the direction of 
the incident light. The system is therefore equivalent to a single 
refracting spherical surface whose radius is (jj, — /j^')/k and whose 
vertex is at the first principal point. 

81. When the initial and final media are the same, it is 
necessary to suppose a thin lens to be placed with its vertex at 
the principal point The equations corresponding to the refraction 
through a thin lens are 

and therefore fi' = ^+{k, + kj b,. 

This will produce the necessary refraction, provided that 

k = k^ + k^. 

If fjb be the refractive index of the substance of the lens, r, r the 
radii of its two surfaces measured in the same direction as before. 



= {ix.-ii) 



r' 

11 

r r 



Let (^ be the focal length of the thin lens, defined in the 
usual manner, and expressed in terms of the refiractive index of 
the initial medium, then 



r(f')H)^ 



94 

hence 
or finally 



GAUSS THEORY OF LENSES. 



k=->^ 



[chap. V, 



4> 



The focal length of the equivalent lens is therefore — fi/k ; it 
will be a collective lens if — fi/k be positive, and a dispersive lens if 
— fi/k be negative. 

82. There is one case in which we cannot make use of the 
subsidiary points, and, as it occurs frequently in practice, it must 
be noticed. This is the case in which k vanishes ; for then the 
subsidiary points are all at infinity. When k = 0, the equations 
previously given reduce to 

gl=l, ^' = W, b'=gb + h^. . 
If the equations to the incident ray be 

y = - (x — a) + b 
z = - (x — a)+c 
those of the corresponding emergent ray will be 
y = ^{x-a')+gb + hJ3 
z = ^ (x — a) + gc + hy 

If we put a = a' — ^-j~ , these last may be written 

z = ~{x-a) + gc 

We proceed as before to find the image of a point (f, 17, 5) ; the 
relations between (^, »;, f) and the coordinates of the image (f ', ij', J") 
are easily seen to be 

f^'v ^ ^T^ Uf -«) = /i o- 
fir} fi^ f-a fi^' 



81 — 83.] EQUIVALENT LENSES. 95 

these equations become on reduction 

and ftl (f -a) = fju'g {^ - a). 

Thus it follows that the linear (liinensions of the image are to 
those of the object in the constant ratio g : I or 1 : I, wherever the 
object be placed. 

The case now considered will present itself with a telescope 
arranged for seeing very distant objects by a long-sighted person. 
From the formulae, it is clear that a set of rays which are originally 
parallel will emerge parallel to each other. In the case of a 
telescope we shall have fj, = fi, and therefore by the previous 
equations, the tangent of the inclination of the initial ray to the 
axis is to that of the emergent ray in the ratio 1 : I. Hence, 
according to the usual definition, I or 1/g is the magnifying power 
of the telescope. If I be positive, the image is erect; if I be 
negative, it is inverted. 

Elementary Theory of Equivalent Lenses. 

83. A lens is said to be equivalent to any number of lenses 
arranged at intervals along an axis when, if placed in a proper 
position, it will produce the same deviation in rays inclined at 
small angles to the axis of the system, as would be produced by 
the system of lenses. 

We shall first suppose the incident rays to be parallel to the 
axis of the system, so that the position of the equivalent lens is 
immaterial. 

The deviation produced by a thin lens may be found by 
supposing the lens to act like a thin prism formed by the tangent 
planes to the spherical surfaces at the points of incidence and 
emergence of the ray. The deviation will therefore be indepen- 
dent of the angle of incidence, for all small angles of incidence. 
To find the deviation, we suppose the incident ray to be parallel to 
the axis, and then the emergent ray will proceed to the principal 
focus of the lens. If y be the distance from the axis at which 
the ray strikes the lens, and f the focal length of the lens, the 
deviation is clearly d = — y/f, the lens being supposed collective. 
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This expression will therefore represent the deviation caused by 
the lens iu any incident ray. 

Now suppose that there are n thin lenses whose focal lengths are, 
respectively ,/j,_/j. . ._/"„, arranged at intervals a,, a,,. . .a^, along an axis. 
For brevity, let k= — 1/f, for all suffixes. Let any ray originally 
parallel to the axis strike the lenses in succession at distances 
Vv Vi •••Vf, from the axis, and let 3,, 9j,...9„ be the total deviations 
of the ray, after passing through the several lenses. Then, using 
the value of the deviation just given, and expressing the distances 
y^, y,. . . in terms of the deviations, we obtain the equations 

From these equations it is easy to see that 3„ is the numerator 
of the last convergent of the continued fraction 

2/x _L J_ J_ i 

i+ k^+ a,+ k^ + + k^' 

If F^ be the focal length of the equivalent lens, 9„ = — yJF^, = y,-S^„, 
say. Then K^ is equal to the numerator of the last convergent of 
the continued fraction 

1 J. 1^ J_ J_ 

i+ k^+ a^+ k^ + +k/ 

The values of the first few numerators are 
1, k^, ajc^ + 1, ajcjc^ +k^ + k^, a^aJcJc^ + a, {k^ + k^) + ajc^ + 1, 

afljcjcjc^ + aA (^1 + ^2) + fl^A iK + K) + h + K+ K 

from which we deduce the values 

a J\ Ji J\J % 

8 J\ Jt J% J I >y2 J»' Ji vi Ji' JiJtJt 
These results might also have been obtained directly from the 
equations. 
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84. We may find a formula connecting two consecutive terms 

of the series K^, K^ which gives a ready method of calculating 

their values. For the last two equations are 

Eliminating y^ between these equations, we deduce 

9« = (1 + «^«-l K) 9„-, + K Vn-l 

If now we substitute d = Ky, for all suffixes of d and K, we arrive 
at the equation 

which determines K^ as soon as K^_^ is known. For example, 

K^ = 0-+ a,k,) {k^ + k^ + k, + ajc, {\ + A; j + ajc^ (k^ + k,) + a^ajcjcjc,} 
+ ^^ {1 + a, (k^ + k^) + ajc^ + a^ajcjc^}, 

which is equivalent to 

1 1 1 1 1 ai/l,l,l\ f^ ,'^\ f^ .1] 
F. ^l V. ""/s ^l ~ I U ""/a ^fJ ~ "^ VZ ^fJ U ^fJ 

A \fi /j fJ AA V/i // Afi V2 /s/ /1/2 v/3 fj 



JiJiJaJi 

This is the value of the power of a lens equivalent to four given 
lenses, separated by intervals a^, a^, a^ from each other. 

H.v. Show that 
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85. If the incident pencil be of any form, the position of the 
equivalent lens is not immaterial, and must be found. 

Let the incident ray make an angle 9 with the axis ; then using 
the same notation as before, all the equations remain the same 
except the first, which is 

and therefore the final value of 3, will be the same as before, with 
^1 + 9/2/1 written for ^. If the reciprocal of the focal length of the 
equivalent lens be denoted by K, since K involves AjjOnly in the first 
degree, the new value of K will be 

so that 9„ = Ky^ + d -rr- • 

Let the distance of the equivalent lens behind the first lens 
of the system be so ; then the incident ray will meet the lens at a 
distance from the axis equal to y^ + aid, and therefore the inclina- 
tion of the ray to the axis after refraction through it will be 

= Ky, + dil+Kw). 
Equating this value to the inclination 9^ we get 

1+Ex = ^, 
dki 

sothat ^ = z(^-l)- 

This determines the position of the lens so that it may be 
equivalent to the given system of lenses. 



CHAPTER VI. 
Geneeal Theokems. Caustics. 

86. If a ray of light pass from a point A to another point 5, 
through any number of media, undergoing any number of reflexions 
and refractions, then the actual laws of reflexion and refraction are 
such as to make S (^/s) a minimum, where p represents the length 
of the path of the ray situated in the medium whose refractive 
index is /x. Conversely if we assume the path of light to be such 
as to make 2yu.p a minimum, we are led to the actual laws of 
reflexion and refraction. The expression S/i/a is frequently called 
the reduced path. 

We shall first prove this general theorem for a single reflexion 
and a single refraction, and afterwards extend it to any number of 
reflexions and refractions. 




Let AFB be the path of a ray of light which travels in a 
homogeneous medium from a point -4 to a point B, undergoing one 
reflexion at a surface GB ; then the total path between A and B is 
a minimum, that is, AP + BB is less along the actual path than 
along any consecutive path as AQB. 

For a variation of P perpendicular to the plane APB, this 
proposition is clearly true. Let AQB be a consecutive path in 
the plane APB. Then the difference AQ - AP is equal to the 
projection of PQ on AP; and similarly the difference BP - BQ is 

7—2 
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equal to the projection of PQ on PB. But these projections are 
equal, because AP and PB are equally inclined to PQ. Thus, 
AQ + QB = {AP + PB), -which proves that the increment of the 
total path vanishes, and therefore the total path is a minimum. 

A similar theorem holds if we take the path from A to B, 
supposing the ray to suffer a refraction at a surface OD. Let /i, fi 
be the refractive indices of the two media, then /lAP +ijf PB is a 
minimum for the actual path. 

B 




Draw the normal PN, and let the angles of incidence and 
refraction be <f), <^' ; then fi sin <p = jj! sin 0'. Let AQB be a 
consecutive path ; it will be sufficient to take the case when Q is 
in the plane APB. 

Then ijlAQ - jmAP = ^PQ sin 4> 

and /jfBP-/jfBQ = ,i'PQsm<f>'. 

Hence the whole variation, 

fiAQ + ^'BQ - {fiAP+ /jl'BP) 

= PQ (fj, siatf) — fi sin <f>') 

= 0. 

This shows that for the actual path, fiAP + fi'PB is a minimum. 

The previous theorem is a particular case of this; we have only 
to put /Jb'=—fj. to deduce it from the more general theorem. 

Next, suppose that the ray of light in its passage from A to B 
undergoes any number of refractions or reflexions. Let p be the 



86—87.] 



GENERAL THEOEEMS. 



101 



length of the path in any medium whose refractive index is /u.. 
Then it has been shown that S/a/j is a minimum for separate 
variations of the points of incidence between consecutive media ; 
and therefore by the principle of superposition of small variations, 
it will be a minimum when simultaneous variations are admitted. 
The actual path, therefore, makes S/xp a minimum between 
any two points. If the variations of refractive index be gradual, 
the same principle holds good, and the path of the ray of light is 
such that ffids is a minimum. 

87. Another important proposition, enunciated by Malus, easily 
follows from the preceding. 

Any system of rays originally normal to a surface, will always 
retain the property of being normal to a surface after any number of 
reflexions or refractions. 

The general theory of systems of lines will be given later ; but 
we may remark here that a doubly infinite system of lines is not in 
general a system of normals. 

Let ABODE, A'B'G'D'E ... be a series of rays normal to a sur- 




face at A, which undergo any number of refractions and reflexions. 

Measure off along these rays distances to E, E , such that 

2/i/3 is the same along each ray ; then we shall show that the rays 
are finally normal to a surface EE. Join AB and ED. Then 
2/i/5 along ABODE is the same as along A'B'O'D'E. But by what 
has been shown .above for any ray and its consecutive it follows 
that 2/i/3 along A' BODE is the same as along A'B'O'D'E, and 
therefore the same as along ABODE. Take away the common 
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parts ; then if fi, fi belong to the final media, there remains the 
equation, fiA'B + fjlED = fiAB + fi'DE. But, since AB is normal 
to the surface AA', A'B = AB ultimately, and therefore, DE" = DE; 
that is, EE is perpendicular to DE. The same may be proved for 
every point E near E, and thus the surface EE' near E is perpen- 
dicular to the ray DE, and by similar reasoning to every other ray 
of the system. 

88. These theorems may also be proved analytically. 

Let a ray of light pass through several media of different 
refractive indices. Let (a, y8, 7) be the direction cosines of the inci- 
dent ray, and (x, y, z) a point on it; then (a, y8, 7) may be regarded as 
known functions of x, y, z. Let this ray meet the first surface in the 
point (f„ 7;,, fj), and let (a^, /S^, 7,) be the direction cosines of the 
refracted ray in the second medium and (a;.^, y^, z^ be a point on the 
refracted ray. Then at the first refraction the direction cosines of 
the rays are connected by the equations 

/^ - /^2"2 = 0* cos ^ - /i, cos </)j) Xj ' 
/^/3 - /ij^j = (/A cos </) - /i, cos ^j) /i, 
/^ - /^sTi! = (/* cos ^-11^ cos ^^ /i, 

vsrhere (\j, /a,, vJ are the direction cosines of the normal to the 
surface. 

Also, ^Mi + A'l^'^i + "i^^^ = 0, 

and therefore 

(/w - M,aj) d^^ + Oa^ - /^A) dt)^^-{i^ri- ,j.^y^) df, = 0. 

Let r-, denote the distance between Qc, y, z) and (^,, -q^, fj and 
r/ the distance between (^„ ij^, §;) and («,, y,, ^;j; 

then r,^ = {^^-cof + (r,^-yf + (X.-^f \ 

^" = (^» - f .)' + (y, - v^r + (^. - r.y j ■ 

Also a = (f, - m)lr^ ] a, = (a., - r,)/< ' 

7=(?.-^)/rJ 7. = (^. -?.)/< 

If therefore we differentiate the values of r,^ and r^''', we find 

dr. = a (d|. - da;.) -I- ;8 (d,?. - dy.) + 7 (d?, - d.?.) ) 
dr.' = a, (da;, - df .) -|- ^. (dy, - d,?,) -|- 7. (d^, - d?.) J ' 



87 — 89.] .GENERAL THEOREMS. 103 

From these values, by virtue of the previous equation connecting 
df,, drj^, df,, we deduce the equation 

H^r^ + /^idr^ = fj,^ (a^dx^ + ^^dy^ + y^dz,) - fi {adx + ^dy + ydz). 

Also let r^ be the distance from the point {x^, y^, z^ to the 
next surface and r/ the distance from the surface to a point 
(iCg, 2/3, z^, on the refracted ray in the next medium. Then, as 
before, 

H-Ai + Ms*'/ = Ms iP-i^^z + MVa + %d^s) - M2 (« Aa + Pi^y^ + %^^X 

and so on. If, therefore, p, p^, p^^, p be the whole lengths 

of the paths in the different media, we find by adding all the 
equations similar to the last two, 

fjidp + fjijip^ + + jJ^dp 

= p! {adx' + ^dy + y'dz) — p, (adx + ^dy + ydz). 

If p, {adx + ^dy + ydz) be a perfect differential it appears that 
p! {a'dx' + /Jdy' + y'dz') is a perfect differential also; in other words, 
if the rays are normal to a surface at any time, they will always be 
normal to a surface. 

Let /i (adx + ^dy + ydz) = dV, 

and p! (adx + ^'dy + y'dz) = dV, 

then, by integration, V— F"= S (/itp). 

Thus the reduced path from one surface to the other is the same 
for all rays of the system. 

When the initial and final points are fiaied, dx, dy, dz and 
dx, dy, dz all vanish, so that S {pdp) = 0, which proves that 
S (p-p), or the redticed path, is a m,inimum. 

The function V is called the Characteristic Function of the 
System. 

89. From this we can pass to any heterogeneous medium. 
The path will be such as to make fpds or F a minimum. The 
rays will all be normal to the surface V = constant. When we 
know F as a function of x, y, z at all points of space, in terms of 
the coordinates (x, y, z), we know the direction of the ray at any 
point. 

dV dV a dV 
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and therefore 

and these equations determine //., a, ^8, 7. 



fdVV /dV\' fdVy" , 



90. A system of rays which can be cut at right angles by a 
surface, we shall call an orthotomic system. 

A system of rays diverging from a point, or such that by any 
combination of mirrors or refracting surfaces they can be made 
to meet in a point, is clearly orthotomic; for a sphere whose 
centre is the point through which all the rays pass, will cut them 
all at right angles. 

If a system of rays diverging from a point converge to 
another point after any number of reflexions and refractions, 
the values of "Zfjup taken from one point to the other will be 
the same for all rays. Thus, in order to condense rays issuing 
from one point S, on a second point H, by means of a single 
reflexion at a curved surface, we choose our surface such that 
SP + PH may be the same for all paths, and therefore the 
surface must be an ellipsoid of revolution whose foci are S and H. 




If the rays are parallel, the point S will be at infinity, and 
the surface is a paraboloid of revolution whose axis is parallel 
to the common direction of the rays. 

Next, let us find the form of the surface which will refract 




to a point H all the rays proceeding from a point 8. Let /i, n' 
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be the refractive indices of the media; then if P be any point 
of the surface, the surface must be such that 

^^SP + ijl'EP = c, 
where c is a constant. 

Hence the surface is formed by the revolution of a Cartesian 
oval of which S and H are foci. The theory of the Cartesian oval 
may be found in Williamson's Differential Calculus, Appendix. 

As a particular case suppose the rays parallel, so that S is 
at infinity. Draw a plane MX perpendicular to the rays, and 
let any ray be produced to meet this surface in M. Then 

fiSP + fjfHP = c. 




But fiSP + jjbPM is also constant. Choose the plane MX so 
that this constant quantity may be equal to c ; then fi'HP = fiPM, 
and therefore the surface is formed by the revolution of a conic 
whose focus is ZTand directrix MX, about its major axis. 

91. In general, consecutive rays do not intersect. But if we take 
consecutive rays of an orthotomic system which meet the orthogonal 
surface along a line of curvature, these rays will intersect each 
other, and will envelope a curve, called a caustic curve. Consecutive 
lines of curvature of the same system will give rise to consecutive 
caustic curves, and these curves will generate a caustic surface, 
to which every ray of the system is a tangent. Similarly, the 
other system of lines of curvature will determine another caustic 
surface. Thus every ray of the system will touch two caustic 
surfaces. 
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When the system of rays is symmetrical about an axis, the 
orthogonal surface is a surface of revolution. One set of lines of 
curvature are the meridian curves, and the caustic surface 
corresponding to them will be generated by the revolution about 
the axis of symmetry, of the evolute of the meridian curve. The 
other set of lines of curvature are circles whose centres lie on the 
axis. The rays which are normal along one of these circles 
will meet in a point on the axis, forming a cone of revolution. 
Thus the second caustic surface will consist of a portion of the 
axis of symmetry. 

92. The character of a limited pencil of rays is shown in 
the figure; BAB' is the orthogonal surface, F is the cusp of 
the caustic curve. 




If the pencil be received on a screen perpendicular to the 
axis, the nature of the caustic surface can be shown by examining 
the bright patch of light on the screen as the screen is moved 
from Biy towards F. At DD', there will be a circular patch of 
light with a brighter ring round its outer edge, and as the screen 
is moved along, this ring will gradually contract. As soon as G 
is reached, the other part of the caustic surface is shown, and a 
bright spot is developed in the centre. When the screen is 
at EE" the circle of light reaches its minimum; this circle is 
called the least circle of aberration. When this position is passed, 
the outer boundary expands again though the bright ring still 
contracts. Beyond F, no part of the screen is specially illuminated. 
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93. If any ray BGE meet the axis in C, then FG is called the 
longitudinal aberration of this ray. By symmetry, FG is an even 
function of the inclination of the ray to the axis ; and if the pencil 
be small, we may take it as varying as the square of the inclination. 
Thus let m denote the tangent of the inclination of the ray to the 
axis, then we may suppose the longitudinal aberration to be given 
by the equation FG = cm^, powers of m beyond the third being 
neglected. Take F as origin and FA as the axis of x. Then the 
equation to the ray is 

y^mix — crri^). 

If we find the envelope of this line, regarding m as a variable 
parameter, this envelope will be the caustic curve in the neighbour- 
hood of F. Differentiating with respect to m, we get 

= x- 3cm*, 

and therefore eliminating m, the equation to the envelope is found 
to be 27cy* = 4<x\ 

From this equation it appears that the form of the caustic 
curve near the cusp is a semi-cubical parabola. 

94. To find the magnitude and position of the least circle of 
aberration, we must find the intersection of any ray with the 
extreme ray ; then by making the ordinate of the point of inter- 
section a minimum, we shall find the position and radius of the 
circle. 

Let the equation to the extreme ray be 

y = kx — dy, 
and that of any other ray 

y = mx — cm^. 

Then eliminating x, we find 

y {m — k) = cmk (m" — k^), 

or y = ck (m' + km) ; 

(/ kV k* 
that is y = ck Im + ^j --^ 

The value of y is therefore a minimum when m = — ^k, and the 
radius of the least circle of aberration is given by the equation 
2/ = -:JcF = -r,say. 
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The corresponding value of x is found from the equation 

y = kx— ck^ 

to be a; = f c^-^ 

Thus the distance oftlie centre of the least circle of aberration 
from the ciisp is three-fourtlis of the longitudinal aberration of the 
extreme ray. 

To find the lateral aberration of the extreme ray, we have only 
to put « = 0, in the equation of that ray ; and then we get 

y = - ck". 

From this it appears that the radius of the least circle of aberra- 
tion is one-fourth of the lateral aberration of the extreme ray. 

95. If a mirror or a lens which has a small aberration still 
uncorrected, be used as a part of an optical instrument, we see 
from the above investigation that symmetrical pencUs do not in 
general meet in a point, but a section of the pencil by a screen is a 
small circle. To see the image as clearly as possible the circle 
must be made as small as possible, and therefore the screen must 
have the position of the least circle of aberration. The image of 
an object as seen through the instrument will therefore not be 
distinct ; it will consist of a series of small circular patches of light 
overlapping each other. This defect is not so great however as 
might be at first imagined, for the least circle of aberration is not 
uniformly bright, but it is brightest in the centre and the bright- 
ness decreases rapidly towards the edges, and the image of a point 
is reduced almost to the centre itself, when the incident light is 
feeble. 

To show this, we may consider an approximate theory in a 
simple case. With the same notation as before, let us find the aper- 
ture of the pencil at the orthogonal surface ; let t] be the radius of 
this aperture, and a the abscissa of the apex of the surface ; then, 

■ri = ka — cit?, approximately, 
= ka, nearly. 

The corresponding radius of the least circle of aberration isy= {ck^. 

Let us consider the light which is included between the circles 

whose radii are i] and rj + dr]-, the area of the zone will be 2ir7jdrj. 
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The corresponding zone on the screen will be '2,-7rydy. Supposing 
that the amount of light emerging from the orthogonal surface 
is proportional to the area of the zone on that surface, then the 
brightness of the small zone of the least circle of aberration will be 
proportional to '2.irr)dr)l2'rrydy, that is, to 

a^kdk 16a^ l 

Now y varies as F, and therefore the brightness of the least 
circle of aberration varies inversely as yi ; this shows that it 
decreases from the centre towards the circumference. 

This investigation is only a rough approximation to the truth, 
but it serves to show how the images preserve their distinctness 
even when a small aberration exists. 

96. We shall now investigate the equations and properties of 
the caustic curves for systems of rays issuing from a point and 
reflected or refracted at a surface, in a few of the most interesting 
and simple cases. 

The equation to the caustic by reflexion at a circle of rays 
proceeding from a luminous point has been found by Lagrange 
in the following manner : 




Let Cbe the luminous point, and AOB that diameter of the 
reflecting circle which passes through G ; any ray GP incident on 
the circle at P will be reflected in the direction PQ, so that GP 
and PQ make equal angles with the radius OP. Let the angle 
A OP be denoted by a, and let OG=c = l/p, and OA = a =l/k. Then 
the equations to the incident and reflected rays may be written in 
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the forms 

u = A cos d-\- Bsin 6, 

u = Acos (2a -e) + B sin (2a - 0). 

For if we draw radii vectores making equal angles with OP, 
their vectorial angles 6 and 6' will be such as to make 6 + 6' = 2a, 
and therefore the corresponding values of u given by these 
two equations are equal. We must find the constants A, B from 
the fact that the incident ray passes through the points G and P- 
Putting 6 = 0, and 6 = a, respectively, for the points G and P, the 
equation to CP gives us 

p = A 

k = A cos a + 5 sin a. 

If we substitute the values of A and B into the equation to the 
reflected ray it becomes 

usma = k sin (2a — 6)—p sin (a — 6). 

Let 2a — = 2<^, so that a = </> + J^ ; then this equation may be 
written 

u sin {<f} + ^d)+p sin (</> — ^ff) = k sin 2(f> ; 

P Q 

that is T 4- . , = 1, 

cos 9 sm (p 

where p^ (u+p)co.^e 



2k 

^~ 2k ■ 

The arbitrary parameter a enters into this equation only 
through <f). To find the envelope of the reflected ray, we equate to 
zero the first differential of the equation with regard to <f>, which 
gives 

^ - Q -^ 

33i>~smr^~^''^y' 

then if we substitute the values of P and Q in the equation of the 
ray, we find that X = 1. Eliminating ^, the equation to the 
envelope is 

P^ + Q^ = l. 
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Expressed in polar coordinates it is 

{(u + p) cos ^6}^ + {{u - p) sin {6]^ = {2kf. 

To rationalise the equation P* + Q^ = 1, we cube both sides; it 
becomes 

P + Q^ + 3P^Q^(PUq^) = 1, 

or I - P'' - Q^ = 3P^ qI 

Cubing the equation again, we get finally, 

(l-P'-Qy = 27P'Q'. 

The equation may easily be transformed into Cartesian co- 
ordinates. For 

and therefore P' + Q' = ^ j-s, + -^ + - cos e\ 
Also, PQ=g^(c'-r-Osin^ 



8rV 

Hence the equation to the caustic becomes 
{(4,0" - a^) («" + f) - 2a^cx - aV}' = 27a*cy {a? + y^- cj. 

97. If in the equation to the caustic we put 6 = 0, and there- 
fore Q = 0, P = (u +p)/2k, it becomes 

(i-py=o, 

and therefore u+p= ±2k, 

and each of these points is a triple intersection. Expressed in terms 
of a and c, the distances of these points from the centre of the 
circle, are 

ac ac 

r = ^ , r = — ■ 



'2c -a' 2c + a' 



112 CAUSTIC BY REFLEXION AT A CIRCLE. [CHAP. VL 

These points are cusps on the caustic. 

Again, if we wish to find the points of intersection of the 
caustic with the circle u=p, we get Q = and P =p/k cos ^6, and 
the equation to the caustic gives 

(1_P«)» = 0, 

which reduces to p cos ^0= ±k, 

or a cos ^0= ±c. 

Each of these points is a triple point of intersection ; the 
reflected ray, therefore, touches the circle r = c, and the correspond- 
ing incident ray is perpendicular to 00. These triple points of 
intersection are cusps, and the tangent at the cusp is perpendicular 
to the radius vector ; they are imaginary if c is greater than a, that 
is, if the luminous point is outside the circular reflector. 

98. To find the directions of the asymptotes, we must make 
M = 0, in the equation to the curve. The values of P and Q are then 



i-_Z 



a 



and from the equation to the caustic, we derive the equation 



1-- 
ic' 



= 27 6-|?-^^> 



that is, 27aV sin' = (4c' - a')'. 

This equation gives the directions of the asymptotes, and shows 
that they are imaginary if c be less than J a. 

We shall now find the length of the perpendicular on them 
from the origin. 

Dififerentiating the equation 

and afterwards putting u = 0, we get after dividing by common 
factors, 

i \-ja cos i0 -^ sin i0\ 1 ■ -Ta sin h0 -■§ cos i0[=O. 
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This gives 
dd 



I (sin 10 cos ^0)^ [cos^ ^6 - sin^ ^6} + ^ (cos'' ^d - sin* ^6} = 0, 



or ~ (sin ^0 cos ^(9)* = - - (cos^ ^0 + sin^ ^0) 

1 /2c\l 

2c U/ ■ 

Hence '^ (sin 0r = - I f'-f , 

d0^ ' c \aj 

du /4c;'' — a' 

d0V-T-=-'- 

If we denote the length of the perpendicular from the centre 
on the asymptote by •cr, we get 

V 3 

The asymptotes are imaginary, if c be less than ^a ; and when 
c = ^, they coincide with the axis of x. 

99. We shall next find the points of intersection of the caustic 
with the reflector; for this purpose we shall use the Cartesian 
equations. If we make x^ +y' = a^ in the equation to the caustic 
it becomes 

(3aV - a* - 2a^cxy = 27aV (a' - c7 {a' - »'), 

or, by expansion and division by a*, 

8a»cV - cV (15a* - IBaV - 27c*) + 6cx (3c= - a^f 

+ a' + 18aV-27aV = 0, 
which may be written in the form 

{ex - ay {Sa'cx + a* + 18aV - 27c*} = 0. 

Hence the caustic touches the reflector at the points given by 
the equation ex = a^ which are the points of contact of the tangents 
drawn from the luminous point to the reflector if the luminous point 
be outside the reflector, and are imaginary if this point be inside. 
The other point of intersection is determined by the equation 
_ 27c*-18aV- a* 
^~ 8a=c 

H. S 
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This value of x is numerically less or greater than a, according 
as c is greater or less than a; that is, according as the luminous 
point is outside or inside the reflecting circle. 

The shapes of the caustic curves for different positions of the 
luminous points are shown in the following figures. In the first 
figure the incident rays are parallel; the other figures represent 
the caustic curve as the luminous point approaches nearer and 
nearer to the centre of the reflecting circle. 



Fig. 1. c = oo. 



Fig. 2. oa. 





Fig. 3. c=a. 



Fig. 4. c<a,>\a. 





Fig. 6. c=\a. 



Fig. 6. c = \a. 
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100. The caustic by reflexion at a circle may be found by 
elementary geometry in two cases, first, when the incident rays are 
parallel, and secondly, when they diverge from a point on the 
circumference of the circle. 

When the incident rays are •parallel, the caustic is an epicycloid 
formed by the rolling of one circle upon another of twice its 
radius. 




For from the centre C of the reflecting circle, draw the radius 
CA parallel to the incident rays ; then the caustic is symmetrical 
with regard to the line CA. Let SP be any one of the incident 
rays, reflected by the circle at the point F in the direction PQ. 
Join GP ; then by the law of reflexion, GP will bisect the angle 
SPQ. With centre G and a radius equal to half the radius of 
the given circle, describe the circle BR bisecting the radii GA, GP 
in B, It, respectively. On PR as diameter describe another circle 
meeting the reflected ray in Q, and join QR. Since SP is parallel 
to GB, the angle SPG is equal to the angle PGB ; and therefore 
the angle QPR is equal to the angle RGB. The angle QPR is 
subtended at the circumference of the circle by an arc QR ; and 
the angle RGB is subtended at the centre of the other circle by 
the arc RB, and the radius of the second circle is double the 
radius of the first, and therefore the arc QR is equal to the arc 
RB ; and if the circle PQR were to roll along the circle RB, the 

8—2 
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point Q would finally coincide with B. Now as Q begins to move, 
the point of contact R is for an instant fixed, so that the motion 
of Q is perpendicular to QR ; and therefore the reflected ray PQ 
touches the curve described by Q. This is true whatever the 
position of the point P. The locus of Q is an epicycloid, and 
this is the caustic curve required. 

101. If the incident rays diverge from a point in the circum- 
ference of the reflecting circle, the caustic curve is a cardioid, 
or, in other words, the caustic may be described as an epicycloid 
in which the rolling circle is equal to the fixed circle. 




Let be the origin of the incident rays, 00.4 the diameter of 
the reflecting circle ; then the caustic curve will be symmetrical 
about the line OCA. Let OP be any incident ray which is reflected 
at P by the circle in the direction PQ. Join CP ; then by the law 
of reflexion, CP will bisect the angle OPQ. With centre and radius 
equal to one-third of the radius of the given circle, describe a circle 
meeting CA and CP in B and R, respectively, and on PR as 
diameter describe another circle cutting the reflected ray in Q ; 
join QR. The radii of the two smaller circles will be equal to each 
other. Now, since the triangle GPO is isosceles, the external angle 
PGB is double of the angle GPO, and therefore double of the 
angle QPR. Hence the arcs RB, QR subtend equal angles at 
the centres of their respective circles, and therefore these arcs 
are equal. If the circle PQR were to roll along the circle RB, 
the point Q would finally come to B. As the circle PQR begins 
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to roll, the point of contact R is for a moment stationary, and 
therefore Q begins to move perpendicular to QR along PQ. 
From this it follows that the reflected ray touches the curve 
described by the point Q. This is true whatever the position of 
the point P^ The locus of Q is a cardioid, and this is the 
caustic required. 

102. There are two cases in which we can find the caustic 
after the rays have been reflected at a circle any number of 
times ; first, when the incident rays are parallel, and secondly, 
when they diverge from a point in the circumference. 

Let a ray be reflected any number of times at a circle ; and 
let (?„(?j be the first path of the ray across the circle, making 
an angle yfr^ with the positive direction of the axis of x, and let 
the angle GfiA be denoted by 0^. Let 0, i|r be corresponding 




angles for the nth reflected ray. Then the equation to this ray 
will be 

y — csin6 = tan ^^{x — c cos 6), 

or y cos sfr — x sin i^ + c sin {'<{r — &) = 0, 

where c is the radius of the circle. 

But if the angle OGfi^ be denoted by (f>, we have 
e = 0^ + n (it - 2(j>} = 0, + n7r - 2n<f> 
and i/r = ilr, + n (27r - 2<^) = V^o + 2»7r - 2n0. 

Hence the equation to the nth reflected ray becomes 
■X sin {f„ - 2n^) - y cos (f, - 2n^) = (- 1)" c sin (v|r„ - (9„). 
First, let the rays be incident parallel to the axis of x ; then 



118 CAUSTICS BY REFLEXION. [CHAP. VI. 

we may write d„ = (/>, •<|^o = tt, and the equation to the reflected 

ray is 

X sin 2h^ + y cos 2n<j) = (— 1)" c sin (j). 

To find the envelope of this line, we must differentiate the 
equation with respect to the parameter (/>; we thus get tl^^ 
equation 

iB cos 2n<f) — y sin 2?i^ = (— 1)" „- c cos <p. 

This equation, combined with the equation to the ray, determines 
the caustic. 

If we solve the equations, we find that any point on the 
caustic may be represented by the coordinates 

-c = (_ 1)» ^ {(2n + 1 ) cos (2?i - 1) <^ - (2k - 1) cos (2«, + 1) <^}, 

y = (- 1)» ^{_ (2n + 1) sin (2?i - 1) ^ + (2re - 1) sin {2n + 1) ^}. 

But the equation to an epicycloid in which the radius of 
the fixed circle is a, and that of the rolling circle h, is 

/ 7N /I 7 cs + ft/i 
x = {a+ 0) cos — cos — ^— 0. 

a 

y = {a + h) sin — 5 sin — ^— 6. 

u 

The forms of these equations are the same, if instead of 6 we 
write —(2n—l)<f). Also, comparing the equations in order that 
they may be identical we must further have 

2n+l 



a + b = c 

b = c 

and therefore a = c 



4n ' 
2n- l 

1 

2n' 



The caustic is therefore an epicycloid. When n is even, the 
cusp is on the axis of a; on the positive side of the origin. When 
n is odd, it is necessary to change the signs of x and y, and there- 
fore the epicycloid points the opposite way, the cusp being on the 
negative side of the origin. 
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103. Next, let the rays diverge from the point A on the 
circumference. Then ^o = 0, -f „ = tt - ^, and the equation to the 
reflected ray is 

X sin (2n + l)<j> + y cos {2n + 1) ^ = (- 1)» c sin <f>. 

t'he envelope of this line may be found as before. Differentiating 
with respect to the variable parameter, we get the equation 

a; cos (2?i + 1) ^ - y sin (2ft + 1) (^ = (- 1)" .^-l-j c cos ^ ; 

and these two equations give 

( — l)"c 
X = ^ ' {{n + 1) cos 2n^ — n cos (2n + 2) ^} , 

( — VTc 
y =-^2;^^ { - (^i + 1) sin 20 + »i sin (2ft + 2) </.} , 

which represent the coordinates of any point on the caustic. 

This is again an epicycloid, the radii of the fixed and rolling 
circles being, respectively, 



c , n 

= ^ zr c. 



2ft + 1 ' 2ft + 1 

When n is even, the cusp is on the positive side of the origin, 
and when n is odd, it is on the negative side. 

In the case in which n is unity, the values of a and b become 
equal, and the epicycloid becomes a cardioid. 

104. In general, as we have seen, the reflected or refracted 
rays are the normals to a series of curves, which are sometimes 
called secondary caustics; any one of these has the reflected or 
refracted rays for normals and consequently the caustic curve for 
evolute. It is usually easier to find a secondary caustic than the 
caustic itself; for instance, for rays refracted at a straight line 
a secondary caustic is an ellipse, and for rays refracted at a circle, 
the Cartesian. 

There are very convenient constructions for determining 
secondary caustics for rays issuing from a point and reflected or 
refracted at a curve. 
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Let PT be the tangent at any point of a curve, and let B 
be the bright point. Draw ST perpendicular to the tangent, and 
produce it, making TR equal to ST. Join SP and RP, and produce 




the latter to Q. Then SP, PQ are respectively the incident and 
reflected rays at P. Also SP = PR, and therefore the locus of R 
is the orthotomic surface defined by the equation 

P+p'=Q. 
The locus of i2 is a curve similar to the pedal of the reflecting 
curve of twice the linear dimensions. The evolute of this curve is 
the caustic required. 




In the case of a circle the equation to the locus of R may be 
expressed in the form r = 2 (a — c cos 6), where a is the radius of 
the circle, and c the distance of the bright point from the centre of 
the circle ; so that the cavstic hy reflemon, of a circle, is the evolute 
of a limagon. 

105. Similarly, to find the caustic by refraction at a curve, a 
convenient orthotomic curve to construct, is defined by the equation 

fip + fjfp = 0. 
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It is easy to see that this curve may be constructed in the 
manner following. With any point P of the refracting curve as 
centre, describe a circle of radhis p such that fjJp =fip, where 




p = SP ; then the envelope of these circles for different positions 
of the point P is the orthotomic curve required. 

We add geometrical investigations of the caustics by refraction 
at a line and circle. 

106. To find the caustic by refraction at a straight line, for 
rays issuing from a point. 




Let 8 be the bright point ; draw 80 perpendicular to the line, 
and produce it to H, so that CH= OS. Let SQ be any ray incident 
at Q, and QR the corresponding refracted ray. Describe a circle 
about the triangle SHQ, cutting QE in P; then PQ bisects the 
angle SPH. Let </> be the angle of incidence and ^' the angle of 
refraction at Q ; then the angle P08 = (f>', and 

(f> = Z H8Q = Z HPq = Z SPO. 
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Hence SO : SP = sin </> : sin <f>', 

and therefore yu, SO = fi' SP 

But since the angle P is bisected, 

HO : HP = SO : SP 
and therefore fj, HP = fi SP. 

By addition, ^i.SH = /j,' (SP + HP). 

Thus the locus of P is an ellipse whose foci are S and H; and 
PQ is normal to the ellipse, and therefore the ellipse is an ortho- 
tomic curve. The evolute of this ellipse is the caustic required. 

If the second medium is more highly refractive than the first, 
it may be shown in the same way that the caustic is the evolute 
of a hyperbola whose foci are S and H. 

107. To find the caustic by refraction at a circle for rays 
issuing from a point. 




Let be the centre of the refracting circle, jS the origin of 
light, and SQ an incident ray, QR the corresponding refracted ray. 
Describe a circle through S and touching the radius OQ in Q ; 
let this circle meet OS in H, and the refracted ray in P . Then 
OH . OS = OQ", and therefore If is a fixed point. Also, from the 
similar triangles OQS, OHQ, QS : HQ = OS : OQ, which is a 
constant ratio. Let <j> be the angle of incidence, (j)' that of refraction. 
Then if OQ be produced to T, <j} = zSQT = ZQPS, in the alter- 
nate segment ; and similarly <j)'=Z PQ T = Z QHP = supplement 
of QSP. Then from the triangle QSP, 
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QS ■.QP = sia Z QPS : sin Z QSP = sin </> : sin <f>', 
which is a constant ratio, and therefore also QH : QP is a constant 
ratio. 

Now by Euclid vi. D, 

QH.SP + QS.PH = SH. QP; 

and therefore if 8P = p,PH=^ p, 

QH QS 
QPP + QP'^^ 

or mp + nip = c, say. 

The locus of P is therefore a Cartesian oval, of which ;Si and H 
are foci. Also since PQ divides the angle between the radii 
vectores into two parts whose sines are in the ratio of the chords 
QS, QH, that is in the ratio ni' : m, PQ is the normal to the 
curve. Hence the caustic is the evolute of a Cartesian oval of 
which S and H are foci. 

108. This construction fails when the rays are parallel. The 
equation to the caustic in this case may however be found by a 
different analysis. 

Let </), (f>' be the angles of incidence and refraction of any ray 
parallel to the axis of x, so that sin ^' = h sin 0, where k = /i/fj,'. 
Then if we take the centre of the circle as origin, the equation 
to the refracted ray is 

y — a sin ^ = tan {<f) — (f>') [x — a cos ^), 
or y cos (i^ — ^')—x sin (^ — (j>') =a sin (f>'. 

Now let <j) = am u, then 

sin (f) =ksn u, cos <f) =Jl — F sn''' m = dn m. 
Hence the equation to the refracted ray is 

y{cnudnu + k sn" u) — x (dn u — kcnu)suu = aksa u. 

Multiply both sides of this equation by A;cn« + dnM; it 
becomes at once 

2/ (en M + A; dn m) — xlc"^ sn u = ak sn u {kcnu+ dn u) 
or, dividing by sn u, 

w — xk =ak(kcau + dn u). 

•^ \ snu / 
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To find the envelope of this line, differentiate with regard to u; 

we get 

dn ?< + A- en !Z , , , , , , , 

— // = — ak sn M (dn u + fc en ii), 

•' sn u 

which gives y = ai^ sn' ii. 

Substitute this value of y in the equation to the line ; then 

— h"'x = ak {k en w + dn w) — ak^ sn" u (en u + kAn u) 
= a {k^ en' M + k dn' u). 

We can now easily eliminate u between these equations ; and 
the equation to the caustic becomes 

or, substituting for k and k' their values, 

(/.* - /=) X = (fjfi J - /' y^)^ + y, Ox'^ a^ - /.* 2/V 

This equation is due to St. Laurent, and the method of 
obtaining it to Mr Glaisher. 

If in the equation we interchange fi and fx, and write /J^a//jf, 
instead of a, it becomes 

0^" - /.') a; = /. 0^'' a" - ^l^ y^f + {fj.^a^- /.'^ y^K 

which is the same curve as before; for when we rationalise the 
equation, the difference of sign on the left will disappear. 

Thus the caiistic by refraction for parallel rays of a circle of 
radius a and index ofrefracticm fi'Ifi, is the same as that for a con- 
centric circle of radius afilij!, and index of refraction fJ-J/jf. 

For further information on caustics we refer to Prof Cayley's 
"Memoir on Caustics," Phil. Trans. 1856. 

109. Caustic hy reflexion of an ellipse, tlw bright point being in the centre. 

Let RPQ be a reflected ray, Q the point where it touches the caustic, 
R the corresponding point of the secondary caustic. Then RQ is the radius 
of curvature of the secondary caustic, that is, RQ = 2p, where p is the radius 
of curvature of the locus of Y, the foot of the perpendicular from C on the 
tangent. Now if nr be the length of the perpendicular on the tangent at F 
to the locus of r, ■S7r=p^, and therefore, differentiating. 
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But 



nfe- dr 

pdp , rdr aP'h'^ 

P = S~^ ; and -r- = — =- , 
(/cr ' dp p' ' 




being the radius of curvature of the ellipse ; hence, 

= 2 



r p^ ciH}^ 



or, 



p r p\pr 



Let {u, v) be the coordinates of R ; then it may easily be seen that 

2a62 cos rf) 

11^=^ — 

a^ sin^ (f> + b^ cos^ <f> ' 

, _ 2ba^ sin <^ 

a^ sin^ (j) + b' cos^ ' 
where <j) is the eccentric angle of P. 
Also, if (^, y) be coordinates of §, 



y-« _ §iZ _ 2p 



Hence, 



x-a cos (^ y — 6 sin 4> Q^ 2p - 

x — u _ Zph-^ 
;i---acos0 a^fi^ ' 
2)-3 



since p^ (a^ + 62 . . r^) = a262^ from the ell ipse. 
Clearing of fractions, we get 

X (a^ + b^ -Sr^) = u {a^ + b'^ -r^) — 2r^ a COS (f>. 
But u {a? + 62 _ r2) = M (a2 sin^ <^ + 6^ cos^ <^) 

= 2a62cos(^, 
and therefore .r {a^ + b-- 3r^) = 2fl! cos <^ (6^ - j-2) = - 2a cos' (a^ - 6-'). 
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Similarly y {a'- + b^- Sr^) = 2a sin (a^ - r^) = 26 sin' <^ (a^ - 6=). 

©^ 
Hence, by division, tan <^= - — 7 • 

0" 

Again, eliminating (p between these two equations, we get 

which becomes |(^^ + f-\ \ (a^ + 6^ - 3j-2) = 2 (a^ - h'-). 
Butr2 = a2cos2<^ + i2sin2^ = ^^4 ~. 

eA0) 

Hence, finally, 

{©'- (l)T[<«'^'-'{©'Kf)'} -{"■©'-(!)'}]-<•-'• 
"»' '•■ {©' + (I)')' [©' «" - "•> + (!)' «•■ - »■']-"' - '■■ 

which is the caustic required. 

110. To find the length of the arc of a caustic. 

The length of the arc of a caustic of any orthotomic system 
of rays in one plane can always be found. For the caustic is the 
evolute of the orthogonal curves. 

Suppose a system of rays issuing from a point, or normal to a 
given surface, to be reflected and refracted any number of times. 




For each ray, form the function 2/t/9, and let F= S/xp. Let the 
final medium be of refractive index /t, and let F= V^ be the 
equation to an orthogonal curve in this medium, say the curve PQ. 
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Let AB be any arc of the caustic, and let PA, QB be the 
rays touching at A, B. Then the arc AB = QB—PA, by the 
properties of evolutes. 

Also V^ = V, + ^PA, 

Vs = V,+ fjiQB; 
and therefore by subtraction, 

Vb- Vj^ = /j, (arc AB). 

111. We can now, by means of caustics, indicate more 
accurately the manner and position in which an object under water 
is seen by an eye outside. 

Suppose for instance that the water had a horizontal level 
bottom not very deep. Let P be a point on the bottom, let us trace 
the pencil of rays by which an eye sees the point P. Draw the 
normal PM and consider rays in the plane EPM. Construct the 
caustic in this plane which is touched by refracted rays originally 
diverging from P. We must draw the two extreme tangents to this 




caustic which will meet the eye, and then these will bound the 
part of the pencil which traverses the air ; if we join the points 
where these tangents meet the surface to P, the joining lines will 
bound the pencil as it passes through the water. The two tangents 
to the caustic meet at the point of contact of either of them, very 
nearly. Thus to an eye outside the point P appears to be at p. 

Curves of illumination. 
112. If light be incident on a series of bright curves or grooves 
dra^vn very close together, so that the reflected light may be 
received by the eye of a spectator, he will see one or more curves 
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of special illumination drawn across the grooves. This is very 
commonly seen when bright rods, such as the spokes of a wheel 
of a bicycle are revolving in the light of the sun. We shall now 
consider how these bright curves are produced, and how their forms 
may be investigated when the reflecting curves are given. 

Every point of a reflecting curve will scatter light, and will 
in this way make itself visible to the eye ; but there will be 
one or more points on the curve which will reflect light to the 
eye according to the regular laws of reflexion. More light will 
reach the eye from such a point of the curve than from any other, 
and the point will therefore appear brighter than the rest of the 
curve. The locus of these bright points will be a bright curve, 
whose form is required. 

Let the system of reflecting curves be represented by the 
equation <f> {x, y) = a, where a is an arbitrary parameter ; and let the 
incident light proceed from- a given luminous point Q. Let E be 
the position of the eye of the spectator, and P any point on one 
of the reflecting curves. Draw the tangent to the curve in its 
own plane. Then, if the reflecting curve be a small groove or 
a thin rod, an infinite number of tangent planes can be drawn to 
the groove or rod, all passing through this tangent line. If one 
of these can be drawn so as to reflect a ray of light proceeding 
from Q in the direction of PE, then P will be a bright point. In 
order that this may be possible, we must be able to draw a normal 
to the groove at P, which shall lie in the plane QPE and bisect the 
angle QPE. If this can be done the rays QP, PE will make equal 
angles with the tangent line at P; and, conversely, if this condition 
be satisfied it is easy to see, as in § 12, that the other two con- 
ditions are also satisfied. 

Let {x, y, 0) be the coordinates of the point P, (/, g, h) those 
of the point Q, and (a, h, c) those of the point E. Then if I, m be 
the direction cosines of the tangent at P, 

and expressing the condition that the lines QP, EP make equal 
angles with the tangent at P, on opposite sides of it, we get the 
equation 

(/- x)l + (g-y)m (a-x)l+{b-y)m _ 

J{f- xf + {g- yf + A= + J {a - xY + (6 - yj + c» ~ " 
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The ratio I : m may be eliminated by means of the previous 
equation, and we get the equation 

-Jif-^y + iff-yf + h:' J{a-xf + {h-yr + c' ' 
and this is the equation to the bright curve required. 

113. The same equations may be arrived at in a shorter 
manner by means of the theorem that the whole length of the 
path of light from one point to another point is a minimum. 

For if P be the bright point, it follows that the length of the 
path QP + PE must be a minimum, subject to the condition that 
P shall always lie on the curve ^ {x, y) = a. If {x, y, 0), (/, g, h), 
(a, b, c) be respectively the coordinates of P, Q and E, 

QP + PE= J{x-fy+(y-gY + h' + J{x-aY + {y-bf + c\ 

To make this a minimum, subject to the condition just expressed, 
we equate to zero the first differential of each equation; we there- 
fore get the equations 

^^ dx + <f>^dy = 0, 

(x-f)dx + (y-g)dy (x - a)dx + (y - b)dy ^^ 

Ji'^-fr+iy-gr+t'-' j{x-ar+{y-bT+c' 

Eliminating the ratio dx : dy between these equations, we 
obtain the equation to the bright curve, in the form 

{x-f)4>y-{y-g)4>, (x-a)c}>„-{y-b)<f>, ^^ 
Ji«>-fT + Q/-9T + l^' Jix-ay + iy-by + c' 

114. As an example of the foregoing process, let us find the 
form of the bright curves seen on the spokes of a bicycle wheel 
revolving in the sun-light. 

Take the axis of the wheel as the axis of z, and suppose the 
direction of the sun's rays to be defined by the direction-cosines 
{I, m, n), and let the coordinates of the eye be {a, b, c). Then 
supposing the wheel to be plane, the equation to the reflecting 
curves will be of the form y = x tan 6 ; and therefore, if we express 
the fact that the incident and reflected rays make equal angles 
H. 9 
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with the line whose direction-cosines are (cos 6, sin 6, 0), on 
opposite sides of it, we find 

„ - /, (a — x) cos6 + (h — y) sin 6 . 

Jia-xy + ib-yy + c" 

Eliminating 6, the equation to the bright curves becomes 
(Ix + myr [{a - xf + {b- yf + c'} = {{a-x)x + {h- y) y]\ 



EXAMPLES. 

1. A luminous point is placed at a distance h in front of a plane 
refracting surface. Show that the orthotomic surfaces of the rays within the 
medium are those formed by the revolution of the curves 

about the axis of ^, a being a variable parameter, the origin being the foot of 
the perpendicular from the luminous point on the plane boundary, and the 
axis of X normal to that boundary. 

2. Rays emanating from the focus of a parabola are reflected from the 
cvolute of the parabola, show that the caustic is the evolute of a parabola. 

3. If rays emanating from the vertex are reflected from a parabola, the 
caustic is the evolute of a cissoid. 

4. When the luminous point is the centre, the caustic by reflexion of the 
involute of a circle is the evolute of the spiral of Archimedes. 

5. Rays emanate from the pole of a plane curve whose equation is given 
in the form 

f{r,p)=(i (I), 

show that the equation to the katacaustic will be the result of eliminating r 
and p between (1) and the equations 

dr 
'Jr'^-p'^+s/r^-p'^ = «^ (2), 

P^^'^^^ (3). 

Conversely, if the equation to the katacaustic be 

<^('->')=0 (4), 

the equation of the reflecting curve will be obtained by eliminating r', p' between 
the equations (2), (3), (4). 
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If the reflecting curve be the involute of a circle, represented by the 
equation r^=p^ + a% the equation to the caustic will be 

r^ (8a2 -^2)2= 4a2 {16a* +p^ {4a'' -f)] . 

If the reflecting curve be the hyperbolic spiral, r5=aor(r2 + a2)j)'=aV2, 
the equation to the caustic will be 

r{a-p) = ap. 

If the caustic be a circle r=a, show that the reflecting curve is determined 
by the equation 

aV^ = 4p2 ( J.2 _^2). 

6. A luminous point is placed in front of a thick plate of glass with 
parallel faces ; show that the caustics produced by the successive reflexions 
and refractions at the surfaces of the plate are the evolutes of two series of 
equal and similarly placed prolate quadrics of revolution, each of which has at 
least one focus coincident with one of the successive reflexion-jmages of the 
point due to the faces of the plate considered as plane mirrors situated in air. 

7. If rays from a luminous point be reflected at a parabola, show that the 
katacaustic has three asymptotes, reflected from joints at finite distance, 
except when the luminous point is on the axis, when there are only two, and 
that then the abscissa of the point where the asymptote is reflected is 
one-third the abscissa of the luminous point. 

8. Prove that, if rays of light proceed from a point and be reflected at a 
conic whose plane contains the radiant point, the reflected rays are all normal 
to a bicircular quartic which has the radiant point as double point. If the 
radiant point be the centre of the conic, show that the equation of the quartic 
may be written 

£ r^=Acos26+B. 

9. A lumir«3&s point moves along a diameter of a reflecting circle, of 
radius a ; prove that the two cusps of the caustic, which are not on that 
diameter, move on the curve r = acos \6. 

10. Eays proceeding from a luminous point in the pole of the spiral 
r=ae^ ax& reflected at the curve ; show that the caustic is a similar spiral. 
Also show that the spiral will be its own caustic if 

T (2»ir-a)cota 

Jseca = e^ 
where n is any positive integer. 

11. Eays parallel to the axis of y are incident on the reflecting curve 
y=^, show that the equation to the caustic is the catenary 



. y=^{e*+i.+ e-'»^"}. 



9—2 
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12. A ray proceeding from a point in the circumference of a circle is 
reflected n times at the circle ; prove that the point of intersection with the 
consecutive ray similarly reflected is at a distance from the centre equal to 
o/(2n.+ l)i\/l+4n{n + l)sin^6 where a is the radius of the circle, and 6 the 
angle of incidence of the ray. Prove also that the caustic surface generated 
by such rays is the surface of revolution generated by an epicycloid in which the 
hxed circle has the radius a/{2n + 1), and the moving circle the radius nal(2n+ 1). 

13. Prove that the dfcstic for a pencil of parallel rays refracted at a circle 
of radius unity and refra^on-coefficient /i, is given by the equations 

/i^(l -/i2)^=|i2cos'<^ + (/i^-sin2^)* ; ;i^=sin'^. 

14. Light emanating from a point is reflected at a curve so that the 
caustic is a circle whose centre is and radius equal to a. Prove that the 
curve must belong to one of the families 



r {'Jr^ — a^ . ,a\ 

fl+const.=- + \^ + sm-i-L 

a \ a r) 



15. Rays issuing from the centre of a given circle are refracted at a curve 
so that the refracted rays are all tangents to the circle. Find the equation to 
the refracting curve. 

16. Rectify the caustic in the case of rays parallel to the axis of x falling 
on the reflecting curve * 

sin {ay) =er: 

I 17. At a point on the inside of a polished hollow right circular cylinder 
of radius a is placed a luminous point ; explain the formation of a series of 
bright curves on any plane at right angles to the axis of the cylinder ; and 
prove that they are all epicycloids, the radius of the rolling circle for the «th 
curve being 7ia/(2«, + 1), and that of the fixed circle a/(2n+ 1). 

18. The surface of a hollow right cone is grooved with an infinite number 
of circular grooves. A bright point is placed on the surface ; prove that an 

, eye situated on the opposite generating line will see a bright curve which lies 
on a sphere of radius abc/{a''-b^), passing through the vertex of the cone, 
where a, b are the distances from the vertex of the bright point and the eye, 
and c is the distance between them. 

19. If a series of fine smooth grooves be cut in a plane surface in the 
shape of concentric circles, the bright curve formed by reflection of the light 
from a luminous point, and seen by an eye situate in the plane through the 
luminous point and the axis of the circles, will be a circle. 

20. Fine polished wire with circular transverse section is disposed alon^ 
the meridians of a sphere whose axis is directed to the sun. Prove that those 
reflected rays which have a common direction normal to the axis proceed from 
ciirves in which the sphere is met by an elliptic cone, the planes of whose 
circular sections are inclined at half a right angle. 
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21. In a hollow ellipsoidal shell small polished grooves are made coin- 
ciding with one series of circular sections, and a bright point is placed at one 
of the umbilics in which the series terminates ; prove that the locus of the 
bright points seen by an eye in the opposite umbilic is a central section of the 
ellipsoid, and that the whole length of the path of any ray by which a bright 
point is seen is constant. 

22. A bicycle wheel in which the spokes are perpendicular to the axis is 
placed in the sun and spun rapidly. Show that the equation of the bright 
curve seen on the spokes by an eye in the axis of the wheel produced is of the 
form 

r^ (sec^tf sec^a — 1) = oi^, 

a denoting the angle between the direction of the sun's rays and the plane of 
the wheel, and a the distance of the eye from the wheel. 

23. A man standing on the sea-shore sees the light of a star reflected on 
the surface of the sea when it is covered with gentle ripples travelling in all 
directions, find the equation to the boundary of the bright patch on the water, 
considering the undisturbed surface of the sea to be a horizontal plane. 

Find the condition that this patch should reach to infinity. 

If z be the zenith distance of the star, and the tangents to the boundary of 
the bright patch from the man's feet contain an angle 45, show that if the 
patch do not extend to infinity, the angle which it subtends at the man's eye 
in a vertical plane passing through the star is 

4 tan"i (sin 6 tan z). 



CHAPTER VII. 
Aberration of direct pencils. 

115. When rays of light diverging from a point are incident 
on a plane reflecting surface, we have seen that after reflexion all 
the rays pass accurately through another point, which was called 
the conjugate focus of the given point. But when a pencil of rays 
diverging from a focus is incident directly on a plane refracting 
surface or a spherical reflecting or refracting surface, it is only the 
rays in the immediate neighbourhood of the axis of the pencil 
which after reflexion or refraction can be considered as passing 
through a point; the other reflected or refracted rays touch a 
caustic surface. We shall suppose that the incident pencil meets 
the reflecting or refracting surface within a circle of small radius 
y, which we shall call the aperture of the surface. 




Let q be the focus of the rays which are in the immediate 
neighbourhood of the axis, and let Pq' be the extreme ray after 
reflexion or refraction, cutting the axis in c[, and a plane through q 
perpendicular to the axis in t. Then qc[ is called the longitudinal 
aberration of the ray P^, and qt its lateral aberration. These 
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aberrations may be expressed approximately in terms of the 
aperture when the aperture is small. 

We need only find the aberration for pencils which diverge from 
points on the axis. For if-a pencil diverge from a point not on the 
axis, the image will lie on the line joining the origin of light to the 
centre of the reflecting or refracting surface ; and this line will be 
the axis of the pencil and the longitudinal aberration along this 
line will be known. This must be projected on the original axis 
by multiplying by the cosine of the inclination of the line to that 
axis. This inclination will be very small, so that when multiplied 
by the small aberration its cosine may be taken to be unity ; and 
therefore to our present approximation, the longitudinal aberration 
is the same for all points lying in a plane perpendicular to the axis. 

116. To find the aberration of a pencil directly reflected at a 
spherical surface. 

Let QPR be the path of the extreme ray, and let PR produced 
backwards meet the axis in q. 




Let be the centre of the sphere, QAO the axis of the 
incident pencil, and let OQ =p, Oq' =p', OA = r, and let the angle 
POA be denoted by 0, and the angle of incidence of the ray QP, by 

^. Then 

r sin {(f> — 6) 
p sin (f) ' 

r _sin{^ + 0) _ 
p sin <}) ' 
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..hence ':+':, = ^in (</» - g) + sin (./, + g) ^ ^ ^os 6, 

p p sin 

1 1 2 cos 5 

or - + — = . 

p p r 

But if were made indefinitely small, we should have 

112 

-+ — = -, 
p p, r 



and therefore 



— > = - (1 — cos y). 

p, p r"- 



In this equation, powers of above the second may be neglected, 
and p' is very nearly equal to Pq'; the equation may therefore be 
written 

p' r' 
and therefore, since y = r sin ^ = r0, approximately, we get 

This is the value of the longitudinal aberration of the 
extreme ray. We notice that qq has the same sign as r, and 
therefore if we stand at the mirror and look towards the centre, the 
caustic points in this direction in all cases. 

When the rays are incident parallel to the axis of the mirror, q 
will be at the principal focus of the mirror, so that Oq will be /, 
where/ is the focal length of the mirror ; in this case the longitu- 
dinal aberration will be , y^ 



m =- 



¥' 



117. To find the aberration of a pencil directly refracted at a 
plane surface. 




Let QFR be the course of the extreme ray, so that AP is the 
radius of the aperture. Let PR produced backwards meet the 
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axis in ([, and let AQ, = u, Aq' = u', AP = y. Then if <^, <f)' be the 
angles of incidence and refraction, sin (f) =AP/PQ, sin ^' =AP/Pq', 
and therefore Pq' = /x PQ. Expressing these distances in terms of 
u, u', y, we have 

or u'=[y^u^ + {jj^-\)f]^. 

When the aperture is small, we may neglect all powers of y 
beyond the second, and we get, approximately. 

But if we make 3/ = 0, we get the value of Aq, namely, 

Aq = fiu. 

Hence, by subtraction, qq' = \(jj^ — l)^-- , 

and this is the longitudinal aberration of the extreme ray. 

118. To find the aberration of a pencil directly refracted at a 
spherical surface. 

Let QPR be the path of any ray of the pencil whose axis is 
QAO, and let PR produced backwards meet the axis in q. Let 
OQ =p, Oq= q, and AO = r. 




The formula for the aberration of the extreme ray will be much 
simplified if we express it in terms of the reciprocals of the 
quantities p, q, r; let u, v, p denote the reciprocals of the 
quantities p, q, r, respectively. Let the angle POA be denoted by 
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6, and the angles of incidence and refraction by ^ and ^', re- 
spectively. Then 

sin <^ _ QO sin 0' _ qO _ 

ii^^'QP' sin^l^^P' 

and therefore, by the law of refraction, 

Q0_ qO 
QP 1^ qP' 

This relation, when expressed in terms of p, q, r becomes 

t = ^» I 

p' + r^ — ^pr COB 6 '^ q^ + r^—iqr cos 6' 

or, in reciprocals, 

?;" + p" — 2vp cos 6 = fj^ (m* + p' - Swp cos 6) (1), 

an equation which gives the relation between v and u for all values 
of 61. 

119. There is one case in which the value of v is independent 
of 6 ; this is when v = fji?u, so that the coefficient of cos 6 vanishes. 
If we substitute this value of v in the previous equation, we get 
/i*M' + p* = /aV + /^V') which gives /lim = p, or finally, p — fir. This 
result is expressed in the following theorem. If a pencil of rays 
diverge from a point whose distance from the centre of the refracting 
surface is fi times the radius, the refracted rays will all pass 
accurately through another point, whatever be their incidence. 

If in equation (1) we make ^ = 0, we get 

\-p = t^{u-p) (2), 

which is equivalent to the relation between the abscissae of 
conjugate points already found when the rays all lie in the imme- 
diate neighbourhood of the axis. 

To find a more closely approximate value of v, we may suppose 
the aperture so small that powers of 6 beyond the second may be 
neglected. Then the equation (1) may be written 
{v - pf + vpSF = p^ {{u - pY + upe^}, 

or, extracting the square root of both sides by the Binomial 
Theorem, 



( 



— >^ + M?^.}=''(«-^){> + 2-^.)- 
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By means of equation (2) this reduces to 



[u-p 



fJLlt V 



(3), 



■P v-p) 

where on the right we may suppose v to have its first approximate 
value «„. 

This formula contains the whole theory of aberration at a 
spherical surface. 

120. It is generally more convenient to measure the distances 
from the surface, and not from the centre. The formula (3) may 
easily be transformed in terms of the new variables. Let a, /3 
denote the reciprocals of AQ, Aq, measured from the surface to 
the right ; then 

1_1_1 
a p u' 

and -= . 

/:i p V 

The equation (2) now becomes 

a-p = p.{^-p) (4), 

and the equation (3), 

But by differentiation, ~^ = j > 

and therefore dv= -^d^ = — . _ y d^. 

Hence dl3 = yW (^ - pf (0 - fi^) , 

or d0 = ^{0-py(0-fi^)y- (5). 

If yS be eliminated by means of the equation (4), this result 
becomes 

'^'^ = ^^(''-")°^^"^'' + ^)"^2/' (6). 

121. To find the aherration in the refraction of direct pencils 
by lenses. 

Let a, denote the reciprocals of the distances from the first 
surface, of the points where the axis is met by the incident and 
refracted rays, respectively, and let ^, a' denote similar quantities 
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with reference to the second surface, and let 6 be the reciprocal of 
the thickness of the lens, and p, p the curvatures of the bounding 
surfaces of the lens ; then, when the aperture is made very small, 
the relations among these quantities are 

a. - p = p. [^ - p), a - p = p [0' - p'), ^ - ^' = ^ • 

Let y, y be the radii of the apertures of the first and second 
surfaces respectively; then since a' may be regarded as a 
function of the two variables yS' and y , we must have 

<'«'-(S)''^+(|)*'. /' 

where the differential coefficients are partial. 

But if we differentiate the second and third equations, we get 

Let the variation of /8 due to the change of aperture at the 
first surface be denoted by yey'; and supposing fi' fixed, let the 
variation of a' due to the change of aperture at the second surface 
be denoted by Ky'^; then d/8 = wy", and therefore 






i^-^i^y 



and also ^^ j dy' = Ky"" = «' ^, y\ 

since y' '• y= 1//8' : 1//3, by similar triangles. 

Substituting these values in the expression for da', we get 

J , , f /8" ,^\ 
«a = 2r V« ST + « o^l • 

We have now to substitute the values of k, k as found in the 
previous investigation. It was there shown that 

d^ = Kf = \{fi- py (fi - ^a) f; 

and if we eliminate p by means of the equation a — p = fi {fi — p), 
we find the value of k to be 
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The value of k may be found by substituting /8' and a for a and 
y8, respectively, and l//i for /a ; and therefore 

Substituting these values of k, k in the expression for di, it 
becomes 

rf«' = 2-(^^{f (/8-a)M^-/.a)-|;(^'-aT(^'-^a': 

which is the general expression for da! for any lens, of whatever 
thickness it may be. The quantities /3, y8' may be expressed in 
terms of a, p, a', p', and then we get a value <d^daL, which is a 
symmetrical function of a, p and a', p. '" 

122. When the thickness of the lens npiy be neglected as 
inconsiderable, /S' = /3, and therefore 

If the expression within the brackets be multiplied out, it 
becomes 

Oi + 2) (a' - a) ^' - (2/. + 1) (a" - a=) /3 + /. (a'= - a') ; 
we therefore get 

dx = ^^Zyy y {{h- + 2) /3' - (2/. + 1) (a + a') y8 + m («' + «« + <^% 

This value of the aberration of a thin lens may be expressed in 
a more symmetrical form by eliminating yS. From the equations 

a-p = /j.(^-p), a' -p' = p.(fi-p'), 
we find 

^-p,^^^'--}:[p-{^,+ Y)a\, 

with similar expressions for fi — a',^ — /ii' in terms of p, a.' ; substi- 
tuting these values in the expression for dz, it becomes 

d^' = ^f[(p-ar{p-{,.+ l)a]-(p'-ar{p'-(j.+ l)a'}]. 
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This symmetrical expression for d/, combined with the equa- 
tion 

a -a = (/j,-l) {p- p), 

contains the whole theory of spherical aberration in a thin lens. 

123. When the incident rays are parallel, a = 0, and 
a' = ^ = (/x — 1) {p — p) ; the value of da' then becomes 

If the quantity within the square brackets be developed by 
multiplication, it becomes 

^{p-p'){p.'(p-py-p,{2^L + i)(p-p')p + (f, + 2)p^} 

= /x (p - p') {(2 - 2;.= + /.') p' + (m + 2/.= - 2/.') pp' + ^Y] ■> 
and therefore 

f 124. Several cases may be considered, in order to compare the 
advantages of lenses of particular forms. 

In a piano-spherical lens, having its plane side towards the 
incident light, p = 0; and therefore, omitting the dash from the 
curvature of the second surface, 

d<}> = -ip,'(jj^-i)pY. 

And in this case (fs = — (jj, — 1) p ; therefore 



''i'=i{i^J^y- 



In a piano-spherical lens, having its curved side turned towards 
the incident light, p' = 0, and 

d<f, = f^(p,''-2p,^ + 2)py; 

and since <j) = (/i—l) p, this becomes 

//' — 2iiJ' -I- 2 
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In a double-convex lens, -which has surfaces of equal curvature, 
p = — p, and the value of d<^ becomes 

d<^ = ''^ (V - V - /* + 2) pY- 

Or, since in this case ^ = (/x — 1) 2/3, 

V-V-^ + 2 
'^^- 8/.(/.-l)^ -^^^ 

When the lens is made of crown glass, in which /it = | nearly, 
the coefficients of ^y become respectively, |, f, |. Now cf) = l/f, 
so that d^ = — df/f'; the values of the aberrations in the three 
cases considered are therefore — fyV/i "~ iy'/f ^^'^ ~ ilflf' respec- 
tively. Thus the best of these forms is that of the piano-spherical 
lens, with its curved surface turned towards the incident light, and 
the aberration is greatest in the same lens with its plane surface 
turned towards the incident light. 

We maj'^ notice here that in a thin lens of glass, whose semi- 
diameter is y and focal length is /, the thickness of the lens is 
equal to y^jf. For it is easy to see from properties of the circle 
that the thickness of the lens is equal to y^j^r — y^l^r\ very nearly, 
where r, r' are the radii of the curved surfaces. Also > 

)=(/^-i)(j-y=l(j-j-'). 

knd therefore the thickness is equal to y'lf. 

This gives a more definite meaning to the preceding results. 

125. We shall next find the form of a lens which will refract 
a pencil of light issuing from a given point, and bring it to a focus 
at another given point, with the minimum of aberration.. 

In this problem a and a' are given, and /3 is the variable whose 

value is to make doL a minimum. We must therefore choose /8 so 

that 

(/i -I- 2) yS' - (2/tt + 1) (a -l-a') /8 -F/t (a= + aa' -f a") 

may be a minimum. 

This expression may be written in the form 

4-^^^ [{(/* + 2)2^-(2/.-f-l) (a-}-a')r-F V0. + 2) (a' + aa'+a") 



■(2/ct-H)'(a-Ha7J, 
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and therefore, for a minimum, 

(^ + 2)2/3 = (2/x + l)(a+a'), 
and the expression reduces to 

-i^ ((/.= + 2p) (a' + aa' + a") - (^» + ^ + J) (a + a')'} 

= ^ ^^''^ " i^ <''' " "^' ~ ^^ - ^^' ""'^- 

The minimum value of doL is therefore 

/^(g -g) , f M-i , , _ ^, _ , 

To find the form of the lens, we have only to substitute the 
value of yS obtained above, in the equations 



and we get 
where 




(p -l)p= p^ 
{p -l)p' = p.^ 

p =px' + qa 
p =pz +q«.' , 

V + M „ 


i-a 

i-a']' 

J 

2m' - M - 4 


P- 


2{p 


-l)(M + 2)' "^ 


2(^-l)(/* + 2) 



The curvatures of the bounding surfaces are therefore deter- 
mined. 

126. The form of the lens will depend upon the positions of 
the point from which the light is proceeding, and that at which 
the rays unite. 

When the incident rays are parallel, a = and a' = <f), where (p 
denotes the reciprocal of the focal length ; and the minimum value 
of di' becomes 

'^'^-2(^ + 2) (/.-ir*^^- 

For a lens of crown glass /t = f nearly, and therefore d(f> = \^ <p'y'', 
this makes the aberration equal to — |f y^lf- 

The form of the lens is determined, in this case, by the 
equations p =p<f>, p' = q(f>. Accordingly, the ratio of the curvatures 
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of the surfaces is independent of the power of the lens, and is 

p' _ £ _ 2/i'' — ^ — 4 
p p~ 2fj? + fi ' 

When /t = f , this ratio becomes 

P 6- 

The curvatures of the two surfaces of the lens lie in opposite 
directions, so that the lens is either double convex or double concave ; 
and the curvature of the posterior surface is ^th of that of the 
anterior. Such a lens is called a crossed lens. 

If the index of refraction be such as to satisfy the equation 
2/j,^-fj,-4< = 0,or fi = l(l+ V33) = 1-686 nearly, which is about the 
value of fj, for the more highly refracting kinds of glass, then p' = 0, 
and the lens will have its posterior surface plane. 

For a crossed lens, the aberration for parallel rays is — {^y^/f; 
while for a piano-spherical lens whose curved surface is turned 
towards the incident light, the aberration is — ^y'/f The piano- 
spherical lens is therefore nearly as good as the crossed lens; it 
is much easier to make, and is therefore much more commonly 
used. 

When piano-spherical lenses are used as objectives for micro- 
scopes, the rays diverge from a point very near to the surface of 
the lens, and emerge nearly parallel to each other, so that it is the 
plane surface which must be presented to the object. 

127. The aberration of any thin lens can be expressed in a 
simple form in the notation of the last article. For a lens of 
minimum aberration, it was shown that 



Assume therefore for any lens, 



(2/t-H) ,,.,H' 



-1 

6, 



2(ji + 2)^ ' iJL + 2 
and for brevity, let 

/i + 2 (/*-l) 



10 
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then if we make these suhstitutions in the expression for the 
aberration, it becomes 

da' = \m (a' - a) f [n {a! - a)" - aa' + 6=}. 

The curvatures of the surfaces may be expressed in terms of a, 
a',e by means of the equations (fi—l)p = fi^ — a, (/Ji — l)p'=/j.l3 — a', 
and using p, q, m with the same meanings as before, the values of 
the curvatures are found to be 



p=p% 
p' = pa 



' + qa + me] 
i + qa +me)' 



128. If we wish to make the lens aplanatic, that is, such that 
the aberration vanishes, the equation of condition is 

^ = aa' — n (a — a)'. 

A primary condition is therefore that a and a' have the same 
sign ; and further, they must be such as to make aaf >n(a' — a)'. 

These conditions can never be fulfilled for parallel rays; for 
then (i = 0,a' = <j), and the value of e" is determined by the equation 

6' = -n<f>\ 

which gives an imaginary value of e. 

129. Aberration of a pencil directly refracted through any 
number of spherical surfaces arranged symmetrically along an axis. 

Let /A, fjL, ft!' ... be the successive refractive indices of the media; 
let a, fi be the reciprocals of the distances of the point and its first 
image, respectively, from the vertex of the first surface ; and let p 
be the curvature of this surface, and let dashed letters denote the 
corresponding quantities for the other surfaces in succession, all 
these distances being measured from left to right. Then the 
following relations hold between these quantities : 

/(«'-p') = m"(/S'-AI m 

, /." (a" - p") = f."'{^'-p"),l ^ ''• 

If we denote the reciprocals of the thicknesses of the media 
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between the surfaces, measured along the axis, by 6,6'...,-we must 
have also 

1_1_1 \ 

/8 a:~e' 

J. _ J. 1 

/3' <x" ~ 6" 



.(2). 



Let the radii of the apertures of the different surfaces thro.ugh 
which the pencil passes be y, y',y" Then by similar triangles 

y :y=l/^ : l/«'; 

that is, 0y = ay. 

Similarly ^'y' = a."f\ (3). 



First, we shall confine our attention to three refracting surfaces. 
The problem before us is to find the variation of /8" due to the 
apertures of the successive surfaces. 

Now /3" may be regarded as a function of a" and of the aperture 
y". The variation of /S" due to the aperture y" is of the form K"y"^. 
Hence 

where the differential coefficient is partial. 

The aperture y" may be expressed in terms of the first aperture 
y by the equations (3), and we find 

Also differentiating the equations (1) and (2), we get 

da" ~ fji!" ' a.'" ^ ' 

Substituting these values in the expression for d^", it becomes 



''^'^^'mh--f4)^^- 



The variation of /3' may be sho wn in a similar manner to be 

10—2 
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and, lastly, d/3 = Ky^. 

Hence, making these substitutions in the value of dyS", we 
find 

The value of k has been determined by a previous investigation 
to be 

and therefore u'/e = 4 , ,^^ .. (B — af(—, — ) , 

and there are similar expressions for /*"«' and (/.'"k". 

If there are (« + l) refracting surfaces, the corresponding 
formula will be 

'"' W'/3"... )8'"-V ^'^ W'iS"- /3<"-V 
^^ * Wg"^"... /SH +■■•+/' " \ a'a"g"'... g'"' / J ' 

130. Exactly the same argument may be applied to a series 
of thin lenses. If g, /S, be the reciprocals of the distances of the 
point and its first image from the first lens, and ^ the focal length 
of the lens, with similar notation for the subsequent lenses, the 
equations of condition are 

y8-g = <^, 



11 1 

/3 d~ d' 

where 1/0 is the distance between the first and second lenses. 
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with similar equations. Then the final result for n lenses will be 

'^ ^ L\;8 /3' yS". . ./8'»-^V U' /3' /3". . .^'""^V 

//S/3'/3".../3'"-'J 






The values of /c, /<:'... have been already determined in the 
previous investigations ; they are 

« = im (/3 - a) [n (^-a)' ~a^ + e'], 

and similar values ; and the curvatures of the lenses are given by 
the equations 

p = p/9 + ga + me] 

p' =pa +q^ + m€} 

and others of similar form. 

When the lenses are in contact, a = /3, a" = ^', &c., so that the 
coefficients of «, «... are all unity, and 

^^(«-i) = 2/" {« + «' + ... + «'"-^'}. 

Thus, to make a system of lenses in contact aplanatic, we 
must make 

« + «'+. .. + «f"-i'=0; 

which imposes one condition upon the unknown quantities e, e. . . 
g{n-i)_ The lenses may be therefore chosen so as to satisfy (n — l) 
other conditions. 

131. We shall consider the case of two lenses in contact, more 
in detail. The condition of aplanatism is 

k + k' = 0. 

Substituting the values of k, k, and noting that /8 — a = <^, 
|8' — a' = ^', this equation becomes 

m0 {e' - a^ + w^"} + m^ {e"'' - a'/3' + w'</)"} = 0. 

There are therefore two arbitrary quantities e, e' with only one 
equation to determine them. We may therefore introduce one 
other condition. The most usual condition in practice is to make 
the adjacent surfaces of the lenses of equal curvature, the one 
being convex and the other concave, so that the two lenses may be 
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cemented together. The condition for this is that p' = p", using 
the same notation as before. This condition when expressed in 
terms of e, e is equivalent to 

poL + q^ + me= p'/3' + q'af + m'e' ; 

and this equation combined with the previous equation of condition 
serves completely to determine e, e and therefore the curvatures of 
all the surfaces of the lenses. 

132. There are however objections to be raised against this 
plan ; the compound lens vrill be liable to distortion on a change 
of temperature, if the two glasses expand unequally under the 
influence of heat. It has therefore been proposed that the other 
condition should be d{K + k) = 0, so that the lens may be 
aplanatic not only for a particular value of a, but also when this 
value of a undergoes a small variation. 

To develop the consequences of this equation, we must substi- 
tute the values of k, k in the equation 

dK die _ . 
doL da. 

Then, noticing that da = dp = da = d0', it becomes 

m<f> |2e ^- (a + ^)| + m'f ^2e' g - (a' + ^^=0. 

Now if we differentiate the values of p, p", in terms of a, /8, 
a', ^', e, e, we get 

de 

m'|' + p' + g' = 

These values of m-j-,m' -r- must be substituted in the pre- 
ceding equation. For brevity, let 
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and then the equation becomes 

<f>{l€ + m(a + ^)]+4>' {I'e' + m' (a' + /3')} = 0. 

The quantities e, e' are therefore completely determined, and 
from them the values of the curvatures of the different surfaces of 
the lenses may be found. 

133. When the incident rays are parallel, 

a = 0, /8=«' = <^, /3' = <^ + <^' 

and therefore the equations of aplanatism are 

m^ {e" + n<^^] + m'^ {e'^ - ^ ((/> + ^') + H""] = <>, 

^ {U + m^} + ^' {ZV + m' (2^ + ^')} = 0. 

From these equations e, e' may be found, and the resulting 
values substituted in the equations 

p=p<f> + me, p" = g'(j) + p' ((ji + <f)') + m'e', 

p' = q(p + me, p'" = p'4> + q'{<^ + <f>') + m'e, 

and then the compound lens is completely determined, and will 
be aplanatic, not only for parallel incident rays, but also for 
rays diverging from a point whose distance is finite and con- 
siderable. 

We notice that these equations determining the radii of the 
surfaces do not involve any relation between the focal lengths of 
the two component lenses, and may be satisfied whatever the 
values of <j) and ^'. 

134. So far, the quantity whose value we have been seeking 
is the variation of the reciprocal of the distance of the intersection 
of the emergent ray with the axis, arising from the aperture. If 
we denote this quantity by — Ky^, y being the semi-aperture of the 
first lens, and if a! = 1/a;', we get 



d 



i^y-'^y'- 



and therefore daf = K. a^'^y\ 

This quantity dx' is the longitudinal aberration, and its value is 
known when we substitute for K its value as determined by the 
preceding articles. 
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Let Af be the extreme ray, meeting the axis in /, and the 
perpendicular to the axis erected at the geometrical focus F, in T, 




then Ff is the longitudinal aberration da!, and FT is the lateral 
aberration. Draw Am perpendicular to the axis, so that Am may 
be the aperture of the last lens. Then, by similar triangles, 

FT:Ff=Am:mf 

= y' : a/, nearly, 

where ?/ is the semi-aperture of the last lens. 

And if a, /3 denote the reciprocals of the distances of the point 
and its first image from the first lens, a', j8' the corresponding 
quantities for the second lens and so on, 

- = — TT, — = "*) say. 
y cm. a!'... •' 

Accordingly, if we substitute the values of Ff and y', we get the 
value of the lateral aberration, 

FT = mKttly\ 

The magnitude and position of the least circle of aberration 
have already been found ; it was shown that the radius of this 
circle is one-fourth of the lateral aberration of the extreme ray, and 
that the distance of its centre from the geometrical focus is three- 
fourths of the longitudinal aberration of the extreme ray. 

EXAMPLES. 

1. Prove that the aberration of a pencil of parallel rays incident directly 
upon a spherical refracting surface is less than it would be for a reflecting 
surface of the same shape if the index of refraction be greater than 2. 
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2. The aberration of a ray which passes through a plate of thickness 



t IS 



I \//i2 - sin2<^J ' 



<f> being the angle of incidence ; hence, show that if ^^=2 there is no aberra- 
tion, to the third order of small quantities. 

3. A pencil is refracted through a sphere of refractive index ^. Show 
that if y be the breadth of the incident pencil, and / the focal length of the 
sphere, the formula connecting the conjugate foci, the centre of the sphere 
being the origin, is 



1 1 1 f M /2/ iVl y^ 



4. A pencil of rays is refracted directly through a hemisphere, the distance 
of the origin from the plane surface, which is that of first incidence, being r/fj,^; 
show that the aberration of a ray incident at a distance y from the axis is 
(n^ — l) fj^y^/r, r being the radius. 

5. A mirror of given aperture and focal length and of small curvature has 
the form of a prolate spheroid ; show that the aberration for parallel rays 
varies inversely as the major axis. 

6. A ray from §, on the axis of a parabola, is incident on the curve at P 
and is reflected so that the reflected ray cuts the axis in g', show that the 
aberration is equal to 



2 ( ,„^ ASPy 



I (as tan 
where A is the vertex, and S the focus of the parabola. 



7. If the law of refraction were assumed to be <j)=fi,<f>', show that the 

approximate error in finding the point where a ray incident near and parallel 

to the axis of a spherical refracting surface cuts the axis after refraction would 

1 u 4- 1 v^ 
be r- - — zi — , with the usual notation. 
6/i ft — 1 r 



CHAPTER VIII. 

On the generax Form and Properties of a thin Pencil. 
General Eefraction of thin Pencils. 

135. The thin pencil here considered is one which has one 
and only one ray passing through any given point, and is such 
that no ray is far from a fixed ray, which we call the principal 
ray, and the inclinations of all the rays to the principal ray 
are small quantities of the first order. The theory is due to 
Kummer. 

We shall take the principal ray as the axis of z. Let (a, /3, 7) 
be the direction cosines of any consecutive ray of the pencil, and 
(x, y, 0) the co-ordinates of the point where it meets the plane of 
{x, y) ; then, by supposition, a and yS are small quantities of the 
first order, and 7=1, nearly. Now since one ray, and one only, 
passes through any point, the co-ordinates x, y are functions of 
the direction cosines a, yS, and we may expand them in terms of 
a, /3 by Maclaurin's Theorem. Neglecting powers of a, jS higher 
than the first, the equations become 

dx dx _ 

" da ^ d^*^ 

or X = ea + //3 

y=fa+g^^''^y' 



where e, /, f, g are constants depending on the nature of the pencil. 



136. In general, consecutive rays do not intersect, but we 
can find the point on the principal ray which is at the shortest 
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distance from any consecutive ray; and it will. be shown that these 
points of shortest distance all lie within fixed limits on the principal 
ray. For let z be the distance from the origin of the point on 
the principal ray which is at the shortest distance from the ray 
(°') A 7) ; and let (A,, jjl, v) be the direction cosines of the shortest 
distance between the two rays. Then the direction of the line 
(X, ft, v) is perpendicular to both the rays, and therefore 



3 = or 



\a + /i/3 

The equation to a plane through the ray (a, /8, 7) and the 
shortest distance is 



a , ^ , 7 

\ , /i , 



= 0, 



or - (^ - a;) /j,y + (rj - y) \y + ^ (afj. - \^) = 0. 

This plane will meet the principal ray in the required point of 
shortest distance. Putting, therefore, |^= 0, 17 = 0, in this equation, 
we get 

z (a/jL — Xj3} = Xy — fix. 

We can eliminate X and fj, by means of the equation '>M+fi^=0, 
and we then get 

z (a' + 13') = - (ax + ^y) 

= -{ea^+(f + f)al3 + gl3% 

If S denote the angle made with the plane of xz, by a plane 
through the principal ray and parallel to the ray (a, y8, 7), we must 
have tan S =^/a, and therefore 

z = — [e cos" S + (/+/') sin 8 cos S + 5^ sin" S}. 

This can be made to assume a simpler form by getting rid of 
the middle term. Thus, let S = a + <j), where cb is a fixed angle 
still to be determined. Then 

z = — cos" <j) {e cos" o) + (/ + /') sin a cos m + g sin" «} 

— sin" ^ {e sin" <o — (f+f) sin w cos co + g cos" a>] 

— sin ^ cos ^ {(/ + /') cos 2(o - {e — g) sin 2ft)}. 
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Choose <B so that 

(e — g) = k cos 2<a 
(f + f) = k sin 2(0 ]' 

and therefore k^ = (e - gf + (/ + /)'• 

The coefficient of sin <^ cos </> then disappears ; the coefficient of 
cos'^ becomes — ^ {e (1 + cos 2to) + (/+/') sin 2(o + g(l- cos 2ft))}, 
ov —^{e+g +k), and the coefficient of sin'0 may be reduced in 
the same way. Thus the equation takes the form 

z = r^ cos'^ + r^ sin'^ 
where 

'ri = -hie+9 + k), 

'r^ = -h{e + g-k). 

Thus the point of shortest distance lies between the fixed limits, 
determined by the equations z = r^, z= r^. These points are there- 
fore called the limiting points of the ray, and the corresponding 
planes parallel to two consecutive rays, namely, the planes ^ = 0, 
<^ = Jtt, are called the principal planes of the ray. 

137. There are two rays of the system whose shortest distances 
from the principal ray vanish, to a first approximation. The 
length of the shortest distance between the ray (a, ^, y) and the 
principal ray, is \x + fiy. This will therefore vanish, to a first 
approximation, if 

\{ea+fP)+^L{f'a + g^) = 0. 

Eliminating the ratio \ : /a, and expressing a, /8 in terms of 8 
as before, this becomes 

/' cos" Z + {g — e) sin S cos h — /sin" 8 = 0, 

or (5r-e)sin28 + (/ + /')cos2S=/-/. 

If we substitute ft) + </> for 8, this equation takes the form 

cos 2^ {(/ + /) cos 2m + {g- e) sin 2m] 

+ sin 2^ {{g - e) cos 2ft) - (/ + /) sin 2<o] =f-f' ; 
that is, 

- sin 2</). ft =/-/'. 

Hence if e be defined by the equation sin e = (/' —f)/k, 

. e IT e 
'^ = 2«''2-2- 
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Hence there are two planes through the principal ray, which 
also contain a consecutive ray. These planes are called the focal 
planes of the ray, and the points where the consecutive rays meet 
the principal ray are called the two focal points of the ray. The 
focal planes lie symmetrically with respect to the principal planes ; 
or, in other words, the plane bisecting the angle between the 
principal planes also bisects the angle between the focal planes. 

Let /3j, p^ be the focal distances from the origin. Then 

p, = r-j cos" + Tj sin"" ^"i 
Pj = r^ sin'' ^ + 5*2 cos^ ^ j ' 

f'-f 
where sin 20 = , ; 

so that Pi + Pi = '^i + ^2- 

This proves that the focal points lie symmetrically placed with 
respect to the limiting points ; or, in other words, the point midway 
between the limiting points is also midway between the focal 
points. By the properties of the limiting points it follows that 
the focal points lie between the limiting points. 

138. The focal distances may be found more easily by a 
different method. If the ray through (x, y, 0) meet the plane 
z = pin the point (^, t}) we must have 

^ = a; + pa = (e + p)a+/8| 

v = y + p^ =^foi + {g + pm ' 

If now the point z = p he & focal point, the consecutive ray 
meets the principal ray ; so that ^ = 0, ?; = 0. This gives the 

equations 

(e4-p)a+/^=0) 
fa + {g + p)^ = 0]' 

and eliminating the ratio a : /8 between them, we get a quadratic 
equation to determine the focal distances, 

{e + p){g + p)=ff. 

139. We shall next prove that all the rays pass through two 
fixed lines, which cut the principal ray at right angles in the focal 
points. These lines are called . focal lines, and the first focal line 
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lies in the secoad focal plane, and the second focal line in the first 
focal plane. 

To prove this, we find the point of intersection of any ray with 
the plane z = p^. The co-ordinates of such a point of intersection 
are 

^ = a; + /?!« 

If we draw a plane through the principal ray and this point, we 
shall find that the position of the plane is independent of the 
particular ray. For the equation of the plane is 

or f {{e + p^ a +f0\ = »?{/' a + (^r + ft)/3}. 

And, by virtue of the equation 

{e + p){9 + p)=ff', 
e + Pi f 

then the equation of the plane becomes 

^ = V, 
which is independent of a, /8. 

This shows that all the rays meet the plane z = p^ in points 
lying along a line through the focal point ; this we shall call the 
first focal line. Similarly, it may be shown that all the rays pass 
through a similar second focal line passing through the other 
focus. 

It is now clear that the first focal line lies in the second focal 
plane, because this plane contains two rays meeting at the second 
focus, and each of these rays intersects the focal line. Similarly, 
the second focal line lies in the first focal plane. 

140. There is a theory of the density of the rays, which is 
analogous to Grauss' measure of the curvature of surfaces. The 
density of the rays in any section of the pencil perpendicular to 
the principal ray, may be defined in the following manner. Suppose 
the plane section of the pencil to be bounded by a small curvi- 
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linear area. If lines be drawn from the centre of a sphere of unit 
radius, parallel to the rays of the pencil all round the boundary, 
they will meet the surface of the sphere in a small closed curve. 
The density of the rays is defined to be the ratio of the area of the 
spherical element, to the area of the plane section of the pencil. 

Let the section of the pencil be taken by a plane z = R; then 
if the ray through the point {x, y, 0) meet this plane in (^, 17), 

^ = x + Rtx={e + R)oL+ffi 
V = y + R^=f'cc + (g + R)^; 
and therefore 

Vd^ - Idr, = (^da - ad^) {{e + R)(g + R)- ff}. 
Integrating this equation, we find 

Kvd^ - ^dri) = Ji^da - ad^) {(e + B)(g + R)- ff}. 

Now J(fida — ad/3) is the area of the small curve on the sphere 
of unit radius, and J{T]d^ — ^drj) is the area of the section of the 
pencil ; hence, if the density be denoted by B, the last equation 
may be written 

^ = R' + R(e + g) + eg-ff, 

1={R-P,){R-P,) 
where p^, p^ are the distances of the focal points. 

141. For optical purposes the most important case is that in 
which the rays of the pencils are a set of normals to a surface. 
Welnust now enquire what modifications of the preceding results 
are necessary in this case. 

The condition that the rays may be cut at right angles by a 
surface, is that adx + 0dy may be a perfect differential. This con- 
dition will be satisfied, if 

da_d^ 
dy dx' 
If we differentiate x and y, we get the equations 

_dxdoL ■ dxd^ 
da. dx d^ dx 

Q^dyda._^dyd§_ 
da dx d/8 dx 



dx da' 



da J- _ dx 
d^ ~~ dS' 



160 THEORY OF THIN PENCILS. [CHAP. VIII. 

dxda dxd^ 

da dy d/8 dy 

_dyda dy d0 

~ da dy d^ dy 

From the first pair of these equations, we find 

d 
c 

and from the second pair, 

where J is the Jacobian ^ , J. • 
d(a,^) 

The condition that the rays may be normal to a surface, 
therefore, becomes 

dx _dy 
J^~Ta' 

or in the notation we have employed, / = /'. 

The equation for determining the azimuths of the focal planes 
becomes sin 2(/> = 0, which gives (^ = or \ir. The focal points 
therefore coincide with the limiting points, and the focal planes 
are at right angles to each other. Every ray, therefore, of a system 
of normals, passes through two straight lines, each perpendicular 
to the principal ray, and lying in planes through the principal 
ray, which are perpendicular to each other. 

The two focal points coincide if / = 0, /' = ; and in this case 
all the lines of the small pencil meet in a point. 

142. In order to form an idea of the character of a small 
pencil, it will be useful to find the equation of the bounding 
surface of the pencil in some particular cases. 

We shall suppose that the pencil meets the orthogonal surface 
in a small ellipse, whose axes are in the principal planes. For 
axis of z, we choose as before the principal ray, and the point 
where this ray meets the orthogonal surface shall be the origin, 
and the primary and secondary focal planes shall be the planes 
of xz and yz, respectively. Then if the focal distances be denoted 



141 — 143.] THEORY OF THIN PENCILS. 161 

^y ^1) ^2) the equations of the bounding curves of the pencil are 

a'^b^-'l (1), 

z = 0] 

::;■} <^). ;:sl ®- 

Every generator of the bounding surface must meet these 
bounding curves. Let the equations of any generator of the 
bounding surface be 

y=Cz + D] 

Then, since this line intersects the curves (1), (2) and (3), 
A, B, C, B must satisfy the relations 

B' B^ , 

Av, + B = 
Cv, + B = Oj 

The last two equations serve to determine A and G in terms 
of B and D, and the equations of the generator may be written 



: = 5 1 



If now we eliminate the remaining constants B, B, the equation 
to the bounding surface is obtained in the form 






143. By giving z different values, we may determine the form 
of the bounding curves of normal sections of the pencil. These 
■will in general be ellipses, but they may be circular. They will be 
circular if z be chosen so as to satisfy the equation 



..(i-i)-.t.(i.£)- 



H. 11 
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Thus there will be two circular sections of the pencil, one of 
which always lies between the focal lines. For suppose that v^ is 
greater than «,, then if we take 



«e-o='C-3=- 



we get a circular section, and its position and radius are given 
by the equations 

a + b _a b 

r a b _ 

It is easy to see from the first of these equations, that z lies 
between «, and v^^. 

This circle is sometimes called the circle of least confusion, 
as will be explained later. 

144. But every small pencil has not a circular section of 
this form ; the preceding argument only applies to symmetrical 
pencils. For instance, if the curve in which the pencil cuts 
the orthogonal curve be an ellipse whose principal axes do not 
lie in the focal plane, we may take as the equation of the 
bounding curve 

aa? + 2hxy + by" -■ 
z- 

in which case the equation of the bounding surface of the 
pencil may be shown to be 

2hxy by" _^ 






V vj \ vj\ vj \ vj 



Whatever constant value we may give to z, the equation to 
the section can never take the form of a circle. 

In the case of an optical instrument, however, the orthogonal 
surfaces are always surfaces of revolution about the axis of 
the instrument, and the first focal plane of a small part of a 
symmetrical pencil will be a meridian plane, so that the small 
pencil has the necessary symmetry,, and therefore has a circular 
section. 
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145. It has been seen that when a small pencil emerges 
from an optical system, it will not in general have a single 
focus through which all the raj's of the pencil pass, but all 
the rays of the pencil pass through two focal lines; we must 
next enquire into the nature and position of the image of an 
object afforded by such pencils. We may suppose one of the 
small pencils to be received on a screen. If the screen pass 
through the first focal line, the section of the pencil will be a 
small line, say a horizontal line. If a number of such pencils, 
originally diverging from the several points of the object be 
received on the screen, each pencil will give rise to a short 
horizontal line on the screen ; so that the breadth of the image 
will be greatly exaggerated as compared with its length. In 
the same way, if the screen be placed at the other focal line 
of the pencil, each point on the object will be represented in 
the image by a small vertical line, and the length of the image 
will be exaggerated as compared with its breadth. Both these 
images are defective, in that they distort the shape of the 
object. The best image is given when the screen occupies the 
position of the circle of least confusion; for then, corresponding 
to each point of the object, there appears a small circular patch 
of light on the screen, and if the circle of least confusion be 
very small, this will not seriously impair the value of the image. 
The image is therefore taken to be the aggregation of the 
overlapping circles of least confusion. The size of the circle of 
least confusion may be taken to represent a measure of the 
indistinctness. 

146. The nature of a small pencil may be investigated in a 
less satisfactory manner, by Elementary Geometry. When the 
system of rays is symmetrical about an axis, we have seen that 
the orthogonal surface is a surface of revolution. We are now 
going to consider a small pencil of the system whose rays meet 
the orthogonal surface within a small area. We shall suppose 
this bounding line of the pencil at the orthogonal surface to 
be a small ellipse of semi-axes a, b, whose centre is C 

Let MGN, PBS. . . be lines of curvature, of the system which 
consists of circles whose centres lie on the axis. Then rays from 
all points of the line MGN will meet the axis in the same 

11—2 
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point q^; and since the area is small, MCN may be taken to 
be a straight line ; and therefore all rays passing through the 




line MCN, lie in the plane q^MN and meet in q^. Similarly 
all the rays which meet the orthogonal surface in the line PES 
lie in a plane qPS and meet the axis in a point q. Let these 
planes meet in the line mq^ri. When the line PRS moves up to 
coincide with MCN this line mq{n, takes up a definite limiting 
position ; and since the area on the orthogonal surface is small, 
all the planes such as qPS very nearly pass through this 
limiting position of the line mq^n. This line is called the 
primary focal line, and the point q^, where the principal ray 
meets it, is called the primary focus. Thus all the rays of the 
pencil pass through the primary focal line very nearly, and will 
be treated as if actually passing through it. 

147. Also all the rays of the pencil meet the axis, and 
therefore the axis might be taken as a secondary focal line ; but 
this is not convenient, because this line is not perpendicular 
to the principal ray of the pencil. A section of the pencil by 
a plane through q^ perpendicular to the principal ray does not 
differ much from a straight line, the actual shape of the section 
is a curve with two loops, like a slender figure of eight. For 
since all the rays from MCN pass through q^, the. breadth of the 
section at q^ vanishes. But the rays from the line PRS meet 
in q, and therefore they will have diverged again before meeting 
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the plane of section, giving a section of small breadth prs ; and 
similarly, if we consider a line of curvature below MCN, the rays 
from it meet on the axis beyond q.,, and therefore will not have 
met when they reach the plane of section. It appears there- 
fore that the figure bulges out both above and below q^; but 
it will be proved that the breadth of the section is a small quantity 
of the second order, and the breadth will therefore be neglected, 
and the section will be considered to be a straight line. 

The breadth of the section may be found from the figure by 
the consideration of similar triangles. Let 6 be the inclination to 
the axis of the principal ray ; then 

pr _ qr _ q^r cot 6 
'PR~qR~ ' qR ' 

since the angle qrq^ is very nearly a right angle. 

Al«o 2£ _ Mj _ %-^i 

OR Cq, V, ' 

where v^, v^ denote the distances Cq^, Gq^, respectively ; and there- 
fore, substituting the value of q^r, we find 

PR.GR v.,-Vi , . 

pr = 5:5 — . cot 0. 

^ qR v^ 

The greatest values of PR and OR are respectively b, a, and 
qR is equal to v^ nearly, so that pr is of the order ab (w^ — v^/v^v^. 
But a, b, are very small compared with v^, v^, and therefore the 
breadth pr is always a small quantity of the second order. 

The line is called the secondary focal line, and the point q^ the 
secondary focus. The plane through G and the axis is called the 
primary plane, and the plane through the principal ray, perpen- 
dicular to the primary plane, is called the secondary plane. Thus 
the primary plane contains the secondary focal line, and the 
primary focal line lies in the secondary plane. 

148. If we assume that when we choose a section between the 
two focal lines such that the breadth of the section in the primary 
plane is equal to that in the secondary plane, this section is circu- 
lar, the position and magnitude of the circle of least confusion 
may be found by elementary geometry. 
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Let mhnk be a section perpendicular to the principal ray and 
let hok, mon be the breadths in the primary and secondary planes. 




respectively, and suppose each of these is equal to 2r, and let 
z = Co. Then by similar triangles, 

hk:HK=oq,:Cq,\ 
and also iim : MN=oq^ : Cq, 



that is. 



r 
a 
r 
V 



V, 



v,-z 



V, 



These equations determine the position and radius of the circle 
of least confusion, and give the same results as before, namely, 

a + h __ a h 



r ah 



When the section of the pencil by the orthogonal surface is 
circular, then a = b, and the formula to find the circular section is 



2 
z 



1 1 

■■- +- 



and therefore 2^ is a harmonic mean between v^ and v^. 

149. We shall now investigate by elementary geometry the 
positions of. the primary and secondary foci of a small pencil 
diverging from a point, after reflexion or refraction at a plane or 
spherical surface. 

When a small pencil is reflected obliquely at a plane surface, 
we have seen that the reflected rays all pass accurately through a 
point, so that the two foci coincide. In this case there is no circle 
of least confusion ; the image of a point is a point, and the 
definition is perfect. 
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Next, let the pencil be refracted at a plane surface. 

Let QP be the principal ray of the pencil, qJP the direction of 
the ray after refraction. Let the angles of incidence and refraction 
of this ray be, respectively, <^ and <f>'. Let QP' be a consecutive ray 




in the primary plane and let this ray after refraction meet qJP in 
y,. Then, ultimately, when P' coincides with P, q^ will be the 
primary focus. If QA be drawn normal to the plane, and if the 
refracted ray produced backwards meet QA in q^, then q^ will be 
the secondary focus. Let QP = u, q^P = t)^, g-^P = v^. 

Then fi sin <f> = fi sin ^', 

and therefore, fj. cos <f) d^ = //.' cos ^' d^'. 

Let the line PP' be denoted by x. Then, since dcf) represents 

the angle PQP', 

a; cos (j) 



d<f>- 



and similarly 



d(j>' = 



a; cos ^' 



.(1). 



If we substitute these values of d<f>, d<^' in the previous 
equation and divide both sides by x, it becomes 

fjL cos" <f> _IJ-' cos" <f>' 
u V, 

AP 

u ' 

AP 

V. • 



Also 



sin <j> = ■ 
sin <f)' = '■ 
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and therefore ^ = ^ (2). 

The values of v, and v, are therefore determined. 



150. Next, let the pencil be refracted at a spherical surface of 
radius r. 




Let QP be the principal ray, and q^q^P its direction after 
refraction. Let QP" be a consecutive ray in the primary plane ; and 
let the corresponding refracted ray meet q^ in g',. Then g, will 
ultimately be the primary focus, and if Pg'j'meet the axis in q^, q^ 
is the secondary focus. Let be the centre of the sphere, and as 
before, let QP = u, q^P = v^, q^P = v^. Let the incident ray QP, 
the refracted ray q^P, and the radius OP, make angles x> x'> ^ 
with the axis, respectively. Then, if ^, (j)' be the angles of 
incidence and refraction, ^ = ^ — %, 4' — ^ ~ X- 

By the law of refraction, fi sin <^ = /a' sin <f>' ; 

and therefore fi cos ^ d<f) = fj/ cos ^' d^'. 

Expressing d<p, d<\)' in terms of the dififerentials of 6, x, %'. this 
equation becomes 

/JL cos <j> dx — /J^' cos ^' d^ = (ji cos <f) — fi' cos <^') dd. 

But if we denote the arc PP" by x, it is easy to see that 
dx = x cos <l>/u, d^ = X cos ^7*'i' ^'^^ ^^ — ""I''' j ^'^*i therefore 

fi cos" (^ fj! cos'' <f>' _fi' cos <f> — jjf cos ^' 

w j^j r ^ '' 

This equation determines the value of y,. 
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Also, by equating areas of triangles, we get the identity 
A q^PO - A QPO = A q^PQ ■ 
and if we express these areas in terms of the lengths u, v^, r, this 
identity becomes 

v^r sin (f>' — ur sin ^ = uv^ sin (^' — ^). 
By virtue of the law of refraction, /u. sin 4> = f^ sin <f)', this 
equation may be expressed in the form 

fjLV^r — fi'iir = uv^ {fi cos ^ — /a' cos 0'}, 

u, uf u, cos d) — u! cos <i' ,_. 

or = - — — (2), 

u v^ r 

and thus the value of v^ is determined. 

151. In the case of reflexion at a spherical surface, we may 
proceed in exactly the same manner as in the case of refraction ; 
or we may deduce the corresponding formulae by putting /i' = — /x. 
We thus get 

1 1 2 ^ 

- + -■■ 



u v^ r cos (^ 

1 1 2 cos <f) 

- + -= ^ 

u v^ r , 

General Theory of the Refraction of thin pencils. 

152. It has been shown that all the rays of a thin pencil, 
which can be cut at right angles by a surface, pass through two 
lines, the planes through these lines and the principal ray being 
perpendicular to each other. Let the axis of the pencil be taken 
as the axis of z, and let the focal planes be the planes of xz and yz, 
so that all the rays of the pencil pass through a line x = 0, z = a, 
and also through a line 2/ = 0, z = h. Let any ray of the pencil 
meet the plane of xy in a point {x, y), and let the equation of the 

ray be 

^-x_'n-y _^ _^ 
a /3 7 ■ 

Then, since it meets the first focal line, 
ar + X- 

t^r ■■ 

and therefore - = 

7 a 



= 0) 
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Similarly "=~f' 

and therefore 

adx + ^dy + yrf^ = 7 ( d^ - ^-^ - ^ j . 

But 7=1, to the approximation to which we have been 
limiting ourselves, so that if V denote the characteristic function, 
we have 

dV= ft, (adx + ^dy + 'idz) 



and therefore 






The characteristic function for a small pencil in any position 
may be found from this expression by transformation of axes. 
First turn the axes of x and y about the axis of z through an 
angle 6 from x to y, then the value of the characteristic function 
becomes 



''=^+''h£-&-?) w. 



, 1 cos" (9 sin'^ 

where -j = ■ + — =— , 

A a b 

1 _ sin' e cos' 6 ' 
B~ a '^ h ' 

T^v = I r ) sm cos v. 

U .^a 0/ 

Conversely, if the characteristic function be given in the form 
(2), the values of 6, a, b may be found by means of these 
equations ; in other words, the directions of the focal planes ^nd 
the two focal distances may be determined in terms of A, B, G. 
' Next, turn the axes round the axis of y through an angle <f) 
from X towards z ; we then deduce 

F=^ + /.[^cos./,-^sin./,-(^""^'^^y^^"'^)' 

_ f__ y (x cos <f> + z sin <}>) '] 

'2B C ' ^J ^•^^• 

and this is the general form of the characteristic function for a 
small pencil. 
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153. To find the relations between the constants A, B, 0,6, <f>, 
A', B', C, 6', <f>' for the incident and refracted pencils. 

Let the normal to the refracting surface be taken as the axis of 
z, and the plane of incidence as the plane of xz, so that if cf) be the 
angle of incidence of the principal ray, the characteristic function 
for the incident pencil will be of the form (3). The characteristic 
function for the refracted pencil will be of the same form with" 
dashed letters for the constants. Let the equation to the surface 
in the immediate neighbourhood of the point of incidence be 

The characteristic function is continuous at this surface, and 
therefore V=V along it. In the equation 

F-F = 0, 

substitute the value of z from the equation to the surface ; then 
neglecting powers of x, y above the second, it becomes 



K- 



-fi^' + (^ + lb + ^) (/^cos ^-/x'cos^') - a; (/A sin (^ - ix' sin ^') 



fa? cos" (A y' 



xy cos ^\ , (0? cos' ^ y' .o^y c os<f> \ _ 
25+~a^J+'' I 2A' +2l'+ ~C~~)-^- 

This equation must be true for all small values of x, y. Equat- 
ing to zero the several coefficients, we find 

K = K', 

fi sui<f> = fi sin <})' (4); 

fi cos' <}) fi cos' <})' _ fj. cos 4>~ H' <^QS <j)' 
"A A^~ P 

fJL /J-' _IJI' COS <f) — /J-' cos (f)' 

B~W Q^^ ^ 

fi cos <j) (j! cos <^' _ //. cos <}>— fJ-' cos <j)' 
~0 G^~ R 

The equation (4) expresses the ordinary law of refraction and 
determines the angle ^' ; the equations (5) then determine the 
values of the constants A', B', C, and from these may be calculated 
all the circumstances of the refracted pencil. 



.(5). 
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154. In this- investigatioQ the plane of incidence and 
refraction of the principal ray is taken as the plane of xz. If 
this plane be also a plane of principal curvature of the 
refracting surface, we shall have l/7i = 0. In this case, if the 
focal lines of the incident pencil be, respectively, in and perpen- 
dicular to the plane of incidence, the focal lines of the emergent 
pencil will also be, respectively, in and perpendicular to the 
same plane. For if 1/0 = 0, and 1/ii = 0, we must also have 
I/O' = 0. If the refracting surface be a plane or a sphere, 
the plane of incidence is always a plane of principal curvature ; 
and when the refracting surface is a surface of revolution the 
plane of incidence is a plane of principal curvature when the 
principal ray intersects the axis. In these cases, therefore, if 
the focal lines of the incident pencil lie, respectively, in and 
perpendicular to the plane of incidence, the focal lines of the 
emergent pencil will also lie, respectively, in and perpendicular 
to that plane. The same will be true if the incident pencil 
diverges from, or converges to a point. 

155. If the refracting surface be a sphere, IjR = 0, and 
P = Q = r, where r is the radius of the sphere. The equations 
connecting the constants of the incident and refracted pencils 
in this case become 

fj, cos" ^ fi' cos' <f>' _fJ' cos <j) — fj-' cos (^' 

/M fJ-' _f^ cos (f) — fjf cos <f)' 
B~B'~ r ' 

/x, cos ^ fjf cos 4> _ f^ 

If the focal lines of the incident pencil lie, respectivel}', in and 
perpendicular to the meridian plane, 1/0 = 0, and therefore 
1/0' = 0, so that the focal lines of the emergent pencil also 
lie, respectively, in and perpendicular to the meridian plane. 
The same is true if the incident rays diverge from a point; 
for in this case a=b, so that 1/0 = 0, and A = B. If, as 
before, we denote the distance of the radiant point from the 
surface by u, and the distance of the foci by v, v', the equations 
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take the form 

II cos" (^ fji! cos' <f>' _fi cos <f> — fjf cos ^' 
u V r ' 

/J, /a' _ /"■ cos (j) — fjf cos (f)' 

u v' r ' 

which agrees with the result previously obtained. 

156. To find the focal lines of a small pencil after refraction 
through a prism. 

We shall suppose the axis of the pencil to lie in a plane 
perpendicular to both faces of the prism, and that the pencil 
passes through the prism so close to the edge that the length 
of its path inside the prism may be neglected. Let <^, ^' be 
the angles of incidence and refraction of the principal ray at 
the first surface, ■y and i|r. the angles of incidence and emergence 
at the second surface. The plane of incidence is the same 
for both refractions. Let the characteristic function for the 
incident pencil, when the axis of z is in the direction of the 
principal ray, be 

^ ^^\ 2A 2B Cj' 

and let F, be the corresponding function for the pencil after 
one refraction, so that 

and after the second refraction let the function be 






the positive direction of the axis of z being in each case opposite 
to that of the transmitted light. Then, at the first refraction 
the equations connecting A, B, G, A^, B^, (7,, are 

cos' ^ _ /A cos" <^' 

"^2 Ar~ 

B B, 
cos 4> _fj' cos 4>' 
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and at the second refraction the equations connecting A^, J5,, (7,, 
and A', F, C, are 



/x cos' y{r' 


COs'^lr 

~ A' • 


A' 


1 

~ B" 


fl cos l|r' 


cos y^ 


C, 


~ G ■ 



Eliminating A^, B^, G^ between these two sets of equations, we 
arrive at the equations 



1 cos" ^ 
A cos''<j>' 


1 cos" ^{r 
A' cos" 1^' 


1 

B^ 


1 
^B" 


1 cos ^ 


1 cos ■yjr 



G cos ^' G' cos 1^' ' 

These equations completely determine all the circumstances of 
the emergent pencil. 

If 1/(7 = we must have l/C = also ; that is, if the focal 
lines of the incident pencil be, respectively, parallel and perpen- 
dicular to the edge of the prism, the focal lines of the emergent 
will also be, respectively, parallel and perpendicular to the edge of 
the prism. If the incident pencil diverge from a point, so that 
1/C7 = 0, and A = B, the emergent pencil will not in general 
diverge from a point, but from a pair of focal lines, respectively 
parallel and perpendicular to the refracting edge ; but if the 
principal ray pass through the prism with minimum deviation, we 
shall have <f) = -^fr, <f>' = yjr', so that A = A', and therefore A' = B'. 
In this case, the emergent pencil will diverge from a point. The 
distances of the two foci from the edge of the prism are, respectively, 
A and A', measured both in the direction of the passage of light ; 
thus the foci are equally distant from the refracting angle of the 
prism. 



156 — 157.] REFRACTION THROUGH A CYLINDRICAL LENS. 175 

157. Next we shall consider the refraction of a small pencil 
through a thin lens both of whose surfaces are cylindrical, but such 
that the generating lines of the two cylinders are inclined to each 
other at an angle 22. 

Let the radii of the surfaces be a, h, and in the case considered, 
let these radii and all distances be measured in a direction 
opposite to that of the incident pencil. Let the axis of the lens 
be taken as the axis of z, and let the plane of yz bisect the acute 
angle between the generating lines of the two cylinders. Let 
the circumstances of the pencil be originally expressed in the 
manner of § 152 by the constants A, B, G, and after one refraction 
by J.,, £,, Oj, and after the second refraction by A', B', C. Then 
the values of P, Q, R for the first surface are 



P = 

Q = 

R = 



cos a 

a 
sin'' a 

a 
sin a cos a 
a 



and for the second surface the corresponding values are 

cos' a 



P' = 



R' = 



sm a 



sin a cos « 



Moreover the angles of incidence and refraction are very small, 
so that cos ^ = 1, cos ^' = 1 approximately, and therefore the 
equations connecting the constants are, 



^ 

< 


1 (/x- 
A 


- 1)003" a 
a 


5, 


1 i^- 
B~ 


a 


C, 


1 (/.- 


- 1) sin a. cos a 
a 
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and also 



1^ 

A' 
1 

B' 
1 
C" 



A,' 



(1 — /i) cos' a 
' h 

(1 — /Lt) sin' a 
' h 

(1 — /u.) sin 1 cos a 



If we eliminate A^, £,, Cj, by adding the corresponding equations 
of these sets, we get finally 



i-^ = (/._l)cos'ag--J) 

i,--i=(^-l)sin'a(l-^) 

11,,.. /I 1\ 

^,-^ = (^-l)smacosa(^- + ^j 



1 

B 



C 

Now if M, V be the distances of the two focal lines from the lens, 
and if 6 be the angle between the plane of yz and the focal line 
corresponding to u, measured from the axis of y towards that of x, 
then 



1 cos" e sin' e 

A' u ^ V 






1 sin= e cos" e 

B' u V 


■; 


rii = { 1 sin ^ cos 6 

C \u v) 




and if the incident pencil be diverging from a point at a distance x 


from the lens, then 


1 1^ 

A X 




1 1 




B X 




h" 







Hence, subtracting the first two equations, 

g-i) cos 2^ = 0.-l)cos 2.(1-1); 
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by the third equation. 

A lens of this kind does not bring a pencil radiating from a 
point to a single focus, and therefore it is said to be astigmatic, and 
the measure of the astigmatism may be taken to be the value of 
1/m ~ 1/v. 

To find this value we must square and add the last two 
equations ; and so we obtain 

1 1 / IN /i i 2 7 

= (m— 1) \/ — + 15 r COS 42. 

M t) ^^ ' \ a ¥ ab 

If the second surface be plane, 1/v = 0, and therefore 
1 1 ^-1 



Such a lens has been called by Professor Stokes an astigmatic 
lens, and the line through the centre of the leus in the direction of 
the generators of the cylindrical surface the astigmatic axis of the 
lens. 

158. To find the focal lines of a small pencil after oblique 
centrical refraction through a thin lens. 

The central ray of the pencil passes through the centre of the 
lens, and will therefore emerge parallel to its original direction. 
Let ^ be the angle of incidence and final emergence of the 
principal ray, ^' the angle of refraction within the lens. The 
plane of incidence is the same for both refractions. Let the 
characteristic function for the incident pencil, when the axis of z is 
in the direction of the incident ray and the plane of xz the plane of 
incidence, be ^ 

and let the corresponding functions after one and two refractions 
be, respectively, 

H. 12 
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/i being the refractive index of the substance of the lens, and the 
direction of the axis of z being in each case opposite to the 
direction of the transmitted light. Then at the first refraction, 

cos' ^ /i cos' (^' _ cos <f> — fi cos <f>' 
1 /i _ cos <}> — fJ- cos <^' 

cos <!> fJ, COS 4*' _ n 

and at the second refraction, 

/t cos' <f>' cos' /li cos <f)' — COS <f> 
/JL 1 fi COS ^' — COS <^ 

B. ~B'^ »•' • 



fl cos <f>' COS ^ _ r. 



c. c 



where r, r' are the radii of the spherical surfaces. 

Eliminating A^, B^, C^, the relations between the constants of 
the incident and emergent pencil are 



cos' <f> 



^, - -g = (/. cos </,'- cos </.)(-- ^) , 



11 

C'~G' 

159. If the incident pencil diverge from a single point at a 
distance u from the lens, 1/0= 0, A = B = u. Then 110' = Q, so 
that the focal lines of the emergent pencil lie, respectively, in and 
perpendicular to the plane of incidence. If v, v be their distances 
from the surface 

cos' 4>\ = = (u cos A' - cos A) ( > I . 

In the case in which ^ and ^' are small, we may substitute 
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COS ^ = 1 — J^", COS ^' = 1 — ^<j)", and by the law of refraction, 
= /jL(f>', and therefore 

cos<^'=i-|;. 

Substituting these values for cos0 and cos(/)', we get 
/i cos (/)' — cos ^ = (/i — 1) j 1 + ^ L 
If, therefore, we call the focal length of the lens /, so that 

v' n f\ ^^,m\ 

160. One of the defects of an image of an object as seen 
through a lens, is that it appears curved, when the object is 
plane. We proceed to find the curvature of an image close 
to the axis ; in other words, we shall compare the curvatures of 
sections of the object and its image made by any plane through 
the axis of the lens. This curvature of the image will depend 
partly upon the obliquity of the pencils proceeding from the points 
of the object more remote from the axis. 

Let u be the distance of the point of the object under 
consideration from the centre of the lens, and <^ the obliquity 
of the principal ray of the pencil. Then, in general, there 
are two focal lines at distances v, v, from the centre, where 

1 1 1 (, </.'i 

and --- = -? ll + 5^h 

so that both foci may be included under the formula 
1 1 1 
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Let PQ, pq represent sections of the object and its image, 
respectively, P and p being corresponding points, Q and q being 
the points where the sections are cut by the axis. Draw the 



\ 


p 


r^ 






c - 

r 


q 


n 


Q 


N 



ordinates PN", pn perpendicular to the axis. Then for the points 
Q, q the obliquity ^ is zero, and therefore 

I 1__J^ 

Gq~GQ- f 

and for the other corresponding points P, p, 

^-^ = ;^ (1 + ^00. 

Multiply the former by cos (}> and subtract the latter, and then 
we get 



qn 



QiV 



Cp.Gq UP.CQ f 



= -j\l-^-l-Tc4>^ 



:-}(|h-A.)<^'. 



But Cp.Cq = Gp', ultimately, and therefore 
Gp.Cqi^'={Gp.,\>Y = pn\ 
and similarly, GP .GQf= [GP . ^f = PN\ 

so that we get 



qn 
pn' 



QN _ (2i+l) 



PN' 2/ • 

And if p, p be the radii of curvature of the object and image, 
respectively, by Newton's theory of curvature l/2p' = qn/pn^, and 
1/2/) = QN/PN", ultimately, so that 

1 1^ (2A; + 1) 
P P~ f ' 

This gives the relation between the curvatures of an object 
and its image. 

The curvature of the image is independent of the position of the 
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object ; for the relation between the curvatures of the object and 
its image is independent of the distances u, v. 

If the object be plane, so that the curvature of the section of 
the object is zero, 1/p = 0, and therefore 

1 (2/j+l) 

P f ■ 

The radius of curvature has therefore a sign opposite to that 
of/ 

The value of h depends, as has been shown, on the focus chosen 
to represent the image ; for a primary focus, & = 1 + 1/2/i ; for a 
secondary focus, k = l/2fi, and for the circle of least confusion k is 
the mean of these values. 

For the geometrical focus, k = 0, and therefore 
JLl _1 
P P f 

161. The characteristic function maybe applied to investigate 
the theory of any optical instrument symmetrical about an axis. 

For, take two fixed points 0, 0' on the axis, in the first and 
final media, respectively, as origins, the axis of the telescope being 
the axis of z, the positive direction of the axis at being opposite 
to the direction of the incident light, and the positive direction of 
that at 0' being in the same as that of the emergent light. 
Consider the part of the characteristic function between two points 
{x, y, z), {x', y, z) on any ray, situated respectively in the first and 
final media. Let the ray through these points meet the planes of 
x\) at 0, 0' in the points (^, r)), (^', r\). Then if V be the value of 
the characteristic function from the point (^, t)) to the point (f', r{), 
and F„ the value from to 0', F may be expanded by Taylor's 
Theorem in the form, 

V ^0^^ ^^+v ^^+^ ^^.^v ^^, 

+ terms involving higher powers of ^, 17, f, 77'. 
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In all the coefficients, it is supposed that ^ and 7; are made 
equal to zero after differentiation, so that the coefficients are 
constants. We may therefore write the value of V in the form 

+ I af + c^V + h W 

+ I a'r + cW + i ^ V + 

Let U be the characteristic function from the point {x, y, z) to 
the point {x', ?/', z) ; then from the definition of this function 

U=V + (,{{x-^f + (y- rif + ^f + /.' [{X' - ^y + iy' - r,J +/f . 

+ iaf +0^^7 + 1 &»?' 

+ pW + q^v + r^'v + svv' 

+ Ja'r + cW + |6V+ 

But since the function is symmetrical with regard to the axis 
of z, we must have 

/=0, 5-^0, / = 0, g' = 0. 

c = 0, c' = 0, 

q = o, r = 0, 

a = b, a' = b', p = s. 

The characteristic function, therefore, reduces to 
U= V, + ,,z + /.V + 1^ |(^ - ^y + {y- rif ■ 

+p(?r+w)+ 

the square roots being expanded by the Binomial Theorem. 

The characteristic function is stationary for small variations 
of fi V, f. v'> and therefore, rejecting higher powers of small 
quantities, 
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Solving the first and third equations to find f, f , we get 

^f=f («'-5)-'v ^ j 

where i) = (a+fj(a' + '^)-p', 

and similar formul?e hold for 17, tj' in terms of y, y'. 
Hence 

i)(.-?)={.(a'+Q-/}. + ^ ' 

But the characteristic function U may be written in the form, 

+^(«+^)f+i'r}+ir(Ff+(«'+f^)f} 

+ similar terms in y, ij 

= F.+/.^+/.v+g(«.-i)+|^'(<.'-r) 

+ similar terms in y, 17. 

Substituting the values of x- ^, m — f' in terms of x, x this 
becomes 
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+ a similar terra in. y, rj. 
I^et g= -5 — — -" 9=, - 



p — aa p —aa 

/•_ MjJ j^,_ tLlL^ 

•'~ p'-aa" ^ p'-aa" 

now that these letters have ceased to enter into the investigation 
with other meanings. 

Then, if in the expression for U, we multiply the numerator 
and denominator of the fraction by zz', and divide them by aa —p", 
it easily reduces to 

r7_ TT , „- , ,/ ' , , ^ (^' - g') ^^ + /^' (^ - g) ^" + (// +/m) xx 

'-' — ' "1" A** T" /* •2 T -J 7 r-r-; r, ttt, 

i^-ff){^ -9)-J/ 
. . fJ^jz- g) f + H''{z- g) y" + iff,' +/» yy 

^ {^-g){^'-g')-ff 

162. If (I, 1)1, n) be the direction cosines of the incident ray, 
through the point {x, y, z), by the properties of the characteristic 
function we learn that 

dV dV dV 

I : m : n = -r- ■ -t- ■ -;—■ 
ax dy dz 

If we put, for brevity 

z-g=ul 
z -g =u] 

and remember that ffj.' =/V. these ratios become 
I _ m _ n 
u'x +/V u'y +f'y' uu — Jf ' 

Similarly if (Z', ml, n') be the direction cosines of the emergent 
ray, we may show that 

;' / / ' 

TO _ M 

ual +fx uy' +fy uu' — ff ' 

Now suppose that one of the two points, say (x, y, £), remains 
fixed while the direction of the ray through it changes ; then the 
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first set of these equations determine where any ray meets the 
plane z = z . 

But if X , y', /, be chosen so that the denominators of the ratios 
vaaish, that is, if 

u'x = -fz'' 

'^i-'y = -f'y'\, 

uu= ff, 

then this set of equations will be satisfied for all values of the 
ratios I : m : n. In other words, whatever be the direction of 
the incident ray through (x, y, z), it will pass through the point 
(*'. y, z), as determined by these equations. It is easy to see 
from the equations giving the ratios V : in : n that this property 
is reciprocal ; hence {x, y, z), {x , y, z) are conjugate points. 
Their coordinates are connected by the equations 

uu'=ff, 



X 


_2/_ 


u 


Id 


y' 


"7 


x' 


-t-. 


u' 


X 


y 


~ f. 



These equations at once give the positions and characteristic 
properties of the cardinal points of the system of which we have 
given an account in connection with Gauss' theory of any system 
of lenses arranged symmetrically along an axis. Thus if we 
make u infinite, we get u = 0, and vice versa; so that rays 
which are parallel in the first medium all pass through a point 
on the plane u = 0, in the second' medium ; in other words 
w' = is the equation of the second focal plane. Similarly 
M = is the equation of the first focal plane. 

Also if we take u = —f, and therefore u = — /', we find 

X = af 

y = y' 

This proves that any ray meets the planes u = — /, u = — /', in 
points, such that the line joining them is parallel to the axis of 
the system. These are therefore the planes of unit magnification, 
or principal planes. 

From these cardinal points we may deduce the positions of 
the nodal points, and apply any of the constructions previously 
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given for determining the position of a focus conjugate to a 
given focus, or the direction of an emergent ray corresponding 
to any incident ray. 

163. These constructions fail in the case in which if = aa! , 
for then the values of the coordinates of the cardinal points and 
the principal focal lengths become infinite. The characteristic 
' function becomes 

a.i-' + I'pxx' + aal' 



U= V. + imz + im'z' + 1- 



uz a z , 
- + ^- + 1 



+ a similar term in y, y. 

If we use this form of the characteristic function, the direction 
cosines of the incident and emergent rays are given by the 
equations 

I m 11 



ax+px' ay+pq' 



r 



.( 



^%^+l) 



px + a'x' py-\-a']/ , laz aV N' 



By the same reasoning as before, it may be shown that the 
relations between a pair of conjugate points are determined 
by the equations 



ax + px' = 




' ay+py' = 








The first two of these equations may be expressed in the forms 


of y' a 

- = !. = - P. 
X y a' 


■ 


It appears, therefore, that the linear magnification is constant 
for all positions of the object, namely, 


X a 


ay. 
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Also, for any rays whatever, we have shown that 

fjd III' 

ax + j)^ px + ax' ' 

and by virtue of the relation p^ = aa', this may be written 

fd _ fi'l' 
a p) 

We may also prove a similar equation between m and m', and 
therefore the direction cosines of the incident and emergent rays 
are connected by the relations 

V _'ni' _ fi p 
I in ft a 

_ fjJc 

~' 7 • 
A* 

The interpretation of this equation is that /i^■/yu,' is the angular 
magnification ; and therefore the angular magnification is constant. 
Rays which are parallel in the first medium are parallel also in 
the final medium. This is the case of an astronomical telescope 
directed towards a star when focussed to suit a normally sighted 
person, 

164. To find the characteristic function for a small pencil after 
passing through any heterogeneous medium. 

We shall suppose the initial and final media to be homo- 
geneous, of refractive indices fi and /i', respectively. Let be a 
fixed point on the principal ray in the first medium and 0' a 
fixed point on the same ray in the final medium ; we shall take 0, 
0' for origins and the directions of the principal ray for axes of z 
in the two media, the positive direction of the axis of z in the first 
medium being opposite to the direction in which light is travel- 
ling, and in the second medium being in the same direction as 
that of the light. Let any ray meet the plane of xy at in a 
point (x, y), and that at 0' in a point («', y'). Then if Z7be the value 
of the characteristic function from the point {x, y) to the point 
(«', y'), and [/"o the value from to 0', U may be expanded by 
Taylor's, theorem in the form 
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dU dU ,dU ,dU 
da^+^d^+^'d^' + ydj' 

,(PU d'U , , ,d:'U 

"^d^' + '^'^dMiz + ^y df 



"^ dxdy 
, d'U , d^U , d^U , d'U 

+^-" d^'^'^y d^^'^yndy-^yy s^' 

, ^d'JJ , , d'U , „d'U 

+^' d^'+^^d^'+^y w 

+ terms involving higher powers of x, y, x', y'. 
This may be written 

U=U, +fx + gy +/V + g'y' 
+ ^ ax^ + cxy + if hy^ 
+pxx' -r qxy + rx'y + syy' 

■\-^a'x' + c'x'y' + \h'y'^+ ..., 
the constant coefficients being functions depending on the nature 
of the medium and supposed known. 

Let the characteristic function of the incident pencil be 

and that of the emergent pencil 

then, noting the directions of the axis of z in the two cases, we 
must have 

U=V+V'; 

that is, K + K'=U, +fx + gy +f'x'+g'y' 

+ i aa;' + jxy + ^ jif 
+ pxaf + qxy + rx'y + syy' 

+ la'x" + y'xy' + i^'y"+ 



where 



a = a + 






and a.', fi', y' denote similar expressions for the second medium. 
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Now by the properties of the characteristic function this 
equation must still be true if we let the points {x, y), {x', y') 
undergo small displacements ; by differentiation we arrive at the 
following equations : 

ox + 7y +px' + qij +/= ' 

7,r + ^y + rx' + sy' + r/ = 
px + ry + a V + ^'y +/' = 
qx + syJr ix + Py' +g' = _ 

But since x, y, x , y, all vanish together, 

/=0, g = Q, /' = 0, g'=0. 

Solving the first two equations for x, y iu terms of x', y, we find 

a:S = (r7 - p^) x' + {sy - q^) y, 

yB = (py- ra) x' + (qy - sx) y', 

where S = ayS — 7*. 

Hence, substituting these values into the other two equations, 
we must have 

x' (a'S + pry — p^^ + rpy — r'a) 

+ y (y'B + psy — pq^ + qry — rsa.) = 0, 

a/ (y'S + qry —pq^ + spy — sra) 

+ y' (yS'S + qsy - g'/S + qsy - sV) = 0. 

These equations must be true for every ray, that is, for all 
values of x', y, and therefore 

a'S =p^P — 2pry + r'a) 
y'B =pq0 — {ps + qr) 7 + rsx \ . 
^'B = (f^-'2,qsy + s\] 

By means of these equations the coefficients a', /S', y are 
determined ; these serve to determine the constants A', B', C and 
all the circumstances of the emergent pencil. 

The coordinates (x, y), (x', y') are connected together by a 
linear transformation. If therefore the small pencil be cut by the 
plane of xy at in an ellipse, then the section of the pencil by the 
plane at 0' will also be an ellipse. This proves that if at any 
point the normal section of the pencil be elliptical, all its normal 
sections will be elliptical. 
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EXAMPLES. 

1. A ray passes through a right-angled prism with minimum deviation, 
meeting the face of the prism at a distance y from the edge. Show that the 
foci of the emergent pencil will be separated by a distance y^/2 (/i^ - l)//i. 

2. The image of a straight line perpendicular to the axis of a convex lens 
at a very great distance from it approximates to a parabolic curve, whose 
equation is 

2(.r+/) + (2-|-J)^=0, 

the centre of the lens being the origin, and the circle of least confusion being 
taken to be the image of any point. 

3. A small pencil falls obliquely on a looking-glass, and emerges after 
reflexion at the silvered back. Show that it proceeds from two focal lines, 
whose distance from one another is 

2< cosset)' - cos^<f) 
H cos^<^' ' 

where <f> and <^' are the angles of incidence and refraction at the front of the 
glass, and t the thickness of the glass. 

4. A double convex lens has faces whose radii are each 8 inches, and its 
refractive index is (^3+1) /^2 ; find its power when its axis is inclined at an 
angle of 30° to the line of sight. 

5. A pencil of rays diverging from a point P, whose position is variable, 
is incident on a refracting sphere at a given point in a given direction ; if § 
be the corresponding primary focus after refraction through the sphere, G the 
position of § when the incident pencil consists of parallel rays, F that of P 
when Q is at an infinite distance, prove that 

PF.qG^^"^"^-^^^^ 

16 sm2(^-<^) 

where a is the radiiLs of the sphere, <^ the angle of incidence on the sphere and 
<^' the angle of refraction. 

Show how to find the corresponding theorem for a pencil refracted through 
any number of spheres, the axis of the pencil lying always in one plane. 

6. A small pencil of parallel rays is refracted centrically through a double 
convex lens, the radii of whose surfaces are each equal to r, and whose thick- 
ness is t ; show that, if the square of t be neglected, the distance of the 
primary focus from the point of emergence of the pencil will be 

r sin <f>' cos^ </> t sin <f>' cos^ (f> 
2 sin (<^ - <^') 4 sin <f> cos' <^' ' 

<f) and (f)' being the angles of incidence and refraction. 
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7. If %i be the distance of the origin of light, u' that of the primary focal 
line from the point of incidence of the axis of a pencil of rays falling obliquely 
on a refracting sphere, 0, <^' the angles of incidence and refraction, ;i the 
refractive index, and 6 the angular aperture of the small portion of the sphere 
which refracts the light, prove that, neglecting ffi and higher powers 

/ . rcos^AX/ 3n3sin<i\ / ,, rcos^rfi'N / Zr6s.md>'\ 

r being the radius of the sphere. 

8. A ray of light QAST passes through a plate of glass bounded by 
parallel planes, A being the point of incidence and S the point of emergence ; 
prove that if q^, q^ be the primary and secoiidarj' foci, and 8q^ = v^ '%2=^2) 
AQ = %i, then 

t co.s^ (A 



t:, = u+- 



fj. cos </)' ' 

where t is the thickness of the plate, /i the refractive index, ^ the angle of 
incidence and <^' the angle of refraction. 

9. A pencil of light is incident obliquely upon a prism, the axis of the 
pencil lying in a principal plane. If the faces of the prism be slightly curved, 
and if m, v be the distances of the luminous point and the primary focal line 
from the point of incidence, <f> and <^' the angles of incidence and refraction of 
the axis of the pencil which passes through the prism with minimum deviation, 
then if the length of the path of the pencil inside the prism be so small as to 
be negligible compared with the other lengths involved, show that 

= — =-7 (u. cos rf)' - cos <h) (a - a-') 

when 0-, <t' are the curvatures of the faces of the prism. 

10. Each of the faces of a thin lens (either double convex or double 
concave) is a surface whose principal curvatures are p and o-, and the directions 
of principal curvature of one face are at right angles to those of the other. 
Show that the lens refracts a directly incident small pencil in the same way 
as a corresponding lens with spherical faces, radii 2 (p + a)"'. 

11. A person having a very small fragment of a concave reflector, the 
principal radii of curvature of it being p, p', wishes to place it so that it may 
be considered part of a paraboloid of revolution, the positions of the focus and 
axis being given. Show that it must be placed with its plane of least 
curvature passing through the focus at the distance ^ \/(pp') therefrom, and 
with its tangent plane inclined to the axis of the paraboloid and to its focal 
distance, at an angle whose sine is sf{p'lp). 
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12. A pencil of light diverging from a point is reflected at any surface ; 
-determine the positions and planes of the focal lines of the emergent pencil. 

Show that if the reflected pencil converge to one point, the plane of re- 
flexion must be a principal plane of curvature of the surface and that the angle 
of incidence is given by the equation coa(p = ^/{pi/p.,), where p^, p2 are the 
principal radii of curvature. 

13. The front surface of a thin lens is cylindrical (radius p), and the back 
surface is cylindrical (radius p), the axes of the two cylinders being inclined at 
an angle a, and each perpendicular to the axis of the lens. A pencil from a 
very distant point passes directly through the lens. Show that the distances 
of the foci of the emergent pencil {u, v) from the lens are given by 

« '^ LP pJ 

and find the positions of the principal planes of the emergent pencil. 

14. A lens is formed by the intersection of portions of two circular 
cylinders with their axes at right angles and their concavities inwards. QO^ 
is a line at right angles to the axes of the cylinders, and Q a point from 
which a small pencil falls directly on the lens. Show that in general there 
will be two distorted images of Q formed by the lens, but that if the radii of 
the two surfaces are equal, these two images coincide at a distance v from the 
lens, where 

1 l_ \-p. 
V u r ' 

r being the common radius and u the distance of Q from the lens. 

15. A narrow beam of light is refracted at the surface of a sphere of radius 
R from a medium whose index is /i to a medium whose index is/i' ; prove that, 
if the plane of incidence be a principal plane of the beam, /■, / the distances 
from the refracting surface of those focal lines in the two media that are per- 
pendicular to the plane of incidence, and p, p' the radii of curvature of the 
sections of the caustic surfaces at these focal lines by the plane of incidence, 
then these pairs of quantities are connected by the relations 

^cos2tf-^cos5=^cos2^-^cos^, 
r R f R 

II I 

^.cos' 6 + ^cos6sme- '^.cos' fl sin 5 = ^, cos' ^ + -^ cos fl' sin ff 
Zi^ rR r^ Zr^ r R 

I 
- yr. cos' 6' sin ff 

where 0, ff are the angles of incidence and refraction of the axis of the beam, 
the distances being aU measured positive in the same direction. 
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16. Rays of light are incident from the centre upon a reflecting ellipsoid 
at points situated on a central circular section ; ]irove that the reflected rays 
pass through the diameter of the ellipsoid perpendicular to this section. 

17. Two conical shells of light given by the equation2'-= +.ry are incident 
on the reflecting surface xi/z = a? ; show that the reflected rays pass through 
two straight lines at right angles to each other. 

18. Show that if the normals to a surface all pass through a given 
curve, one set of lines of curvature are circles, and those normals which 
pass through a given point on the curve are generators of a right cone whose 
axis is the tangent at that point. Hence show that if the normals all pass 
through two curves, these curves must be conies in planes at right angles to 
each other, the foci of one being the vertices of the other. (Maxwell.) 

19. A mirror in the form of a right circular cylinder stands upon a table 
so that its axis is normal to the table. Curves traced on the table are viewed 
by an eye after reflexion in the mirror. Show that the curve on the table 
which will be seen along a generating line of the cylinder is a straight line, and 
the curve which will be seen along a circular section of the cylinder is an 
epitrochoid in which the fixed and rolling circles are equal. 

20. A straight line is parallel to the edge of a prism whose vertical angle 
is 1. Show that when viewed by an eye situated on a line symmetrically placed 
on the other side of the edge it will appear to lie on a cone of the second order 
whose equation can be presented in the form 

OT' C0Sec2 I I +z2 = ^2 (^2+2/2 + 2^). 

21. A bright line is placed parallel to the axis of a ■polished cylinder. 
Show that the curve which is seen on the cylinder by an eye placed in the 
plane of xy at the point (a, fi) lies on the surface 

jy {(„ _ ^)2 + (^ _ y)2 + ,2} = (^^ _ „y)2 {(6 _ ^)2 +y2 J + 62^2^2_ 

6 being the distance between the bright line and the axis of the cylinder, which 
is the axis of z. 

22. A narrow flat polished piece of watch-spring is bent into the form of 
a circle, so as to form a cylinder of indefinitely small height ; a luminous 
point is placed so that its projection on the plane of the ring falls within the 
ring. Show that all the rays after reflexion pass through a straight line of 
finite length. Calculate the length and position of this line, and point out the 
modification of the problem when the projection does not fall within the ring. 

If a plane surface be placed parallel to the plane of the ring and below it, 
the bright curve on the plane surface has for its equation r=a-\-b cos 6, the 
point where the line passing through the luminous point and the centre of the 
ring meets the plane being taken as pole. Trace the curve and find the 
condition that it may have a cusp. 

H. 13 
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23. A transparent hollow cylinder stands on a table, and on the inside of 
the cylinder is wrapped a narrow band of bright reflecting foil in the fomi of 
a heUx which just makes one revolution. In the centre of the upper rim of 
the cylinder is placed a luminous point ; find the equation of the curve of 
light on the table, and trace the curve. Prove that the illumination by 
reflected light at a distance r from the axis of the cylinder varies as 

where 2h is the height, and a the radius of the base of the cylinder. 



CHAPTER IX. 

Dispersion and Achromatism. 

165. Hitherto we have considered light to be simple or 
homogeneous. The light of the sun, however, is not homogeneous 
but compound ; each ray of solar light is composed of an infinite 
number of rays of homogeneous light differing from each other 
in colour and refrangibility. This fact was first established by 
Newton. 

In Newton's experiment his room was darkened and a beam of 
the sun's light admitted through a small circular hole in the 
shutter of one of the windows. This beam of light made a small 
circular spot of white light on the opposite wall. He then placed 
a triangular prism of glass near the hole, with its edge downwards 
and perpendicular to the beam of sun-light, so that the rays passed 
through the prism close to its edge. The patch of light on the 
wall was no longer circular and white, but elongated and coloured 
with vivid and intense colours. The sides of the coloured image 
or spectrum were each straight and perpendicular to the edge of 
the prism, and the ends appeared semi-circular. The breadth of 
the spectrum was the same as that of the circular white spot, 
while its length was about five times greater. 

This elongation of the image can only be explained by sup- 
posing that the rays of the beam of sunlight are refrangible in dif- 
ferent degrees. The rays from the sun are not quite parallel, for 
some might proceed from the upper and others from the lower 
limb of the sun's disc. But when the prism is placed in its 
position of minimum deviation, a small difference of incidence 
will produce no appreciable difference of deviation ; consequently 
the inclination of the emergent rays will be the same as those 
of the incident rays; and therefore if the beam of light were 

13—2 
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homogeneous it would cause a circular spot of white light of the 
same dimensions as before, but in a displaced position. 

This experiment further shows that those rays which differ in 
refrangibility differ also in colour ; for the coloured spectrum is 
red at its lower or least refracted end, and the colour changes by 
imperceptible gradations through yellow, green, blue, until at the 
upper or most refracted end, it is violet. Newton distinguished 
seven principal colours ; these arranged in order of their refrangi- 
bility are red, orange, yellow, green, blue, indigo, violet. Of these 
the orange and yellow are the most luminous, the red and green 
next in order, and the indigo and violet weakest. 

166. After trying several ways of explaining those phenomena 
Newton was finally led to the following expenmentiim criicis, 
which is described almost in Newton's own words. He took two 
boards and placed one of them close behind the prism at the 
window, so that the light might pass through a small hole, made 
in it for the purpose, and fall on the other board, which was 
placed at about twelve feet distance, having first made a small 
hole in it also for some of that incident light to pass through. 
Then he placed another prism behind this second board, so that 
the light passing through the two boards might pass through that 
also, and be again refracted before it reached the wall. This 
done, he took the first prism and turned it slowly to and fro about 
its axis, so as to make the several parts of the image cast on the 
second board successively pass through the hole in it, and ob- 
served to what places on the wall they were refracted by the second 
prism. He saw that the light tending towards the violet end of 
the spectrum was considerably more refracted than the light tend- 
ing towards the red end. Hence he concluded that sun-light is not 
homogeneous, but consists of rays of different colours, some of which 
are more refrangible than others. 

167. In this form of the experiment the different coloured 
images of the sun are of considerable size, and are arranged with 
their centres along a straight line. The coloured images will there- 
fore overlap, and the colours will not be thoroughly separated ; the 
spectrum is then said to be impure. We shall now show how a 
pure spectrum may be obtained. 

The sun is always moving relatively to the earth and therefore 
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the direction of his rays is continually changing. This change of 
direction may be corrected by an instrument called a Jieliostat, 
which consists of a mirror turned by clockwork in such a way 
that the light is always reflected in the same direction. The 
reflected rays of the sun are allowed to fall on a convex lens 
of short focal length, so as to make a very small image of the 
sun at the focus of the lens ; this image may easily be made so 
small that it may be regarded as a point. A small pencil may be 
selected from the rays passing through this point by making them 
fall on a very narrow slit between two carefully worked plates of 
metal. If a cylindrical lens with its generating lines parallel to the 
slit be used, the rays may be concentrated on the slit throughout 
its whole length, and a very bright thin pencil can be obtained. 
The pencil of light is allowed to fall on a prism near the refract- 
ing edge, this edge being parallel to the slit. The prism must 
be placed in the position of minimum deviation for rays of mean 
refrangibility, and then it will be nearly in a position of minimum 
deviation for all rays. The object of this is to make the mean 
emergent rays diverge from points and not from pairs of focal lines. 
Let Q be the small focus or the section of the slit through 
which the rays pass. Then after refraction at the prism the red 




rays will diverge from a point r, and the violet rays from a point v, 
where Av = Ar=AQ. If the colours be received on a screen, 
they will overlap, and though by moving the screen farther away 
from the edge of the prism, the colours become more and more 
separated, yet they become fainter at the same time. The pencil is 
therefore made to pass through an achromatic lens (the construc- 
tion of which will be hereafter described), whose centre is B, after 
which the red rays will converge to a focus /, and the violet rays 
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to a focus v, where rBr, vBv are straight lines. The colours are 
now perfectly separated, but the spectrum v'r is very small, so 
that it needs to be magnified before it can be accurately measured. 
The spectrum is therefore viewed through another lens or eye- 
piece (also corrected for chromatic dispersion). The two lenses 
constitute an ordinary astronomical telescope. If therefore the 
rays from the prism be received on a telescope, by focusing the 
telescope we shall be able to see a pure spectrum. 

If we wish to exhibit the spectrum on a screen, the lens must 
be removed. In this case it is better to put between Q and A 
a lens whose focus is at Q. Tlien the rays after passing this lens 
are parallel and the points v and r are at an infinite distance ; and 
by moving the screen further from A we separate the colours more 
and more without weakening their intensity. 

168. If a pure solar spectrum be examined carefully, it is 
found that it is not, as Newton supposed, a continuous coloured 
band, but that there are at certain intervals abrupt deficiencies 
of light, forming dark lines across the spectrum. These lines 
are always seen irregularly disposed along the spectrum whatever 
refracting substance may be used. When the refracting substance 
is varied, the positions of the lines change, but they and the 
coloured rays always appear in the same order, so that any line 
can be recognised. As these lines are sharp and definite and 
are always present, they can be used as marks for determining 
refractive indices ; the refractive indices of the rays to which 
they correspond can be determined for any substance with an 
accuracy equal to that of astronomical measurements. The 
positions of these lines, to the number of seven hundred, have 
been carefully measured and mapped out by Fraunhofer and 
others, and the refractive indices of the corresponding rays 
accurately determined for a very large number of substances. 
By using prisms of the same substance but of different re- 
fracting angles, Fraunhofer verified the law of refraction for the 
rays corresponding to any one of the fixed lines, with extreme 
accuracy. These dark lines are not characteristic of light in 
general, but only of solar light; for if the slit be illuminated 
by a gas-flame, a perfectly continuous spectrum is observed. 

The brightness of the solar spectrum is by no means uniform ; 
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it is brightest in the yellow and the neighbouring colours, 
orange and light green, and falls ofF gradually on both sides. 
It may be observed here, though this scarcely belongs to the 
province of optics, that the solar rays as separated into a 
spectrum differ from each other also in heating and chemical 
effects. The heating effect increases as we pass from the violet 
to the red rays, and still continues to increase for a certain 
distance beyond the visible spectrum, at the red end. Similarly, 
if the action of the different rays on a sheet of sensitive paper 
be observed, the action is very feeble in the red, strong in the 
blue and violet, and is sensible to a great distance beyond the 
violet end of the spectrum. 

169. There are three different kinds of spectra depending 
upon the nature of the source of the light employed. 

i. The solar spectrum is a continuous spectrum except that 
it is interrupted by a definite system of dark lines. The spectra 
of fixed stars also contaiu dark lines, different for different stars. 

ii. The spectra afforded by incandescent solids and liquids 
are continuous, containing light of all refrangibilities from the 
extreme red to a higher limit depending on the temperature. 

iii. Flames not containing solid particles in suspension, but 
emitting the light of incandescent gases, give discontinuous 
spectra, consisting of a definite number of bright lines. 

170. Modern experiments have proved that the missing rays 
in the solar and similar spectra have been removed by absorption. 
For according to the theory of exchanges it is known that every 
substance which emits certain kinds of rays to the exclusion 
of others, absorbs the same kind as it emits; and when the 
temperatures are the same in the two cases, the amount emitted 
and the amount absorbed are equal. When an incandescent 
vapour emitting only rays of certain definite refrangibilities is 
interposed between the observer and a very bright source of 
light giving a continuous spectrum, the gas absorbs from the 
incident light just those rays which itself emits, the light 
emitted by the gas being substituted for the light it absorbs. 
It depends on the relative brightness of the two sources whether 
these particular rays be in excess or defect. If the two sources 
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be at all comparable in brightness, the rays will be greatly in 
excess and will appear as bright lines across the spectrum ; 
for these rays con-stitute the whole light of the one, but only a 
very small fraction of the light from the other source. But if 
the brilliancy of the gas be diminished, while that of the source 
of the continuous spectrum be increased sufficiently, the rays 
emitted by the gas become less intense than those ■\vhich have 
been absorbed, and so by contrast the corresponding lines of the 
spectrum appear dark. The dark lines in the solar spectrum 
would therefore be accounted for by supposing that the principal 
portion of the sun's light comes from an inner mass which gives 
a continuous spectrum, and that a stratum external to this, contains 
vapours which absorb particular raj'S and thus produce dark lines. 
For further details connected with the subject of Spectrum 
Analysis we refer to works dealing specially with that subject. 

171. When a ray of light from the sun falls on a prism of 
glass, we have seen that it is separated into rays of dififerent 
colours ; this fact is called dispersion. We shall now seek a proper 
measure of the dispersive power of a substance. 

We must first select some ray of the spectrum as a standard 
ray; we might with advantage choose the ray corresponding to 
some well-defined dark line occurring about the middle of the 
spectrum. Let fi be the refractive index of the standard ray. 

The measure of the dispersive power of a substance must be 
independent of the refracting angle of the prism which is used in 
the experiment. Take a prism of small refracting angle (, and let 
D be the deviation for the standard ray ; then 

when the light passes through the prism in a direction nearly 
perpendicular to its faces. If fi, B' correspond to any other ray of 
the spectrum, we shall have 

D' = {p:-l)i; 
and therefore by subtraction, dD = i, dfi. 

To eliminate t, we divide this by the former result, so that we get 
dP _ dfi 
D ~ fi-l' 
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This is taken as the measure of the dispersive power of the 
substance for the ray whose refractive index is {fx + 9/a), and is 
often denoted by •uj ; thus 

dti 
/A-1 

172. We may next choose a standard substance. Herschel 
proposed that water at its temperature of maximum density should 
be used as a standard, so that any ray might be identified by its 
refractive index referred to water, or as we might say, by its 
position on the water scale. 

If a; be the refractive index of the standard ray referred to this 
standard substance, and /i the refractive index of the same ray 
referred to any other substance, then /a will be some function of x, 
whose form will depend on the nature of the medium. We shall 
have, therefore, 

and if a; + 3a;, /x + dfi, are the refractive indices corresponding to 
any other ray, 

/i + 3/x=/(a; + 9a;) 

=f{x) + Adx + B (dxf + G (dxy +. . . 

where A, B, G,... are functions of x, independent of the increment 
dx. 

Thus dfi=Adx + B (dx)' + C (dx)" +...; 

and since x and fi are constants, we may write this equation 
in the form 

du dx , / dx N" / dx 

— C— = a ' *■ ' 1 r ^ ( 



; , f dx \ / dx \' 



where a, b, c,..., are constants depending on the medium. 

In order to determine the values of the constants a, b, c,..., for 
each different medium, we must know several corresponding 
values of the quantities dfi/{fj.— l), and dx/{x — l). Fraunhofer's 
observations on the refractive indices of rays corresponding to 
the fixed lines of the spectrum furnish all the required data. 
Since the fraction dx/(x — 1) is always small, and the constants 
b, c... are not found to be very great, we may without appre- 
ciable error neglect all the terms beyond the first two. The first 
term is much the most important, and we see that the ratio of 
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the dispersive powers is nearly constant and equal to a ; so that a 
may be called the dispersive power of the substance in terms of the 
standard, for all rays. This ratio is not, however, quite constant, 
and this fact is called the irrationality of dispersion. If two prisms 
be constructed, one of the standard substance and the other of the 
substance under consideration, then if the spectrum given by each 
be examined, the fixed lines and coloured rays will occur in the same 
order in each, but since the ratios of the dispersion of correspond- 
ing rays for the two substances are not proportional, the spectra 
will not be geometrically similar. If the prisms be arranged side 
by side so as to give spectra of equal lengths and so that the 
extreme rays in each may correspond in position, the intermediate 
rays will not exactly correspond in position. 

173. We shall now proceed to find the dispersion of a ray of 
solar light, produced by refraction through a prism. 

To make the problem more general as well as more symmetrical, 
we shall suppose that the light is dispersed before entering the 
prism. Let ^, <^' be the angles of incidence and refraction at the 
first surface of the prism, and -t^', yjr the angles of incidence and 
emergence at the second surface of the prism, of the standard ray 
whose refractive index is /i. Then, denoting the angle of the 
prism by i, these quantities are conuected by the equations 

sin ^ = /i sin <f>' l 
sin •^ = iJ. sin i|r' ^ . 
</)' + -<|^' = t J 

Let <^ + d<^, <f>' + d(j)', yp-' + di]r', ip- + d^jr denote the corresponding 
angles for any other ray, whose refractive index is /i + d/j,. Then 
by differentiating the relations between the quantities <p, <f>', yfr, i|r', 
/A, we have 

cos <j)d(ji = dfj, sin <f>' + fi cos <f>' d(p' 
cos -^ d-^jr = dfj, sin yjr' + /j. cos yfr' dyjr' 
d<f>' + df = 0. 

From these equations we may eliminate 9^' and d-^' by 
multiplying the first equation by cos •^' and the second by cos <^' 
and adding ; in this way we get 

cos <^ cos i/r' 9(^ + cos l/r COS 0' 9l/r = 9/i, {sin ^' cos l/r' + Sin T|r' COS ^'} 

= 9/isin(^' + -«/r'). 
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and therefore 

cos (f> cos l|r' d(f) + cos T^ COS <f)' d\{r = 3/x sin I, 

an equation which gives the relation between the dispersions of the 
incident and emergent rays. 

Where the incident ray is not dispersed, we must make d<f) 
vanish, and then the dispersion of the emergent ray is given by the 
equation 

„ , da sin { 

9^ = — -, T' • 

cos Y cos (p 

Thus the dispersion varies inversely as the product of the cosines 
of the angles of refraction at the two surfaces. 

174. If the ray be incident perpendicularly on the first surface 
0' = 0, yjr' = 1; and therefore, s'm ■\}r = /j. sin t, so that the above 
result becomes 

d-Jr = — tan tlr. 

When the deviation is a minimum for the standard ray, 
<p' = 1^' = |i and therefore 

2 

sin (. = 2 sin i/r' cos <^' = - sin i/r cos ^', 

so that 

9\!r = — tan -ir. 

Newton thought that the position of minimum deviation was 
also the position of minimum dispersion ; but the last two results 
show that this is not the case. To find the position of minimum 
dispersion, we must make the denominator of the expression for 
3i|r a maximum ; that is cos i|r cos </>' must be a maximum. 
Equating to zero the first differential of this expression, we easily 
deduce the equation 

tan y^df + tan ^' dj>' = 0. 

If in this equation we write d(f>' = — dyfr', it becomes 

tan 1^ d-yfr = ta,n ^' 9\|r'. 

But the angles ^jr, yjr' are always connected by the relation 
sin '>{'' = /J. sin yfr', and if we take logarithms of both sides and then 
differentiate, we get 

cot ylrd\}r — cot ■^' d\}r'. 
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We cau now eliminate the ratio dyjr : 9i|r', and we thus arrive 

at the equation 

tan' i/r = tan ^' tan yjr'. 

By combining this equation with the equations siii ifr = /x sin ■^■' 
and ^' + -i|r' = t, the position of minimum dispersion is completely 
determined. 

The elimination of yjr and ^' may be conducted in the following 
manner. The relation between i/r and -^^ when expressed in 
terms of tangents, becomes 

tan'i/r _ jjHa^yjr' 
l+tan'i/r ~ l+tan'-f' ' 

and by substituting for tan' yjr its value tan (f>' tan yjr', we get 

,^ ,, tan<^'(l+tan'-f') 

u' t&nyjr = - , , , , , ,, , 

'^ ^ 1+ tan ^ tan yjr 

/ » i\i ,' tan <j)' - tan yjr' 
(^-l)^^^^= l + tanftan.^- 

= tan ((^' — i|p'), 
and therefore finally, 

(ya' - 1) tan i/r' = tan {i - 2-f' ). 

This is a cubic equation in tan yjr', from which yjr' may be 
determined. 

175. If the refracting angle of the prism be less than the 
critical angle for glass, it is not difficult to see that this minimum 
always exists. For when the incident ray just grazes the face of 
the prism, proceeding towards the edge, <f) = ^ir, and therefore 
(f)' = 7, where y is the critical angle. This is the greatest possible 
value for (j)', and therefore yjr has its least possible value. But if 
i be less than 7, yjr' is then negative, and therefore yjr is negative 
and is numerically greatest. Hence cos yjr cos <p' is a minimum, and 
therefore the dispersion is a maximum. 

As the angle of incidence diminishes, cos ^' increases continu- 
ally until <f>' = 0, when cos = 1; after this 0' becomes negative, and 
cos <l>' diminishes from unity to cos (7 — t). Also, cos yjr increases 
at first up to unity, when -\^ = 0, and then yjr becomes positive and 
increases up to Jtt, so that cos yjr diminishes from unity down to 
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zero. Thus at first the dispersion gets smaller, then it attains a 
minimum, and afterwards increases without limit. 

Since the dispersion may be indefinitely increased by adjust- 
ing the position of the prism with respect to the incident ray, 
it follows that the dispersion jvoduced by a imsm, whose refracting 
angle is ever so great, may be counteracted by the dispersion of 
another prism of the same material, whose refracting angle is ever 
so small. 

17G. To find the dispersion produced by two prisms whose 
refracting edges are imrallel. 

Let I be the refracting angle of the second prism, and fj.' 
the refractive index for the standard ray of the substance of which 
it is composed ; and let <^", ^"', yjr", ■^"' be the angles corresponding 
to ^, ^', ■^, -y of the first prism. Then we have the following 
relations between the angles 

sin ^ = /i sin <^' , sin -v|r = /x sin ■^' , 
sin <^" = /i' sin ^"' , sin i|f" = y! sin ■^"' , 
^ + ^' = i, <^"' + ^"' = i'. 

Also, if the inclinations of the adjacent faces be 6, then 
i|r + ^ ' = ^. 

Taking variations of all these quantities corresponding to a ray 
whose refractive indices are /4 + 9/.t, /i' H-^/^', we get 

cos ^ cos 1^' 3(^ + cos -v^ cos <^' 9T|r = 9/i sin i \ 

cos <^" cos i|r"' 3^" + cos •\|r" COS <^"' 9i/r" = 9/A'sin I) ' 

^^jr + ^^" = 0. 

To eliminate 9-^ and 9^", we have only to substitute their 
values from the first equations into the last, and the equation 
thence resulting will contain only 90 and 9if-", and it will therefore 
be a relation between the dispersions of the initial and final rays. 

177. We may proceed in the same manner to find the disper- 
sions produced by the combination of any number of prisms whose 
axes are parallel. 

For brevity, let 

sin I cos 4> cos y}/ 

Q = p == ~ . 

^ COS l/r cos <i>' ' COS (j)' COS ifr ' 
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where the angles <f>, <l>', y}r, yfr', i belong to any one of the prisms, 
and suppose that there are n prisms, distinguished by symbols 
with suffixes 1, 2, B...n. Tlien if we apply the equations alreadj-^ 
obtained to each prism in succession, we obtain the following 
equations 



Hi +^4>, =0 

If we multiply the first set of equations by 1, p„, J>„P„-i, 

PnFn-iPn-5. >P„Pn-i Pii ^^^ ^'^'^ them, all the angles but 

dyjr^^ and 9^, will disappear by virtue of the second set of equations; 
so that 

H« +PnPn-X---P2 P. 9^1 = 9/^„ g„ + 9/«„-l ff,,-! P^ 
+ 9/^,.-. qn-l P„Pn-l+--+^/^iqxPn Pn-l ■ ■ ■ Pi- 

This is the relation between the angles of dispersion of the 
pencil at incidence and emergence. 

178. When the refracting angles of the prisms are small, and 
the ray passes nearly perpendicularly through them, the value of 
the dispersion assumes a very simple form. For if t, i', i" ... be 
the refracting angles of the prisms and fi, /j,', fi" ... the refractive 
indices of the standard ray for the different substances of which 
they are composed, the deviation produced by the first prism will 
be 

and there will be similar expressions for all the subsequent 
deviations. If we denote the whole deviation by A, we get by 
addition, 

A = (/.- 1) t + (/-I) t' + (/'- 1) c" + ... 
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and therefore for any other ray the dispersion will be given by the 
equation 

^^ = ^^li + ^^Ji' i,' + d,x,"i"+... 

Let IS, ct', -bt" be the dispersive powers of the different substances 
for this ray, then the value of the total dispersion becomes 

SA = •sr (/li - 1) t + ro-' (/ - 1) t' + ... 

179. If a ray of light be made to pass through two prisms in 
succession, it is always possible to adjust their refracting angles, so 
that the dispersion produced by the first may be counteracted 
approximately by the second, and consequently that the emergent 
ray may be without colour. 

This Newton conceived to be impossible, without at the same 
time making the deviations of the two prisms counteract one 
another, so that the whole deviation of the pencil would 
disappear. He appears to have been misled by an accidental 
circumstance in an experiment in which he counteracted the 
refraction of a glass prism by enclosing it in a water prism ; he 
had mixed sugar of lead with the water to increase its refractive 
power and this gave it a higher dispersive power also, and it so 
happened that the emergent ray was colourless, when by properly 
adjusting the angle of the water prism the emergent ray was 
made parallel to the incident ray. From this he concluded that 
the dispersion of all substances was proportional to the deviation 
of the mean ray, and that therefore the dispersion could never be 
destroyed so long as any refraction took place. This made him 
despair of improving refracting telescopes, and led him to turn his 
attention to the application of mirrors to these instruments. 

Newton's mistake was first discovered by a gentleman of 
Worcestershire named Hall, who made the first achromatic 
telescope. This discovery, however, was allowed to fall into 
oblivion, until the experiment was again tried by Dollond, an 
optician in London, who found that the dispersion could be 
corrected without destroying the refraction, and therefore that 
Newton's conclusion was not correct. 

We have seen however that different coloured rays are not 
dispersed in the same proportion by different substances ; or in 
other words, that the spectra formed by prisms of different 
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substances are not geometrically similar. Hence, if the prisms be 
arranged so as to unite two rays (for example, the extreme red 
and the extreme violet rays) in the emergent beam, there will be 
still a small dispersion of the otlier rays. Thus the beam instead 
of emerging quite colourless, will form a second but much smaller 
spectrum ; this is called the secondary spectrum. 

Also, it will be found that by using three prisms of three 
different materials, three rays of the emergent beam (for example, 
the red, gi-een and violet) may be united; but still, owing to the 
irrationality of dispersion, the other rays will not be quite united, 
and there will be another still smaller spectrum called a tertiary 
spectrum ; and so on indefinitely. In theory, therefore, it is 
impossible to attain perfect achromatism, without the use of a 
very large number of different media; j'et in practice these 
successive spectra rapidly grow fainter and become insensible ; so 
much so, that it is seldom deemed necessary to combine more 
than two rays. The two rays selected will not be the extreme red 
and violet rays, because these are comparatively faint ; it is 
better to combine the two rays whose brightness and difference of 
colour are greatest, such as a ray from the yellow-orange and one 
from the green-blue. 

The first successful attempt to get rid of the secondary spectra 
was made by Blair ; an account of his work was published in the 
Phil. Trans. Edin., 1791. He found that in the spectrum of 
hydrochloric acid, the more refrangible part of the spectrum, green to 
violet, was much more contracted, and the less refrangible part of 
the spectrum more dilated, than in most metallic solutions; and by 
mixing the chlorides of antimony and of mercury in suitable 
proportions with hydrochloric acid, or with salammoniac, he obtained 
a fluid which, while having a different absolute dispersion from 
crown-glass, gave a spectrum geometrically similar to that of crown- 
glass. When a combination of two lenses or two prisms was 
constructed out of this fluid medium and crown-glass, in such a 
way that in the emergent beam of light two differently coloured 
rays should be united, the emergent beam was absolutely without 
colour. Blair's object-glasses were considered as of singular merit 
at the time, but through certain inconveniences attending lenses 
made of fluid media they never came into use. 

What Blair effected with fluid lenses. Professor Abb^ of Jena 
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claims to have now achieved hy his discoveries of new kinds of 
glass. In 1881, Professor Abb^ assisted by Dr Schott, commenced 
the work of examining the optical properties of all glasses, that is, 
of all known substances which undergo vitreous fusion and solidify 
in non-crystalline transparent masses. The work was continued 
till the end of 1883, and directed towards the solution of two 
practical problems. The first of these was the production of pairs 
of kinds of flint and crown-glass, such that the dispersion in the 
various regions of the spectrum should be, for each pair, as nearly 
as possible proportional. The second problem was the production 
of a greater multiplicity in the gradations of optical glass, in 
respect of the two chief optical constants, the index of refraction 
and the mean dispersion. The first problem has been satisfactorily 
solved, with the result that achromatic lenses of a much more 
perfect kind than have ever before been attainable are now being 
manufactured ; and the second has also been successfully carried 
out, and a whole series of new glasses of graduated properties are 
at the service of the optician. 

180. We shall now find the condition that when a ray of light 
from the sun falls upon a combination of two prisms, the emergent 
ray may be colourless. 

To do this we shall investigate the condition that two of the 
brightest rays may be united in the emergent beam, and shall 
suppose that the secondary spectrum is so small that it may be 
neglected. Let one of the rays be chosen as the standard ray, and 
let the refractive index of the other ray be expressed by means 
of a small variation from that of the standard ray, as before. 
Then, since the incident and emergent rays are united, we shall 
have d<)) = 0, d-\{r" = 0, in the equations of § 176 ; these equations 
will therefore be 

cos 1^ cos <j)' dyjr = dfi sin t, 

cos ^" cos i|f"' 30" = dfj! sin v, 

^^jr + d<f)" = 0. 

If we eliminate difr and dcf>" from these equations, we find 

dfi sin I cos <f>" cos yjr'" -\- djj! sin i cos i^ cos (/>' = 0. 
H. 14 
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The angles yjr, <})', (f>", yjr'" which occur ia this equation are 
conrrected by the relations 

sin ijr = /J, sin (t — <f>'), sin </>" = fi sin (t — i/r"') ; 
so that if fi, p! be given, there are four independent angles entering 
into the equation of condition, namely, i, l, ifr and (f)". Hence if 
the first prism be given in position so that the light falls upon it 
at a given angle of incidence, the angles t and ■yfr will be given, and 
i and (f)" will remain arbitrary. The equation of condition may 
therefore be satisfied in two ways, either by fixing the position of 
the prism and varying its refracting angle, or by varying its 
position when the refracting angle is given. If the prisms are of 
the same material, so that dfi. = dfi', the emergent beam may still 
be achromatised in either of the two ways. 

If the prisms are both placed in their position of minimum 
deviation for the standard ray, the equation of condition for 
achromatism assumes a simpler form. For in this case, 

cf>' = '>jr' = ^i and (j)'" = ~ilr"' = ^i ; 

so that the equation becomes 

dfj. sin I cos <})" cos ^«' + 9/i' sin i cos (p cos Jt = 0. 

If now we divide each side by 2 cos ^i cos Jt', and notice that 

sin (^ = /4 sin Jt, sin (f)" = /a' sin ^i, 

this equation reduces to 

fj/dfj- tan </) + //d/M tan <f>" = 0, 

where <^ and (j)" are determined by the two preceding equations. 

181. When there are n prisms, the condition of achromatism 
may be found in the same way. To unite two rays, one of which 
is chosen as the standard ray, and the other a ray whose refractive 
indices for the different media differ from those of the standard 
ray by small increments, we must make 9^^ = and 9i|r^ = in the 
equation of § 177, and then the condition reduces to 

9/^„ q„ + dij,„_, g-,,., 2\ + diJ,„_, q,^_^p„ p„^, +. . .+ 9/i. q,p„ p„_^. . .p^ = 0. 

When the ray of light passes nearly perpendicularly through a 
series of prisms of small refracting angles, this equation assumes 
the simple form 
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With n given prisms, it is possible to form a combination which 
will unite n rays of the spectrum. For suppose that the substances 
and the refracting angles of all the prisms are prescribed, and 
further that the first prism is fixed in position, so that the light 
falls upon it at a given angle of incidence, then the inclinations of 
the adjacent faces of consecutive prisms will still be at oar disposal. 
These {n — 1) arbitrary angles will enable us to satisfy the (n — 1) 
equations which express the conditions that {n — 1) rays of the 
spectrum may emerge in the same direction as the standard ray. 
If the prisms be made of the same material, dfi„ = ^/J,^_,^ =...=d/J,^, 
and therefore if the combination be achromatic for one pair of 
colours, all the coloured rays will be united. In this case, perfect 
achromatism may be secured by one relation among the angles at 
our disposal. 

Achromatism of lenses. 

182. By the proper combination of lenses the dispersion of 
differently coloured lights may approximately be destroyed ; just 
as in the case of light passing through two prisms, the dispersion 
produced by one lens may be approximately counteracted by that 
produced by a second lens, so that the emergent rays may be with- 
out colour. 

We shall first confine our attention to the approximate theory 
of lenses, in which the thickness of the lens is neglected and the 
principal points considered as coinciding in one point called the 
centre of the lens. For the accurate theory of lenses becomes 
in this case much complicated by the fact that the principal points 
of the lenses, from which all distances are usually measured, them- 
selves vary in position according to the refractive index of the 
particular ray we are considering. 

In all cases we shall let /i, be the refractive index of the 
standard ray, and /a + 9/i the refractive index of any other ray. 
The focal lengths of the lenses will be supposed to be expressed in 
terms of the refractive index of the standard ray. 

It will be useful to find the change in the focal length of a 
lens, as the ray changes from the standard ray, to any other. The 

14—2 
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value of the focal length of a double convex lens, the radii of whose 
bounding surfaces are r, s, respectively, is given by the equation, 

where /i is the refractive index of the substance for the standard 
ray. Giving a small variation to fi, so that it becomes fi + d/j,, this 
equation gives 

_ a/i_ 1 

and therefore, if we denote the dispersive power of the medium by 
XT, the variation of the focal length is determined by the equation 

KM- 

183. When an image is formed by a lens or system of lenses 
which is not achromatic, the light being not homogeneous, it will 
be affected by dispersion in the lenses in two particulars ; first, the 
different coloured images will be distributed in different positions 
along the axis of the system, and secondly, the coloured images 
will have different magnitudes. In certain cases both these defects 
can be removed, in other cases only one of them can be removed, 
and to choose which correction shall be made, it will be necessary 
to consider the use to which the system is to be applied, so as to 
remove the defect which is of most consequence. 

For the object-glass of a telescope two lenses are used, and are 
placed close together so as to act as one lens. Then a point and 
its image always lie on the same line through the centre of the 
lens, so that if the lenses be corrected so that the differently 
coloured images all lie in the same plane perpendicular to the axis, 
they will all have the same magnitude. It will therefore be 
necessary only to make the first correction, and then the other will 
be satisfied. 

These object-glasses are usually made of a double convex lens 
of crown-glass outside, combined with a double concave lens of 
flint-glass, which has a higher dispersive power than crown-glass. 
It is easy to see in a general way how the correction may be 
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effected. By the convex lens the coloured images will be formed 
at different distances along the axis, the violet image being the 
nearest to the lens, and the red image the most remote from it. 
The effect of the concave lens on these images will be to throw 
them farther away from the lens, and the effect on the violet 
image will be stronger than that on the red image. By a proper 
adjustment of the lenses, the final violet image may be made to 
coincide with the final red image, or any two other colours may be 
united in the final image. If the lenses were of the same kind 
of glass, in order that the dispersion produced by the one should 
be neutralized by that produced by the other, the lenses would 
have to be such that the deviation produced by the two lenses 
would also destroy each other, and therefore the combination 
would not produce an image at all. But it has been seen that 
for different kinds of glass tlie dispersion is not proportional to 
the deviation, but that flint-glass has a higher dispersive power 
than crown-glass, so that it is possible to destroy the dispersion 
without destroying the deviation. 

IS-i. We shall now investigate the condition that a combina- 
tion of two lenses made of different kinds of glass, placed close 
together, may be achromatic for two given colours. 

We shall suppose that one of the colours is the standard colour, 
and that the focal lengths of the two lenses are /,/', respectively. 
There will be two images ; the first being the image of the object 
formed by the first lens, and the second being the image of 
this first image formed by the second lens. Let x, x be the 
distances of the object and the first image in front of, and behind, 
the centre of the first lens, y, y the distances of the first and 
second images in front of, and behind, the centre of the second lens, 
respectively. Then 

X X f 

111 

- + - = w . 

y y f 

If we neglect the thicknesses and the distance between the 
lenses, y =- x, and therefore 

1111 

- + - =7+7;. 

^ y f t 
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The condition that the system should be achromatic is that y 
should be the same for the two colours ; and therefore, since x is 
independent of the colour, 

,/) -'(/■)-• 

that is, ->- + ^ = 0. 

This is the condition of achromatism for the combination. . 

This condition is independent of x and y, so that the combina- 
tion will be achromatic for objects at all distances. It is immaterial 
in what order the lenses are placed. 

In the construction of microscopic object-glasses, achromatic 
couples of this kind are very generally used, each consisting of a 
plano-concave lens of flint cemented to a double convex of crown, 
the plane face being exposed to the incident light. 

185. If the combination of two lenses in contact has been 
over-corrected for dispersion, that is, if the violet image formed by 
the two lenses be at a greater distance from them than the red 
image, the defect may be removed by slightly separating the two 
lenses. The distance between the lenses must be very small, or 
else when the coloured images are corrected for distance they will 
not be corrected for magnitude. 

The same equations hold good as before, namely. 



111 

X X f 

1 1 1 

y y f 



)- 



and besides these there is the equation 

x' +y' = a, 

a being small. Then supposing the coloured images to be formed 
at the same distance, dx = 0, and dy = 0, and therefore 

dx tr 

f'~f 
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and since dx' + dy' = 0, 

Substituting for y' its value a - x', and neglecting squares of 
the ratio a : x , this equation reduces to 

„ ■E7 fl 1) TO- ■CT 

Thus the distance a is not independent of the position of the 
object ; but when the combination is used as the object-glass of a 
telescope, the distance of the object x is very large compared with 
the focal lengths. Neglecting, therefore, the reciprocal of x, the 
equation of condition is 

^7=7-^7 = 

or, since -j- is very nearly equal to — j, 

2at3- TO- ■ut' 

This shows that if the correction is to be possible, ■nr j f -\- ■ur' I f 
must be negative. 

But if in the first form of the combination, dy be the change 
of y due to the change 9/a in the refractive index, 

dy •37 m' 

and therefore "by must be positive. The violet rays will therefore 
form an image at a greater distance from the lens than the red 
rays ; that is to say, the original lens was over-corrected. 

186. If three thin lenses, formed of media of different dis- 
persive powers, be combined into a single lens, the system may be 
made achromatic to a higher degree of approximation; the coloured 
images formed by three different kinds of light may be united. 
More generally, if »i lenses form a combination, whose thickness may 
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be neglected, the system will unite the images formed by rays 
whose refractive indices are /x and fx + dfj., provided that 

x(=) = o. 

This may be proved in the same way as before. The equation 
of condition can be satisfied for n — \ systems of values of 8/u, 
and therefore the images corresponding to n lines of the spectrum 
may be united. 

187. When the two lenses forming a combination are sepa- 
rated by an interval, it is impossible simultaneously to effect the 
two corrections for dispersion. 




For let X, x be the distances of the object and its first image 
in front of, and behind, the first lens, y', y the distances of the firet 
and final image in front of, and behind, the second lens, respectively, 
and let /3, ^^, be the linear magnitudes of the object and its 
images. Then the following ratios must hold : 

-^=_£ 

^' y i 

and therefore ^^^ 

/8' a/y- 

If the coloured images corresponding to refractive indices ytt, 
/i + d/j,he formed at the same distance and also have the same 
magnitude. 



and 



and therefore 



, = 01 

Sy = or 
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But x +y' = a, wLere a denotes the distance between the 
lenses ; so that it is necessary that dy', dx' should both vanish. 
In other words each lens must be achromatic of itself. This can- 
not be effected unless each lens of the combination be itself an 
achromatised couple of lenses in contact. 

188. It is often necessary, however, to correct a system of two 
lenses separated by an interval, for errors due to dispersion, as far 
as possible ; so that we must choose which of the two corrections 
shall be effected, and which left. 

It is then usual to make the coloured images have the same 
magnitude ; for the eye is a better judge of the magnitude of an 
object than of its distance. 

Using the same notation as before, the condition is that 

^/8> 



But we have seen that 



(f)=»- 



^_xy^ 



'i\H' 



111 

by virtue of the equation -+- = -=■,. 

^ y y f 

Also x' + y' = a; and therefore 



^ _x ta — x' N 
_x la N X 



\f A/' V / 

^ X x + a ax 
or finally, ^, = l-j jr- + j2, ■ 

Equating to zero the variation of this expression, we get 
XTJ! [x + a) sr' _ ax {is + •ar') 

This is therefore the condition for the partial achromatism of 
the two lenses. In general, it is not independent of the position 
of the object. 
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189. If we consider the inclinations of rays to the axis of the 
instrument, instead of the magnifying power, it will be seen that 
we have ensured that two coloured ra3's diverging from the object 
will emerge parallel to each other. 

For if a, a! be the inclinations to the axis of the original and 
final rays, cutting the axis at the points determined by x, y, we 
may see directly from a figure, or by Helmholtz' theorem relating 
to the magnifying power, that 

/S tan a' xy' 
tan a x'y ' 
so that if the condition previously found be satisfied, then 9/ = ; 
and the final raj's emerge parallel to each other. 

190. The most useful application of this condition is to the 
achromatism of eye-pieces. The rays strike the eye-piece excen- 
trically diverging from the image formed by the object-glass. The 
images formed by the lenses of the eye-pieces are formed exactly 
as if the rays diverged from a real object, except that the rays 
from any point of the image do not fill the whole of the lens. 

The centre of the object-glass is usually very distant as 
compared to the focal lengths of the lenses of the eye-piece. 
If we make x very large in the previous equation of condition, 
it becomes 

•ET ■bt' _ a (■sr -|- in-') 



or 



/ / // 

TO-/"' -t- ct'/ 



■07 -)- •07 

There is a special advantage in making the lenses of the same 
kind of glass, because then if we make two coloured images coincide, 
all the coloured images will be united. The condition for achro- 
matism then becomes 

f+f 

or in words, the distance between the lenses must be half the sum of 
their focal lengths. 

191. The conditions for achromatism for any system of lenses, 
thick or thin, arranged along an axis, may easily be deduced from 
Gauss' theory. 
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For the relations between the coordinates of a point and its 
image may be written in the forms 

/, (f _ a) (r - a) + ix'cj (^ - a) -fil{^'- a') - /./.'A = 0, 

V' ^ / ' 

using the notation of § 77. 

If we suppose the point (f, 77, f) to be fixed, for perfect 
achromatism the coordinates of the conjugate point ought to be 
independent of the particular ray chosen ; and this for all values 
of f, T], ^. These conditions may be fulfilled for two rays by 
making 

a@-o. 3,-0. 

These conditions are equivalent to 

and d(^,l\= 0. 

The quantities g, h, Ic, I are connected by the equation 
gh — hk=l 
which may be written in the form 

from which we deduce the condition 9 ( — j = 0. 

This can only be realised perfectly by mafing the first and 
last media the same ; this is actually the case in most optical 
instruments. The conditions then reduce to any three of the 
following 

% = o, d(fih) = o, a(-) = o, dl^O. 

If we refer back to the values of the coordinates of the 
cardinal points of the system, it is easy to see that the preceding 
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coaditions are equivalent to making the positions of the principal 
points, and the focal length of the system, the same for the two 
colours. 

EXAMPLES. 

1. Show that at a single refraction at a, plane surface the dispersion is 
proportional to the tangent of the angle of refraction. 

2. If two media be such that the increments of refracting indices for each 
species of homogeneous light be proportional to those indices themselves, 
a ray of light may be refracted at their common surface without dispersion. 

3. If a ray be incident on one face of a triangular prism, and after enter- 
ing the prism be reflected five times internally at the sides of the prism taken 
in order, show that it will emerge from the first face in a direction which makes 
the same angle with the normal as the incident ray, and that a pencil which so 
passes through the prism is not coloured. 

4. If n, V be the indices of refraction for the red and violet rays, 
respectively, for crown-glass, and /i', v be the indices for the same rays for 
flint-glass; and if two thin lenses be constructed, one double convex of crown- 
glass with each surface of radius r, and one double concave of flint-glass with 
its surfaces of radii r and «, and they be placed in contact so that the light ia 
incident on the surface of radius s ; then the combination will be achromatic 
ii r + 1 -.is = fi - V : iL - v . 

5. A small pencil of parallel rays of white light, after transmission in a 
principal plane through a prism, is received on a screen whose plane is 
perpendicular to the direction of the pencil ; prove that the length of the 
spectrum will be proportional to 

(ji,- fir) sint-T-cos^ 2) cos (/)-f-t-^)cos0' ; 
where i is the refracting angle, (p, <ji' the angles of incidence and refraction at 
the first surface, and 3 the deviation of the mean ray. 

6. If an achromatic eye-piece for an astronomical telescope be composed of 
two convex lenses of difierent materials, prove that the distance between them 
must be intermediate between / and lfl{l-f), where / is the absolute focal 
length of the field-glass, / that of the eye-glass, and I the length of the 
telescope from object-glass to field-glass. 

7. Prove that a system of three thin convex lenses made of the same 
material, placed so that the distance between the first and second is a, and 
that between the second and third is b, is achromatic for an excentric pencil 
coming from a point on the axis whose distance from the first lens is 

Sab - Zbf, - 2 (0+6)/, - 2a/3+/2/,+/3/j-H//, 

when /i, /a /3 are the focal lengths (taken positively) of the three lenses, 
respectively. 
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8. In a spectroscope consisting of a single prism with collimator and 
telescope, the two last being fixed, and different parts of the spectrum being 
brought into the field of view by turning the prism, prove that for seeing two 
colours of refractive indices /i and n + S/i, the prism must be turned through an 
angle 



m - 1 ' 

where A is the dispersion of the colours, and m is the ratio of the breadth of 
the incident to the breadth of the emergent pencil of refractive index /i. 

9. An opaque sphere, attached by a string to the bottom of a vessel 
containing clear transparent fluid, floats so that it is just immersed, the 
surface of the fluid being exposed to the rays of the sun, whose zenith distance 
is a. Describe the form of the shadow at the bottom, and the colours with 
which it is fringed. 

Show that if the fluid be just sufficiently deep for the bottom to have no 
absolute shadow, its depth below the sphere : radius of sphere : : cos J (fl + 6') 
: sin i(6 — ff), 6, ff being the apparent zenith distances of the sun to an eye 
under water, for violet and red rays, respectively. 



CHAPTER X. 

The Eve, and Vision through Lenses. 

192. The eye is an optical instrument consisting essentially 
of a series of refracting media bounded by curved surfaces, and a 
delicate network of small nerve-fibres forming part of the optic 
nerve ; a pencil of light incident upon the eye is refracted at the 
curved surfaces and brought to a focus on the network of nerve- 
fibres, and the impression is carried to the brain along the optic 
nerve. 




The human eye is nearly spherical in shape, except in front, 
where it bulges out a little more than elsewhere. It is invested in 
a thick tough coat which, except in the small protuberant front 
part, is opaque and white and is called the sclerotic. This is 
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partly exposed in the living eye, and is in common language 
termed the white of the eye. The more protuberant part of the 
ball is covered with a thick, strong, transparent membrane called 
the cornea. 

193. The eyeball has two other linings ; immediately within the 
sclerotic is a thin membrane called the choroid, and within that 
there is another thin lining called the retina. 

The interior of the choroid coat is covered with black pigment, 
which gives it a velvety appearance ; the function of this is to 
absorb rays of light which have passed through the retina and 
pi-event them from being thrown back on the retina, so as to 
interfere with the distinctness of the images there formed. The 
anterior portion of the choroid, separating from the sclerotic, is 
thickened and forms the iris, which is a contractile curtain perfo- 
rated in the centre by an aperture called the pupil. The outer 
edge of the iris is fixed, but the inner edge may be contracted by a 
strong muscular band running round it, and thus the size of the 
pupil may be changed. The use of the iris is to regulate the 
quantity of light allowed to fall on the sensitive part of the eye. 
In strong lights the pupil contracts automatically, and in feeble 
lights it is enlarged. The anterior surface of the iris is differently 
coloured in different persons, varying through all shades of blue, 
brown, and grey. The posterior surface is covered with black 
pigment, which serves to absorb any light which may fall upon it, 
due to internal reflexions or other causes. 

Just before separating from the sclerotic, the choroid splits into 
two layers ; the anterior goes to form the iris, while the posterior 
is gathered into a circular plaited curtain which surrounds the 
outer edge of the lens (to be presently described) like a plaited 
collar. These plaits or folds, seventy to seventy-two in number, 
are called the ciliary processes. Beneath this dark plaited collar, 
and therefore in contact with the sclerotic, is a muscular collar, 
■ with radiating fibres, called the ciliary muscle. 

194. The retina is a delicate semi-transparent membrane 
resulting from the spreading out of the optic nerve, and is composed 
of the terminal fibres of this nerve and nerve cells ; it covers the 
whole of the interior of the ball as far as the ciliary collar. Exactly 
in the centre of the retina is a round yellowish elevated spot, 
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about ^th of an inch in diameter, having a minute indentation, 
called the fovea centralis at its summit. This is the point of 
distinct vision and the fovea centralis is the most sensitive part of 
the retina. About -^^th of an inch on the inner side of the yellow 
spot is the point at which the optic nerve spreads out its fibres to 
form the retina ; this is the only spot on the retina which is not 
sensitive to light rays, and is known as the blind spot. 

195. Within the eye, a little behind the iris, is suspended a soft 
transparent body, called the crystalline lens, of the form of a double 
convex lens, whose anterior surface is less curved than the posterior. 
The crystalline lens is contained in a thin transparent capsule, and 
is kept in its place by the ciliary processes. The substance of the 
lens is doubly-refracting, and acts like a uniaxal crystal cut per- 
pendicular to its axis. It is composed of successive layers, whose 
refractive index increases towards the centre, its solid nucleus, 
which is of very small radius of curvature, refracting light most 
powerfully. 

It is easy to see that the action of the lens is more powerful 
than if it were composed of homogeneous substance having the same 





refractive index as the nucleus. For it may be regarded as the 
combination of a double convex lens c, with two other concave 
lenses a and b. These concave lenses will neutralize the effect of 
the lens c to a certain extent ; but not so much as if their refrac- 
tive indices were as high as that of c. The focal length of the 
lens may be found by experiment, and its shape being known, its 
so-called total refractive index may be found ; that is, the refract- 
ing index which the lens would possess, were it homogeneous. 
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From what ha.s been previously said, it follows that this total 
refractive index is greater than that of the nucleus. 

The increase of refracting power from the outer portions to the 
inner portions of the lens serves partly to correct the aberration, 
by increasing the convergence of the central rays more than that 
of the extreme rays of the pencil. 

196. The space between the cornea and the crystalline lens 
is filled with a transparent fluid resembling water, and thence 
termed the aqueous humour. The space between the crystalline 
lens and the retina is filled with another transparent fluid, some- 
what more viscous than the former, and called the vitreous humour. 
These two humours, like the crystalline lens, are contained in 
transparent membranous capsules of great delicacy. 

In their refractive indices the aqueous and vitreous humours 
differ very little from water, while the total refractive index of the 
crystalline lens is a little greater than that of water. 

197. To determine the manner in which a pencil of light 
incident on the eye is refracted by it, we must know the refractive 
indices of the different media of which the eye is composed, and 
the forms and positions of the bounding surfaces. The refractive 
indices of the various media contained in the eye may be found in 
the usual way after they have been taken out from the eye. But 
it is found that the curvatures of the bounding surfaces undergo 
considerable changes after death, and the measurements have to 
be made from the eye of a living person. The details of these 
measurements cannot find a place here ; but we may just indicate 
briefly the methods employed. The radius of curvature of a 
surface may be calculated if we know the magnitude of the image 
by reflection at it, of a body of given size and distance from it. 
The difiiculty of measuring the magnitudes of these images arises 
from the continual movements of the eye. Helmholtz has invented 
an instrument, called an ophthalmometer, which may be used for 
this and many other similar purposes. This instrument depends 
on the fact that when an object is viewed through a thick glass 
plate so that the rays of light fall obliquely on the plate, the object 
appears to be of its natural size, but displaced a little to one side, 
the displacement being greater, the greater the angle' of incidence 

H. 15 
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of the rays on the glass. The ophthalmometer consists of ' a 
telescope arranged for seeing at small distances, before whose 
object-glass is placed two thick plates of glass, so that one 
half of the object-glass looks through one plate and the other 
through the other. The plates can be turned about their common 
edge; whea they are turned in opposite directions, two images 
appear, and the distance between these images may be calculated 
in terms of the inclinations of the plates to the axis of the 
telescopes. The plates are turned so that each image is displaced 
through half its length, and consequently the opposite terminals 
of the image coincide. The length of the image is then equal 
to the distance between the images. 

Ex. If an object be viewed through a plate whose thickness is h, 
so that the rays are incident on the plate at an angle a ; then if the corre- 
sponding angle of refraction be /3, show that the apparent lateral displacement 
is 

h^^S^, (Helmholtz.) 

cos j3 

198. The distance between the surface of the cornea and the 
plane of the iris is measured by observing the image of a bright 
object as seen reflected by the cornea. The distance between the 
cornea and the bright image is known ; by viewing this image 
from different positions, it is projected on the plane of the iris at 
different points, and by measuring the distances of these projections 
from the edge of the iris, the distance of the plane of the iris may 
be found. The other measurements are conducted in a similar 
manner. Further information on this subject may be found in 
Helmholtz' " Handbuch der physiologischen Optik." 

The anterior surface of the cornea is very nearly that, of a 
segment of an ellipsoid of revolution, the axis of revolution being 
the major axis. The form of the posterior surface is not very 
accurately known. But the two surfaces of the cornea are very 
nearly parallel, and as the anterior surface is always moistened 
with water, whose refractive index is the same as that of the 
aqueous humour, the cornea acts like a plate of refracting medium, 
and produces no deviation in an incident ray. The cornea itself 
may therefore be entirely neglected, and we may for optical 
purposes suppose the aqueous humour extended to the anterior 
surface of the cornea. 
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The anterior surface of the crystalline lens is part of the surface 
of an oblate spheroid, and the posterior is supposed to be part of 
the surface of a paraboloid of revolution. 



199. There are therefore three surfaces at which refraction 
takes place, the first surface of the cornea and the two surfaces of 
the crystalline lens. The centres of curvature of these surfaces 
are very nearly in a straight line, called the optic axis. For rays 
whose deviations from the axis are not large, the surfaces may be 
supposed to coincide with the spheres of curvature at their 
respective vertices. Gauss' theory of refraction at any number of 
spherical surfaces whose centres lie along an axis is therefore 
applicable to this case, and the positions of the focal points, 
the principal points, and the nodal points may be found by 
calculation, as soon as the radii of curvature, the positions of 
the refracting surfaces and the indices of refraction of the media 
are known. Listing has given the following numbers as repre- 
senting very closely the constants of an average eye ; in reckoning 
refractive indices, the refracting index of the air is taken to be 
unity. 

(a) The radii of curvature of the bounding surfaces have the 
following values : 

1. The anterior surface of the cornea 8 mm. 

2. The anterior surface of the lens 10 mm. 

3. The posterior surface of the lens 6 mm. 

(b) The distances between the refracting surfaces are : 

From 1 to 2 4 mm. 

From 2 to 3 (thickness of the lens) 4 mm. 

From 3 to the retina 13 mm. 

(c) The indices of refraction are : 

103 

1. For the aqueous humour -ij=- , 

16 

2. For the lens (total) -jr, 

103 

3. For the vitreous humour .-«^- 

15—2 
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From these data he calculates the positions of the cardinal 
points according to Gauss' theory, and finds that, 

(1) The first focal point lies 1 2-8326 mm. in front of the cornea, 
and the second focal point l-t-6-t7'0 mm. behind the posterior 
surface of the lens ; 

(2) The first principal point lies 21746 mm. and the second 
2-572-i mm. behind the cornea, the distance between them being 
•3978 mm. ; 

(3) The first nodal point lies ^SSO mm. and the second 
•3602 mm. in front of the posterior surface of the lens. 

(4) The first principal focal length is consequently 1 5^0072 mm. 
and the second 20'0746 mm. 

The optical effect of this typical eye is found to agree very well 
with that of a natural eye ; and considering the differences which 




exist between individuals, the above numbers give as good an 
approximation to a natural eye as can be found. 

200. It will be noticed that the two principal points lie very 
close together, as do also the two nodal points, so that without 
introducing much error, we may regard them as coinciding in each 
case. In this way we find a still simpler set of numbers, which 
correspond to what Listing calls the reduced eye. The single 
principal point lies 23448 mm. behind the cornea, and the nodal 
point 4764 mm. in front of the second surface of the lens. Such 
an eye is exactly equivalent to a single refracting spherical 
surface, whose vertex is at the principal point and centre at the 
nodal point, the refractive index being ^ as before. A point 
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and its image oa the retina will lie on a line passing through 
the nodal point ; and therefore if we wish to find in what 
direction lies a point whose image is in a given position on the 
retina, we have only to join the image to the nodal point and pro- 
duce the line outwards. 

201. When the eye is passive, it is clear that only the points 
which lie in a single surface will have images falling exactly 
on the retina. The form of this surface and its position may be de- 
termined from the optical constants of the eye. Any object lying 
on this surface will have an image on the retina similar to the 
original figure, but inverted, the lines joining corresponding points 
of the object and image all passing through the nodal point. But 
if a point does not lie on this surface, its image will be not on the 
retina, but in front of or behind it. In both cases the retina cuts 
the pencil of refracted rays not in a single point, but in a circle 
of diffused light. Hence it follows that an immoveable eye 
can only see distinctly objects lying in one surface, and if we con- 
sider only rays of light making small angles with the axis of the 
eye, this surface may be considered plane. All objects or portions 
of objects not lying in this plane give indistinct images, in which 
circles of diffusion correspond to luminous points of the object. 

Experience teaches us, however, that an eye is capable of seeing 
distinctly at almost any distance ; there must therefore exist an 
arrangement for altering the eye, and adapting it for seeing at 
different distances at will. The changes which occur as the result 
of this arrangement are included under the term accommodation. 
It is not known with absolute certainty for what distance an eye is 
adjusted when it is not actively accommodated, but it is almost 
universally supposed that a normal eye when passive is adjusted 
for objects at an infinite distance, so that the second focal point 
of the eye at rest is on the retina. It follows from this that 
accommodation only occurs in one direction, the eye being actively 
accommodated for near objects. 

202. It has been found by experiment that accommodation is 
effected by change of foi:m in the refracting surfaces of the eye. 
When the eye is accommodated for near objects, the anterior surface 
of the crystalline lens becomes more strongly curved, and approaches 
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nearer to the cornea ; this is especially the case with the part 
which is not covered by the iris, and which arches forwards through 
the pupil. These changes arc shown by the following experiment. 
If a lighted candle be placed at one side of the eye, in a room 
otherwise dark, and a person looks into the eye from the other side, 
three distinct small images of the flame are seen, due to reflexion at 
the refracting surfaces of the eye; the first, erect and virtual, is 
formed by the anterior surface of the cornea ; the second, also erect, 
but much weaker and somewhat larger, is formed by the anterior 
surface of the lens ; the third is brighter, inverted and real, and is 
formed by the second surface of the lens. If now the eye first look 
fixedly at a very distant object, and then at an object close to it, 
the second image becomes perceptibly smaller and approaches the 
first image, affording a proof that the anterior surface of the lens 
becomes more strongly curved and approaches the cornea. 

Instead of a flame it is better to use a screen pierced with two 
holes, through which light is allowed to pass; the distance between 
the reflected images of these points may be measured by means of 
the ophthalmometer. 

203. The following table exhibits the changes in the optical 
constants of the eye which occur during accommodation ; the 
distances of the cardinal points are reckoned from the vertex of 
the cornea, and expressed in millimetres. The refractive indices 
of the media are the same as before. 





Eye at rest ; 
adjusted for 
distant view. 


Eye accom- 
modated; 
adjusted for 
near view. 


Radius of the curvature of the coniea 


8 


8 


„ „ anterior siirface of) 


10 


6 


the leas J 


„ „ posterior surface of ( 
the lens j 


6 


5-5 


Position of the first surface of the leus 


3-6 


3-2 


„ second „ 


7-2 


7-2 


„ first principal focus 


-12-918 


-11-241 


„ „ principal point 


1-9403 


2-0330 


„ second „ 


2-3563 


2-4919 


„ first nodal point 


6-957 


6-515 


„ second „ ' 


7-373 


6-974 


„ second principal focus 


22-231 


20-248 


First focal length 


14-858 


13-274 


Second „ 


19-875 


17-756 
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204<. It has beeu seen that when the eye is at rest in any 
position and accommodated for an object, there is one point, the 
fovea centralis, where the vision is distinct, but that the vision 
is distinct only for a very small area about this spot. But the eye 
is usually in very rapid motion, and in an incredibly short space 
of time brings the various points of an object into distinct view. 
We are thus enabled to form a clear conception of a considerably 
extended object or surface. This is aided also by the duration of 
the impression produced by a light. It has been found by 
experiment that this duration depends on the character of the 
light. For strong lights Helmholtz gives ^Lth of a second, and for 
weak lights ^V^h of a second, as the duration of the impression. 
Lissajou and others assign about ^th of a second as the lowest 
limit of the duration. If a spot on the retina be stimulated 
by a regular periodic light, whose period is sufficiently short, 
there will arise a continuous impression, which in intensity is 
equal to what would be produced were the whole incident light 
of any period uniformly distributed over the whole period. 

205. If we consider an eye in a fixed position the field of 
distinct view is small, and the curvature of the retina over this 
field may be neglected, and the position of a point indicated by 
plane co-ordinates. 

But the eye is capable of moving in its socket, so that its axis 
has a sweep of nearly 55° in every direction about its mean position; 
this solid angle within which any object can be seen by turning 
the eye, is called the field of view. The picture formed by 
external space to a single eye, might be perfectly represented by 
points and lines on a spherical surface, whose centre is the fixed 
point about which the eye turns; but it is more convenient in 
practice to project the objects seen upon a plane surface instead of 
a spherical surface. If we imagine ourselves standing at some 
distance from a large window reaching down to the ground, and if 
we suppose the objects seen by a single eye through the window 
to be painted upon the glass in the exact positions in which they are 
seen through the glass, such a representation will be a perspective 
view of the scene. The projection of any point, is the point where 
the plane of the window is met by a line joining the point to the 
centre of the eye. The projection of a straight line will be a 
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straight line ; for we have only to draw a plane through the centre 
of the eye and the given straight line, and then this plane will 
meet the plane of the picture in a straight line, which will be the 
projection of the given line. If a series of lines meet in a point, 
their projections will meet in a point, this point being the projection 
of the given point. As a particular case, if the system of lines be 
parallel, their projections will meet in a point; to construct this 
point we must draw from the centre of the eye to the plane 
of the picture, a straight line parallel to the lines of the system ; 
this point is called the vanishing point of the system. Vertical 
lines project into vertical lines. These remarks constitute the 
essential features in the theory of linear perspective ; and from 
the principles here laid down it is easy to deduce the usual simple 
rules for constructing the projections of the outlines of given objects. 

206. The retinae of both our eyes receive impressions when 
we look at any external object and in certain positions of our eyes, 
we see two images, arising from the two retinae, while in other 
positions we see only one image. To each point of one retina 
there is a corresponding point on the other ; and when the images 
of an external point formed by the two eyes fall on corresponding 
points of the two retinae, the point is seen single, but in other cases 
it is seen double. The points on the retina of an eye may be 
referred to two meridians formed on the retina by two planes 
through the axis of the eye. When the eye is directed forwards 
in a horizontal position, the points on the horizon have images 
lying on a meridian, which we may call the retinal Iiorizon. 
Similarly certain lines appear vertical to an eye; the retinal 
image of these vertical lines is a meridian, which we may call 
the apparently vertical meridian. By experiment, Helmholtz 
concludes that the retinal horizon is actually horizontal for 
both eyes, but that the apparently vertical meridians are not 
quite perpendicular to the retinal horizon ; they diverge outwards 
at their upper extremity. The inclination of each of these 
meridians to the real vertical is the same, and they include 
between them an angle varying from 2° 22' to 2° 33'. Helmholtz 
also finds that in normal eyes, the points of distinct vision, as well 
as the retinal horizons and apparent verticals in the two eyes 
correspond; and further that points on the retinal horizons at 
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equal distances from the origins correspond, as do also points on 
the apparent verticals at equal distances from the origin. Now 
the field of distinct vision is not large, and we may regard the 
retinaB in the neighbourhood of the fovea centralis as nearly plane; 
then in each retina we are provided with a pair of natural objique 
axes to which we may refer all other points. The eye is a very 
good judge of parallels, and therefore we may infer that on the 
retina parallels appear as parallels, so that from the previous 
remarks, it follows that points whose oblique co-ordinates in the 
two retinae are the same, are corresponding points. Or, from 
the symmetrical arrangement of the axes, we may say that corre- 
sponding points are equally distant from each retinal horizon, 
and from each apparent vertical meridian. 

207. Now whatever be the directions in which the two eyes 
are turned, there will always be points in the external world which 
are seen single ; the locus of such points is called the horopter. 
We shall show that the horopter in general is a twisted cubic 
curve, formed by the intersection of two hyperboloids which have 
one generator in common. 

In each eye let us take the optic axis for the axis of z, and 
retinal horizon as the axis of x, and use rectangular co-ordinates. 
Then if 6 be the inclination of the apparent vertical to the horizon 
in one retina, ir — 6 will be that for the other. Let dashed letters 
refer to the second retina. Then the equations to the apparent 
verticals will be 

a; sin — y cos = 0, 

X sin ■\-y cos ^ = 0. 

Also the points {x, y) (x, y) will be corresponding points, 
provided that 

y = y'. 

X sin — y cos = x sin +y' cos 0. 

Corresponding lines on the retinae may then be expressed in 
the forms 

l(x sin — y cos 0) -)- my +n = 0, 

I (x' sin + y' cos 6) + my -I- n = 0. 
If corresponding points in the two retinse be joined by lines 
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to the nodal points of the two eyes, those lines may be called 
con-esjyonding lines of vision. If these lines produced outwards 
intersect each other, the point of intersection will be seen single. 
In the same way if corresponding retinal lines be joined by planes 
to the nodal points of the two ej'es, these planes may be called 
corresponding planes of vision. Every pair of lines lying in corre- 
sponding planes of vision are seen single. 

Let the co-ordinates of the nodal points be a; = 0, y = 0, z = c, 
x' =0,y' = 0, z =c; then it is easily seen that the equations to a 
pair of corresponding planes of vision are of the forms, 

I {x sin 6 — y cos 6) -f- my + n {z — c) = 0, 
I {x sin 6 + y' cos 6) + 7)iy' -|- re (2' — c) = 0. 

For they pass through the nodal points, and meet the retina; in 
corresponding lines. 

So far, we have been taking a separate set of axes for each 
eye; we must however refer all points to one fixed system of 
axes in space. Suppose that on transformation, the expressions 
xsmd — y cos 6, y, z — c, become P, Q, R where P, Q, R are 
linear functions of the co-ordinates, and that a similar notation 
be applied to the other co-ordinates ; then the equations of a 
pair of corresponding planes of vision take the form 

IP + mQ + nR = 0, 

lP' + mQ'+nR' = 0. 

From these equations it follows that through any point in 
space can be drawn one line which will be seen single. For in 
P, Q, R, P', Q, B! let the co-ordinates of the point be substituted, 
then the two equations serve to determine the ratios oi I -.m-.n. 
These equations become indeterminate, however, if 

qE -qR=^, 

and by consequence, PQ — P'Q = ; 

and where these conditions are satisfied, there can be drawn an 
infinite number of lines through the point which may be seen 
single, and therefore the point itself will be seen single. The last 
equations will therefore determine the horopter. 
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The equations 

PE-PE = 0, 

QR'-Q'R = 0, 

represent hyperboloids ; and they have a generator in common, 
determined hy the equations 

J? =0) 

If we eliminate R' between the equations to the hyperboloids, 
we get 

{PQ'-P'Q)R = 0, 

and therefore if R be not zero, we get the third equation 

PQ'-P'Q = 0. 

The points on the twisted cubic determined by the first two 
equations will therefore also satisfy the third equation. The 
horopter will therefore consist of a twisted cubic. The forms of 
the equations show that the curve passes through the nodal points 
of both the eyes. 

The line joining any two points of the horopter will be seen 
single ; it follows therefore that through any point of the horopter 
an infinite number of lines may be drawn which will be seen single, 
and that these lines lie on a cone of the second order whose vertex 
is the point. 

208. There is one arrangement of the eyes in which the 
horopter is a plane surface; this is when both eyes are directed 
horizontally towards the horizon. In this case we may take as 
our origin the point midway between the eyes in the plane of 
the retinae, the axis of z in the given horizontal direction parallel 
to the axes of both eyes, and the axis of y vertical. Let 2a be 
the distance between the eyes, and c the distance of the nodal 
points from the retinae. Then the equation of a pair of corre- 
.sponding planes of vision will be 

I [{x — a)sm0 — y cos 6} + my + n(z — c) = 0, 
I {{x + a)sinff +y cos 6} + my + n(z — c) = 0. 

These are satisfied together for all values oi I : m : n, provided 

.that 

y cos ^ + a sin ^ = 0. 
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The equation to the horopter is therefore 
y = — a tan 6. 

This is a plane parallel to the horizon and passing through the 
point where the apparently vertical meridians will meet if produced. 

Helmholtz finds that for an average man this plane very nearly 
coincides with the ground on which he stands, and it seems not 
improbable that the cause of the obliquity of the apparent vertical 
meridians may depend upon this relation of the ground to the 
eyes. 

209. Our most accurate estimate of the distances of visible 
objects depends upon our having two eyes. As we fix our gaze 
successively upon points at different distances we have to change 
the convergence of the axes of the two eyes, and from the degree 
of convergence of these axes when we look at any point we form 
an estimate of the distance of the point. Distances can however 
be estimated by a single eye, by observing the relative changes of 
position of objects, when the observer's position is changed. 

Our idea of solidity also depends upon vision with two eyes. 
The views presented to the two eyes are slightly different, 
because the eyes have .slightly different positions ; and it is by the 
blending of the two impressions received upon the two retinae that 
we receive the idea of solidity. This can be well shown by aid of 
the stereoscope. This instrument was invented by Wheatstone for 
the purpose of combining two different photographic pictures, one of 
which is presented to each eye. These pictures are not exactly alike, 
but are taken by a camera with two lenses placed a small distance 
apart, so that they represent two different views such as might be 
presented to two eyes observing the scene. By means of mirrors 
or prisms the pictures are seen superimposed, and the impression 
produced on the mind by these superimposed views is exactly the 
same as if we were looking at the real scene, each object appearing 
in relief as it would in nature. For a perfect stereoscopic repre- 
sentation, the points at an infinite distance must fall on correspond- 
ing points of the two retinas when the axes of the eyes are parallel. 
If the pictures are brought nearer to each other in the same plane 
than in the positions thus determined, the impression produced is 
exactly that of a relief picture. 
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210. To find the changes produced by making a pair of stereo- 
scopic pictures approach each other, let us take axes and use the 
methods of analytical geometry. 

Let A, A' he the centres of the two eyes, distant 2a from each 
other. 




Take 0, the middle point of A A' as origin, and OA as the 
positive direction of the axis of oc, and a hoiizontal line through 
as the axis of z. Let P be any point, and Q, Q' the points where 
the lines AP, A'P meet a plane z = b; then Q, Q are the 
stereoscopic projections of the point P. Let (f, rj, ^) be the co- 
ordinates of P, (u, V, b) (u', v, b) the coordinates of Q and Q', respec- 
tively. Then the equation of AP is 

■a_y_. 



and therefore, if we put z = &, we get the values of u, v, namely, 
u = a+ s.(f-a), 
b 

Similarly, if we change the sign of a throughout, we find. 

Combining these equations, we get 

2db 
2a + u -u = —— = e, say. 
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This quantity e is called the stereoscopic difference, and is con- 
stant for points lying in any plane perpendicular to Oz, and van- 
ishes for points at infinity. 

When we know the coordinates of the projections Q, Q', those 

of the point P are known. For from the preceding equations, if 

we denote by x the arithmetic mean of u and u', we find the 

equations, 

f. 2a T 

f = X .- 



3 




e 
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211. Now suppose that the right-hand picture is moved 
towards the left and the left-hand picture towards the right, each 
through a distance i;. Then x will be unchanged, and e will be- 
come e -\- 2rj. Also we will suppose the scale of the original 
drawing diminished in the proportion of 1 : n, so that we must 
write n^, nrj, n^ for f, 77, ^, respectively. Then if we denote the 
point corresponding to {^, 17, f) after the transformation, by the 
coordinates (^', t}', ^'), 

l_x_l 



r" 

1 

r 



e + 2r, 



2ab 



wf a6 



ab 



For brevity let — =p ; then the last equation becomes 
V 
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From this it follows that all points originally at infinity cor- 
respond after transformation to points on the plane 

z=p. 

This plane has been called the principal plane of the relief- 
picture. 

Any plane in the original system will transform into a plane. 
For the equation 

when expressed in terms of (^', t)', ^), becomes 

or A^' + Br,' + {G-—\^ + Dn = Q. 

It may easily be shown that a series of planes passing through 
a line transforms into another series of planes passing through a 
line. 

A series of parallel planes is obtained by making D a variable 
pai'ameter. The transformed planes will then clearly pass through 
the line represented by the equations 

Thus a series of parallel planes is transformed into a series of 
planes passing through a line which lies in the principal plane. 

Also every plane through the origin remains unaltered by- 
transformation; this is clear if we make D = 0, in the previous 
equations. 

From these theorems it easily follows that a series of lines 
meeting in a point will be transformed into another series of lines 
meeting in a point, and a series of parallel lines into a system 
of lines meeting in a point on the principal plane. 

Further, from the equation 

r nCp 
we get ?= ^, provided that 

\'\n-V\ ^ 1 
rl n ]-~p' 
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Also, in the same case, f = ^', i; = ij'; so that every point on the 
plane 

transforms into itself. This plane is called the congruence plane. 

When the congruence plane approaches indefinitely near to the 
principal plane, that is, when n becomes indefinitely large, the 
relief picture becomes a plane perspective drawing. 

A relief picture, with much smaller distances and smaller depth 
than the original, will produce the impression of the original in 
form and dimensions, even to binocular vision, and therefore will 
be a much more perfect imitation, at least as regards the form of 
the object, than any plane picture could be. 



Vision through a lens. 

21 2. To find the visual angle under which an object is seen 
through a lens, hy an eye situated on the axis of the lens. 

Let ^, yS' denote the linear magnitudes of the image and object, 
X, x' their distances from the first and second principal points, 
respectively, then 




y3' = -)8^. 

X 

Let ^ denote the distance of the eye from the second principal 
point, so that the distance of the image from the eye is ^ — af; then 
if 6 be the angle under which the part of the image lying on one 
side of the axis is seen by the eye 



tan 6 = 



f-a/ 



'(-I) 
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The angle 6 may therefore be increased so as to be brought as 
nearly equal to a right angle as we please, by making ^ nearly 
equal to x'. The nature of vision, however, imposes a limit, because 
the eye is not capable of distinct vision when the point lies within 
a certain distance. If X denote the least distance for distinct 
vision, then the greatest value of 6 is found by putting ^— x =X; 
we therefore get 

tan = — ^ — . 
X X 

The negative sign indicates that the image will be inverted. 

213. When the image falls on the other side of the lens, x' will 
be negative ; and then tan 6 will be made as large as possible bj' 
bringing the eye close to the lens. In this case ^ is so small that 
it may usually be neglected, and we get tan 6 = ^/x, nearly. 

From this it appears that tan may be made as large as we 
please by diminishing x; but there is a limit to the possible 
diminution of x, for x' must not bo sensibly less than X. Now 

111 

X X f 

and therefore putting «' = — X, we get 

11 1 

x~X /■ 

The greatest visual angle under which an object may be seen 
distinctly, will therefore be given by the formula 

tan^ = ^(i+^). 

The tangent of the angle subtended at the eye by the object 
when placed in the position of the image is yS/X ; the ratio of these 
tangents is the magnifying power ; and therefore, denoting the 
magnifying power by to, 

. >^ 
?)i = 1 + 7. . 

In convex lenses f is positive, and therefore the object will 
appear magnified ; in concave lenses / is negative, and therefore 
the object appears to be diminished b}' the lens. 

H. IG 
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214. If in the formula for tan 6 we substitute for x' its value 
ia terms of x, it becomes 

/3 



tan 6- 



- + ?-/ 



By giving different values of x, f, it is easy to see from this 
formula, in what manner the visual angle changes when the 
positions of the object and eye vary. 

We notice that this formula is symmetrical with regard to x 
and f, so that the positions of the eye and object may be inter- 
changed in every case without altering the visual angle. 

When the eye is at a principal focus the apparent magnitude is 
independent of the position of the object ; and similarly when the 
object is at a principal focus its apparent magnitude is independent 
of the position of the eye ; the apparent magnitude being, in both 
cases, equal to that under which the object would be seen by the 
naked eye, when at a distance equal to the focal length of the lens. 
For if we make either x =f, or ^ =/, we get tan 6 = ^jf. 

Again, when either the eye or the object be close to the lens, 
the apparent magnitude is that under which the object would be 
seen by the naked eye. For in these cases, we must make ^ or a; 
very small ; and therefore tan B = fi/x or yS/f . 

215. But in all cases the visual angle will necessarily be 
limited by the aperture of the lens ; so that the greatest value of 
tan 6 will be equal to y/f nearly, where y denotes the semi-aperture 
of the lens. The greatest linear extent of object, visible through 
a lens in any position, may be called the field of view. Its 
magnitude is at once ascertained by equating the value of tan as 
previously found to y/^ ; the greatest value of /8 is accordingly 



^ = ^^^1-7)- 



The linear extent of the field of view, therefore, varies as the 
aperture of the lens, other things remaining the same. 

When the object is in the principal focus of the lens x =/, and 
therefore /3 = yf/^. When the eye is in the principal focus of the 
lens, the linear extent is equal to the aperture of the lens, what- 
ever the position of the object. For if f =/, j8 = y. 
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When the object is close to the lens, that is, when x is very- 
small, the value of yS becomes very nearly equal to y ; so that the 
extent of the field is in this case independent of the position of the 
eye. On the other hand, when the eye is close to the lens, 
that is, when ^ is small, the field becomes very great. 



Spectacles and Reading Glasses. 

216. The distinctness of objects as seen by the naked eye 
depends on the accurate convergence of the rays of different pencils 
to points on the retina. We have seen that the eye is furnished 
with a mechanism for adapting itself for seeing distinctly objects 
at different distances. A normal eye when not actively accom- 
modated is adapted for rays coming from a distant object, or for 
parallel rays ; and it must be accommodated for seeing objects which 
are near, the range of distinct vision extending from five or six 
inches to infinity. Eyes for which the greatest distance of distinct 
vision is finite are called short-sighted, or myopic; these eyes can 
only bring divergent pencils to a focus on the retina. On the 
other hand, eyes which can bring to a focus on the retina not only 
parallel rays but convergent pencils are called long-sighted or 
hypermetropic. The defects in these eyes depend on the length of 
the axes of the eyes ; in a short-sighted eye, the axis is too long, 
and in a long-sighted eye it is too short. In both short-sighted 
and long-sighted eyes the accommodating mechanism may be 
quite perfect. When this is the case, their defects may be entirely 
remedied and the eyes made normal by the use of spectacles. 

217. Let the range of distinct vision by the naked eye extend 
from points distant a, h from the eye. In a normal eye, h will be 
infinite ; in a short-sighted eye h will be finite and positive, and in 
a long-sighted eye h will be finite and negative. Suppose the eye 
to view an object through a lens of focal length /, placed close to 
the eye, f being positive for a collective lens, and negative for a 
dispersive lens. Then if x, x be the distances from the eye (or 
from the lens) of an object and its image, respectively, measured 
outwards, 

11^1 
X x'~ f 

16—2 
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The rays striking the eye will appear to diverge from the 
image ; aud therefore the rays may be brought to a focus provided 
X lies between the limits a, b. If we substitute for x' the values 
a, b in succession, the corresponding values of x will be the limits 
of the range of distinct vision through the spectacles. 

When the accommodating mechanism is perfect, we have only 
to choose /, so that the farther limit of distinct vision is at an 
infinite distance. We must therefore make x infinite when x' = 6, 
and thus we find the focal length of the spectacle glass, namely, 
/= — b. The nearer limit of the range of distinct vision becomes 

ab 

x= ; 

b — a 

and therefore the range of distinct vision through the spectacles 
will extend from ab/{b — a) to infinity. 

In a short-sighted person b is finite and positive, and therefore 
/ is negative ; he must therefore use dispersive lenses, generally 
double concave lenses, whose focal length is equal to the greatest 
distance of distinct vision by the naked eye. Thus if the range of 
distinct vision extends from 3 to 6 inches from the eye, the use of 
a concave lens whose focal length is 6 inches, will cause the range 
of distinct vision to extend from 6 inches to infinity. 

On the other hand, in a long-sighted eye b is negative and 
therefore y is positive. For example, if the range of distinct vision 
extend from 12 inches outwards through infinity to — 12 inches, 
the spectacles chosen must be collective lenses of 12 inches focal 
length ; substituting these values in the general formula, we find 
that the range is then from 6 inches to infinity. 

Practically, these glasses may be chosen by making the person 
look at a distant object ; then the weakest concave glasses which 
will enable a short-sighted person to see this object distinctly, and 
the strongest convex glasses which will enable a long-sighted 
person to see it distinctly, are the glasses suitable to the eyes. 

The limiting points of the range of distinct vision may be 
measured by making the person look through suitably chosen 
convex lenses, so that the points in question are brought within 
12 inches from the eye, and then their distances can be measured 
on a divided scale. They are generally not the same for both eyes, 
so that the two eyes require different, glasses. 
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Short-sighted persons who have to do delicate work, have 
sometimes to bring things close to the eyes ; in this case they 
should use rather weaker concave glasses, than those prescribed 
above. For the same purpose, achromatised prismatic glasses, 
which are thicker towards the sides next the nose, and thinner 
towards the sides next the temples are used, because the objects 
can then be seen with less convergence of the axes of the eyes. 

218. As the age of a person advances, the eye gradually loses 
its power of accommodation ; it is supposed that the outer layers 
of the crystalline lens lose their elasticity, so that the lens becomes 
less capable of changing its form and curvature. This defect is 
known as presbyopia. It is entirely different from the defect 
described above, called long-sightedness ; though aged persons are 
sometimes said to be long-sighted. The structure of aa eye does 
not alter with age, so that a person with normal eyes, will still see 
distant objects when he becomes old ; but the range of accommo- 
dation of the eye is then less than before, so that it cannot bring to 
a focus on the retina pencils of rays issuing from points very near 
to it ; in other words, the nearer limit of distinct vision has receded 
from the eye. Presbyopic eyes therefore need convex glasses to 
enable them to see near objects, as in reading or writing ; but they 
must be laid aside to look across a room or at a distant view. Usually 
the glasses are chosen so as to bring the nearer limit of distinct 
vision to 10 or 12 inches from the eye. For very aged persons, whose 
sight has lost its keenness, it is sometimes advisable to use spectacles 
which will bring this nearer limit to within 8 or even 7 inches 
from the eye, so that objects may be seen under a greater angle. 

From what has been said, it is evident that presbyopia may 
exist along with the other defects previously mentioned. Both 
long-sighted eyes and short-sighted eyes can be made normal by 
the use of spectacles, as we have seen. When presbyopia sets in, 
these eyes will need two pairs of spectacles, one for walking, and 
another for reading and writing. 

219. A convex lens of considerable aperture and magnifying 
power is often used as a reading glass, or for viewing the details 
of small objects. Such a glass may be used bj^ both short and 
lone-sighted people. For suppose that the glass is placed, so that 
the object is in the principal focus of the glass, then the rays 
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emerging from the lens are parallel. If the glass be now moved a 
little nearer to the object, the emergent rays will diverge, and can 
be brought to a focus on the retina by a short-sighted eye ; if on 
the other hand the glass be moved a little farther away from the 
object, the emergent rays will converge and will be adapted for 
distinct vision by a long-sighted ej'e. In each case the magnifying 
power will be 1 + X// where X is the least distance of distinct vision, 
and /the focal length of the lens. 



Astigmatism. 

220. In addition to the defects already mentioned, the eye is 
often not symmetrical about its axis, and also, like other optical 
instruments it is subject to spherical aberration. The defects of 
the image arising from these causes are all included in the term 
astigmatism. 

If a person look at a distant small bright point, while his eyes 
are accommodated for a nearer object, we should expect that there 
would be a small circular patch of light on the retina ; but often, 
instead of a circular spot of light, he sees a star-shaped figure, 
with from four to eight rays. The shape of this figure is different 
in different individuals, and generally different for the two eyes. If 
the light be white light, the parts near the edges of the bright parts 
of the figure are tinged with blue, while those in the centre are a 
reddish yellow. If the light be weak, only the bright parts of the 
figure are visible and several images of the bright point are seen. 
The appearance of a star or a distant light, as a figure with streaming 
rays, is connected with these appearances. Similarly if the eye be 
accommodated for an object at a greater distance than the bright 
point, another star-shaped figure is seen ; and even if the eye can 
accommodate itself to the light, provided the light be sufficiently 
strong, the same appearances present themselves. If the object be 
a fine line of light, the appearances can easily be deduced from the 
preceding phenomena; several images of the line are seen, most 
eyes seeing at least two. 

Some of these phenomena are due to moisture on the cornea, 
and can be changed by blinking with the eye-lids. But most of 
them are caused by irregularities in the crystalline lens. Bonders 
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investigated them by allowing light to pass into the eye through a 
small slit, which he moved into different meridian planes. He 
found that usually every sector of the lens brought the incident 
rays to a focus, but that the foci for different sectors did not 
coincide. Also each sector did not bring the rays very accurately 
to a focus, but those rays which were incident near the axis of the 
eye, had their foci farther off than those which were incident near 
the edges of the pupil. 

These phenomena are called irregular astigmatism, and they 
cannot be removed. 

221. The defects of the image, arising from want of symmetry 
in the curvature of the refracting surfaces, and especially of the 
cornea, are called regular astigmatism. Regular astigmatism occurs 
in almost all eyes. The eye is not in general accurately accommo- 
dated for horizontal and vertical lines at the same time. If a person 
look at a figure consisting of a series of lines all radiating from a 
point, when any one of the lines looks clear and sharply defined, the 
others do not, and as the distance of the figure changes, first one 
line and then another is well defined. Or if he look at a figure 
consisting of a series of concentric circles drawn at small intervals, 
a peculiar star-shaped appearance is present in the figure. In the 
white rays, the edges between the black lines and the white 
intervals are clear and well defined, and they are less and less 
clear till we reach the blacker rays. If the accommodation of the 
eye be allowed to change or the figure be moved to a greater or less 
distance from the eye, other parts of the figure become clear, and 
it seems as if the clear rays moved to and fro. This may be explained 
by the theory of thin pencils already developed. If we trace back 
a thin pencil from a point on the retina through the eye into the 
air, the emergent pencil will be orthogonal, and will have two focal 
lines at right angles to the axis of the pencil, lying in planes 
through the axis of the pencil which are perpendicular to each 
other. For the state of accommodation of the eye, the positions 
of these focal lines are the best positions for seeing lines parallel 
to their directions respectively. If the distances of these focal lines 
from the eye be p, q, then 1/p — Ijq may be taken as a measure 
of the astigmatism of the eye in that state. If a lens be placed in 
front of the eye, it will not change the value of l/p — 1/q ; so that 
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we may assume that 1//) — Ijq retains very nearly the same value 
■when the state of accommodation in the eye changes. 

222. This astigmatism may be corrected by a properly chosen 
astif^matic lens. If we place before tlie eye a lens such that when 
a pencil of light issuing from a bright point pass through it, the 
emergent pencil has a pair of focal lines coinciding with those 
already found for the eye, then when the pencil enters the eye it 
will be refracted so that the rays meet in a point. 

The lenses used for this purpose have one surface cylindrical. 
It was shown in § 157 that the measure of the astigmatism of a 
cylindrical lens, the radii of whose surfaces are a, and h, and the 
angle between the generators of the two cylinders 2i, is 

= (u - 1) A/ -, + Ta 7 COS 47, 

u V ^ \ a b ab 

or, in the case when the posterior surface is plane, 

II V a ' 

A lens of this latter form may always be chosen to cure the 
astigmatism of the eye ; the radius of the cylinder must be such 
that 

p q~ a - 

223. If two astigmatic lenses, one concave and the other 
convex, be united so that their plane surfaces coincide, we 
reproduce the conditions of the first case. When the radii of the 
cylindrical surfaces be equal, a = b, and therefore 

1 _ 1 _ 2{fi-l) sin 2% 
u V a ' 

The lenses may be arranged so that they can be turned about 
their common axis, so that a may be made to vary ; then the astig- 
matism of the combination may be made to vary from zero, when 
22 = 0, up to 2 (/i - l)/a, when 2a = Jtt. 

This furnishes a very simple method of measuring the 
astigmatism of an eye. The person is made to view through a 
convex lens a figure formed by a series of lines diverging from a 
point, and the figure is moved farther and farther away till the 
farthest point is reached for which the spectator can see any of the 
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lines distinctly. A pair of crossed astigmatic lenses is then 
interposed, and turned about their common axis until all the lines 
are visible ; the astigmatism of the eye is then corrected by that of 
the combination ; and the measure of astigmatism is determined by 
observing the angle between the generating lines of the cylindrical 
surfaces. 

224. The direction of the focal lines of the eye are determined 
by observation ; if we choose the axes of co-ordinates to coincide 
with the focal planes, .0=0, using again the notation of § 157. 
Hence sin 2^ = 0, which gives a = or Jtt. 

If we choose the generating line of the cylindrical surface to 
coincide in direction with the more distant focal line, a = Jtt, and 

i_i^_0^-i) 

p q a ' 

This shows that a is negative, and therefore that the cylindrical 
surface is convex. 

If this surface is to be concave, we must make a = 0, or the 
direction of the generators of the cylindrical surface must coincide 
with that of the nearer focal line. 

The second surface of the spectacle glass, instead of being 
plane may be made spherical. This is equivalent to uniting the 
astigmatic lens with an ordinary lens one surface of which is plane. 
This will not alter- the measure of the astigmatism, and by choosing 
the curvature of the spherical surface properly, the lens may be 
made to correct astigmatism and also myopia or presbyopia at th6 
same time. 

The use of cylindrical lenses to cure the defects of astigmatism 
was discovered by Airy. 

On vision through any number of lenses. 

225. To determine in what manner an object will be seen 
through any system of lenses, it will be necessary to trace the 
course of a pencil of rays from any one point of the object; the 
several foci of this pencil determine the positions of the several 
images of the object. The field of view, the effective apertures of 
the lenses, the visual angle under which the object is seen, and 
the best position for placing the eye, are all found by considering 
the course of the axes of these several pencils. These axes all 
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pass through the nodal points of the object-glass, or the first lens 
of the system, and may therefore be considered as a pencil of rays 
issuing from the second nodal point of this lens ; the extreme rays 
of this pencil determine the field of view and the effective apertures 
of the several lenses' after the first. 

We have already investigated the position of the focus of a 
small pencil issuing from a point and traversing any number of 
lenses bounded by spherical surfaces. In such an optical system 
the initial and final media are the same, and therefore the 
principal points coincide with the nodal points, and the two focal 
lengths are equal. 

226. The magnifying power of any telescope may be defined 
to be the ratio of the angle under which an object is seen 
through the telescope, to the angle under which it would be seen 
by the naked eye. This definitioii supposes that the linear 
dimensions of the object and image are to be compared, and not 
their areas. This is sometimes expressed by saying that an 
instrument magnifies a certain number of diameters. 

The axes of the extreme pencils which enter the object- 
glass, determine the angle under which the object would be seen, 
were the eye placed at the centre of the object-glass ; and in the 
case of a telescope, this does not differ sensibly from the angle 
under which it would be seen by the eye in its position when 
looking through the instrument ; for the distance of an object is 
usually very great compared with the length of the telescope. 

With the notation which we used in stating Gauss' general 
theory, let the axis of one of the extreme pencils be determined 
by the quantities /3, b; and after refraction at the several surfaces, 
by ^,, 6j, ^j, 6jj .. . y8', b'. Then since the axes of all the incident 
pencils pass through the first nodal point of the object-glass, 
6=0, very nearly ; for the first nodal point will be very close to 
the surface of the object-glass. Substituting this value of b in 
the equation 

we find that ^ = '> 

and therefore the magnifying power of the instrument is repre- 
sented by I. 
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227. The image of the surface of the object-glass as seen 
through the instrument is called the eye-ring. Every ray which 
passes through the instrument will emerge within the eye-ring, at 
the image, namely, of the point at which the ray strikes the 
object-glass. 

If the instrument be directed to an illuminated surface, or to 
the sky, each point of the eye-ring receives light from all points of 
space whose rays can traverse the instrument, that is, from all 
points of space which can be seen by help of the instrument. If 
the eye be placed so that its centre is at, or close to, the centre of 
the eye-ring, it will therefore embrace the entire field of the 
instrument. The centre of the eye-ring, is therefore the best 
position for the eye, and is called the eye-point. 

We have seen that the axes of the several pencils striking the 
object-glass form a pencil issuing from the second nodal point of 
the object-glass ; the final focus of this pencil as it passes through 
the instrument, will be very near. to the centre of the eye-ring; 
and therefore the eye will receive as many of the axes of pencils 
issuing from the object as possible. 

To find the magnitude and position of the eye-ring, we have 
only to make ^ = a ; then 



^' = a-!^. 



Also for this point, 



, kh 
. , it-u — i 



'„' ^^9-^^ I 



v' 1 

so that — = -j, since gl — kh = 1. 

V ' 

Remembering that I is the magnifying power of the telescope, 
this equation shows that the magnifying power of the instrument is 
equal to the ratio of the radius of the object-glass, to that of its 
image as seen through the telescope. 

This gives a practical way of measuring the magnifying power 
of a telescope. The telescope is pointed to a bright surface, and 
the diameter of the eye-ring is measured by a graduated scale and 
lens, forming a micrometer. The diameter of the object-glass 
can also be measured, and the ratio of the latter to the former gives 
the magnifying power. 
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228. The Field of view is determined by the axes of the 
extreme pencils which meet the object-glass. The effective 
apertures of the various refracting surfaces may be obtained by 
finding the corresponding values of b. If /3 be the inclination of 
the extreme axes of the incident pencils, then, since b vanishes, 
the effective apertures will be determined by the equations, 

/3, = y3, + A;A, b, = b^ + ^,t^, 

/93 = /S, + A-A, 6, = 6, + ^3^3, 



By these equations b^, i^-.-V are determined. 

If we add the first set of equations, we arrive at the result, 

which may be written, 

{i-\)^=Kb, + Kh+...+K_,b,,_, 

This shows that the field of view is continually increased by 
adding more convex lenses ; for corresponding to both surfaces of a 
convex lens k is positive. 

If any lens have its aperture diminished, the values of all the 
other apertures and of the field of view are diminished in 
the same proportion. It is useless to make the aperture of any of 
the lenses greater than its effective aperture. 

229. Sometimes it happens that the position of the eye-point 
falls within the telescope, that is, in front of the outer surface of 
the eye-lens ; this will be the case when hjl is positive, for then 
^ — a! will be negative. The eye cannot then be placed at the 
eye-point, but is put as close to the eye-point as possible ; it will 
therefore be placed close to the eye-lens. In estimating the field 
of view, the radius of the pupil must then be used instead of the 
radius of the outer surface of the eye-lens. 

Brightness of Images. 

230. It has already been proved that if /8, /8' be the linear 
dimensions of an object and its image by refraction at a spherical 



228 — 230.] BRIGHTNESS OF IMAGES. 253 

surface separating two media of refractive indices fi, fi!, and if 
a, a! be the angles of divergence from the axis of two corresponding 
rajs in the two media, then 

/i/S tan a = ya'/S' tan a'. 

In other words, the value of /n^S tan a. is unchanged by the 
refraction ; and therefore after any number of such refractions the 
same law must hold ; that is, 

/ijS tan a — yu.' /3' tan a', 

where y!, yS', a', refer to the final medium. 

To the first order of small quantities, we may write a for tan or, 
a! for tan a', and therefore the formula becomes, 

/X2,S = yu,'a';S'. 

Now let dSi, dS', be small elements of the object and image, 
standing perpendicular to the axis, so that 

dS : dS' == ^-^ : ^" ; 

and let da be the small solid angle bounding a pencil diverging 
from dS, and let da/ be the corresponding solid angle for the 
emergent pencil. Then if / be the brightness of the object, the 
quantity of light issuing from the object is, 

L = IdS dco ; 

and if /' be the brightness of the image, the quantity of light 
emerging from the system will be 

L' = rd8'Seo'. 

On the supposition of no absorption of light by the media, 
L = L', and therefore 

Ids dco = I' dS' dco'. 

But d8 : dS' = ^' : ^'\ 

and also dco : dco = a" : a!'. 

Hence I a' ^ == I' oT ^'^ 

Keferring back to the preceding equation, connecting a, /3 with 
a, y8' we arrive at the equation 

J 2 r' . '2 
: jjL = 1 : fjL . 
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If the initial and final media are the same, as is nearly always 
the case with optical instruments, 

that is, the brightness of an image formed by rays which make small 
angles with the axes, after refraction through any optical system, is 
equal to the brightness of the object. 

231. But this law must also hold, for any wide-angled 
aplanatic system, without the restriction that the rays shall make 
very small angles with the axis. 

For if it did not hold, it would be possible to arrange an optical 
instrument in such a way that a person could make an object look 
brighter than it does to the naked eye, which contradicts all 
experiments made with different kinds of refracting media. And 
if this were possible for light, it would also hold for heat rays, 
whose laws of emission and refraction are the same as those of 
light; and this would contradict the law of the equality of 
radiation between bodies of equal temperatures. Hence we infer 
that the law of brightness 

I : //,= = /' : fi!' 

holds for all aplanatic systems. 

232. We are now able to extend the law connecting the 
angles of divergence of the initial and final pencils to wide-angled 
systems. 

For consider, as before, the quantity of light sent out by an 
element of bright surface dS, placed perpendicular to the axis. 
The intensity of the emission of light in any direction varies as the 
cosine of the deviation of that direction from the axis. Hence the 
whole quantity of light sent out within a cone of semi-vertical 
angle a will be 

L = Ids I "cos e . 27r sin 6 d0, 

•'0 

or L = TT Ids sin' a. 

The corresponding formula for the emergent beam will be 
L' = IT I'dS' sin' a: 
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Equating these values, we find that 

IdSsin'a^rdS'sin'a'. 
But I : fi^ = r : fj.'\ 

and also dS : fi'' = dS' : ;8'=; 

hence the equation becomes 

fi^ sin a = /i'/8' sin a'. 

This expresses for wide-angled aplanatic systems, the relation 
between the angles of divergence of the initial and final pencils, 
which was found before for pencils of very small divergence. 
When the angles of divergence are very small, it is immaterial 
whether we write a, or tan a, for sin a. 

This law was enunciated independently by Helmholtz and 
Professor Abb^ of Jena in 1874. 

233. It often happens in the case of instruments of high 
magnifying power, that the emergent pencil does not completely 
fill the pupil of the eye, and then the brightness of the image on 
the retina will be less than when the pupil is quite filled with the 
rays. 

For let 7„ be the brightness when the eye is filled with the rays, 
and let \ be the distance of the image from the eye ; then the 
section of the pencil by a plane coinciding with the pupil of the 
eye, will be ttX'' sin'' a' ; and therefore if p is the radius of the 
pupil 

I : /, = 'n-Vsin'a' : irp'; 

which gives J =^o {-) T/f^'W'^^^ "■• 

The last medium before the eye will be air, so that /t' = l, 
and /37/3 is the magnifying power, which is denoted by m, and 

therefore 

- _ - \' /i.' sin' a 
p m 

an equation which we shall find useful in dealing with optical 
instruments. 
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EXAMPLES. 

1. A stereoscope is constructed of two glass prisms (fi = ^) with their 
edges coincident, and placed so that the faces of each are equally inclined to 
the plane on which the two pictures are placed, and at a distance of 6 in. 
The eyes of an observer are 2^ in. apart ; find their distance from the prism 
when the axes of the pencils from the middle points of the two pictures have 
minimum deviation and cross at the poiut half-way between them, the points 
being 4 in. apart. Show that the angles of the prisms must be nearly tan ~' |. 

2. Three convex lenses of focal lengths /,, f^ /, are separated by intervals 
a, b ; find the magnifying power of the combination, and prove that it is 
independent of the position of the object if 

(/l-«)(/3-6)+/2(/l+/,-«-6) = 0. 

3. The light after passing through an optical instrument symmetrical 
about an axis is reflected by a plane mirror perpendicular to its axis so as to 
pass through it again in the reverse direction ; show that the compound 
instrument so formed is equivalent in every respect, if spherical aberration be 
neglected, to a simple spherical mirror, with its vertex in the position conju- 
gate to the plane mirror and its centre of curvature at the corresponding 
principal focus. 

4. ■ If in any optical instrument formed of lenses and mirrors on the same 
axis, m is the magnifying power when the instrument is adjusted for an eye 
which sees clearly with the incident light parallel, and if the eye-glass (focal 
length /) is moved till the instrument is in adjustment for an eye whose 
distance of distinct vision is 5, show that the magnification is increased by 
mf/S. 

5. A cylindrical beam of light is incident on the object-glass of a 
telescope; find the distribution' of the illumination in the focal plane and 
show from your result that the resolving power of a telescope increases with 
its aperture. 



CHAPTER XI. 
Optical Instruments. 

234. We have already treated the theory of vision through a 
single lens and its application to spectacles and reading-glasses. 
The next optical instrument in the order of simplicity is the 
simple microscope. 

We have seen that when an object is placed at the focus of a 
convex lens, the rays of the several pencils will emerge parallel to 
each other, and therefore each pencil will be brought to a focus on 
the retina without effort; and in this position the angle under 
which it will appear to the eye is the angle it would subtend at a 
distance equal to the focal length of the lens. Consequently the 
image will be distinct and magnified. A lens of high power thus 
used is called a simple microscope. 

If yS denote the linear dimensions of the object, the tangent of 
the visual angle will be ^Jf, while the tangent of the angle under 
which it would be seen by the naked eye at the least distance of 
distinct vision is /8/X,; the measure of the magnifying power is 
therefore Xjf. Single lenses answer very well so long as the focal 
length is not smaller than one inch ; but when higher powers are 
required, combinations of more than one lens are preferable. 

"^ 235. A form of simple magnifier, which possesses certain 
advantages over a double convex lens, is that commonly known as 
a."Coddington lens." The lens is spherical, but the rays are 
made to pass nearly through the centre of the lens. The first 
idea of it is due to Wollaston, who proposed to unite two hemi- 
spherical lenses by their plane sides, with a stop interposed, the 
central aperture of which should be equal to one-fifth of the focal 
H. 17 
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length. The same end was shown by Brewster to be attained 
more satisfactorily by grinding a deep groove round the equatorial 
part of a spherical lens, and filling it with something opaque. 
The great advantage of this lens is that the oblique pencils as well 
as the central pencils, pass normally into the lens, so that they are 
but little subject to defects of aberration. 

The Stanhope lens consists of a cylinder of glass with its ends 
ground into spherical convex surfaces of unequal curvature ; the 
length of the cylinder is so' arranged that when the more convex 
end is turned towards the eye, objects placed on the other end 
shall be in the focus of the lens. This furnishes an easy way of 
mounting light objects for examination. 

A modified form of the Stanhope lens, in which the further 
surface is plane, has been used extensively in France for the 
enlargement of minute pictures photographed on the plane 
surface ; it is called a " Stanhoscope." 

236. Wollaston was the first to use a combination of two 
lenses instead of a single lens ; this combination is still known as 
Wollaston's Doublet. It was suggested by an inverted Huyghens' 
eye-piece, to be described presently. It consists of two plano- 
convex lenses whose focal lengths are in the proportion of 1 : 3, 
the plane surfaces being turned towards the object, and the 
lens of shorter focal length being placed next the object. The 
distance between the lenses can be adjusted to suit different 
eyes, but is usually | of the shorter focal length. 

Pritchard, who made doublets which magnified 200 to 300 
diameters, performing excellently, made the distance between the 
lenses equal to the difference of their focal lengths, while the 
latter could vary in ratio from 1 : 3 to 1 : 6. 

A better doublet was invented by Chevalier, who placed two 
plano-convex lenses of equal focal lengths but of different 
diameters, very close together, the larger being the nearer to the 
object, and between them he fixed a diaphragm. In this way he 
obtained more light and admitted a greater distance between the 
lens and the object. 

Triplets have been constructed on the same principles. The 
combination with sufficient care of three plano-convex lenses gives 
even better results than doublets. They can be made com-: 
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paratively free from aberration both spherical and chromatic. 
But they are so much inferior to the modern compound micro- 
scope that they are only used for rough observations or for 
dissecting. 

237. The refracting telescopes and the compound microscope, 
in their simplest forms, consist of two lenses. The lens placed 
nearer to the object receives rays directly from the object and 
forms a real inverted image of the object; this lens is called 
the object-glass, or the objective. The inverted image is viewed 
by the eye through the other lens, which is called the eye- 
glass or eye-piece; this eye-glass alters the divergence of the 
small pencils which form the first image, so that they can be 
brought to a focus on the retina without efifort, and increases the 
visual angle under which the image is seen. In general, an eye is 
accommodated for rays emerging parallel to each other ; the eye- 
glass is therefore placed so that the first image is in the principal 
focus of this lens. In microscopes, however, where the magnifying 
power is very important, the instrument is arranged so that the 
final image is at a distance of about 10 inches from the eye ; this 
distance is conventional, but is chosen once for all, so that the 
magnifying powers of different instruments may be compared 
under like circumstances. 



The Astronomical Telescope. 




238. The common Astronomical telescope, the construction of 
which was first explained by Kepler, consists primarily of two convex 
lenses fixed in a tube. In the figure, BAG is the lens which is 
turned towards the object, and it is therefore called the object-glass. 
This lens forms an inverted image pq, of the object, corresponding 
points of image and object lying on the same line through A, the 
centre of the object-glass. Bq, Aq, Cq are three rays diverging 
from any one point of the object which, after refraction by the object- 

17—2 
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glass, are made to meet in q, the corresponding point of the 
image. These rays after crossing at q, fall upon the convex lens hac, 
called the eye-glass, and after refraction they are in general made 
to emerge parallel to each other. This will be effected by 
adjusting the position of the eye-glass, so that the image ])q shall 
lie in its principal focus. 

Let f, f be the focal lengths of the object-glass and eye-glass, 
respectively. Then the angle qA-p is the angle which the object 
subtends at the centre of the object-glass, and this will not differ 
sensibly from that subtended at the eye. By the naked eye, there- 
fore, the object is seen under an angle whose tangent is — yS//", 
where ;S is the linear dimensions of the image. Also, the image 
•pq will be seen through the lens at an angle whose tangent is /S//"', 
wherever the eye be placed, supposing pq to be in the principal 
focus of the eye-glass. The magnifying power is therefore 

239. The field of view is defined by the axes of the extreme 
pencils which are transmitted by the eye-glass. It will therefore 
be the angle which the eye-glass subtends at the centre of the 
object-glass. "Wherefore, if h' denote the semi-aperture of the 
eye-glass, and @ half the field of view, 

© = 

In order to take in the whole extent of this field the eye must 
be placed at the point in which the axes of the extreme pencils, 
diverging from the centre of the object-glass, meet the axis of the 
telescope on their final emergence. The place of the eye is there- 
fore the focus conjugate to the centre of the object-glass as seen 
through the eye-glass. If x be the distance of this point outside 
the eye-glass. 



In the construction of the instrument, the tube is prolonged to 



f 
so that !r — -L. 
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the required distance and is there furnished with an eye-stop, and 
in looking through the instrument the eye is placed close to the 
end of the tube. 

240. The field of view as defined by the axes of the extreme 
pencils is not the entire extent of the visible field, as determined 
by any rays whatever transmitted through both the lenses. For 
if we join the extremities and the centre of the object-glass 
to one extreme point of the eye-glass, and let the joining lines 
meet the common focal line in rqs, all the rays from the 



object-glass which fall within ps strike the eye-glass; but only 
half the rays which meet at q are transmitted by the eye- 
glass, while only one ray of those meeting in r will meet the 
eye-glass. Thus all the field within ^s is seen by full pencils, 
while that between the lines As and Aq is seen by parts of 
pencils, the part exceeding half the pencil in each case ; and 
the part of the field between Aq and Ar is seen by parts of 
pencils, the parts being less than half the pencil in each case. 
Let ©', ©" be the values of half the bright field, and half the 
total visible field, respectively. Let the line mnh be drawn through 
the extremity of the eye-glass parallel to the axis of the telescope ; 
then by similar triangles. Cm : mb = sn : nb. If we denote ps by y, 
and the semi-apertures of the lenses by b, V , respectively, this 
relation becomes, 

b + V _ b'-y 

f+f'~ f ' 

X,- V, ■ fb'-f'b 

which gives, y = -yTf^ ■ 



But y =f ®' ; wherefore 
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To find the value of ©", we have only to change the sign of b ; 
and therefore 

"/(/■+/)■ 

If h'/b =/'//, that is, if the apertures of the lenses are propor- 
tional to their focal lengths, ©' vanishes ; in this case the bright- 
ness of the field decreases from the centre to the circumference. 
If b'/b be less than /'//, the value of 0' becomes negative, and no 
part will be illuminated by full pencils. 

The field as determined by the axes of extreme pencils, is 
limited by the line Aq, and therefore by elementary geometry, 
or by the values previously obtained, 

©' + ©" = 2©. 

The field is limited practically to the bright field ©', by means 
of a circular stop, which is placed at the principal focus of the 
object-glass, whose radius is 

fb'-fb 

This will exclude the images of all points formed by partial 
pencils. 

In an Astronomical telescope there is usually fixed a network 
of fine wires, vertical and horizontal, the plane of the wires 
being the focal plane of the object-glass. The image of the 
object given by the object-glass will then lie in the plane of 
the wires, and the image and the wires are viewed together 
through the eye-lens. By the aid of these wires the position 
of the image of any point can be accurately measured. 

Galileo's Telescope. 




241. This telescope, called after its inventor, Galileo, was 
the first whose construction was explained on theoretical principles. 
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It differs from the astronomical telescope chiejQy in the form of 
its eye-glass, which is a double concave lens, and is placed 
between the object-glass and its principal focus. A pencil 
of light diverging from the object is brought to a focus by the 
object-glass ; but before the rays reach this focus, some part 
of the pencil is caught by the eye-glass. In the annexed 
figure, BAG is the object-glass, hac the eye-glass, and pq is 
an inverted image of the object formed by the object-glass, 
corresponding points of the image and object lying on the same 
line through A, the centre of this lens. Bq, Aq, Dq, are three 
rays diverging from any point of the object, and after refraction 
they are made to converge to the point q, the corresponding 
point of the image. These rays fall upon the eye-glass and after 
refraction they are, in general, made to emerge parallel to each 
other. This will be effected when the eye-glass is so adjusted 
that the image pq is in its principal focus. When directed 
towards distant objects, pq is also in the principal focus of the 
object-glass, so that the distance between the lenses is then equal 
to the difference between the focal lengths of the two glasses. 

Let y8 be the linear magnitude of the image pq, and _/ /' 
the focal lengths of the object-glass and the eye-glass, respectively. 
Then the angle under which the object is seen by an eye placed 
at A is equal to the angle qAp, and this will not differ sensibly 
from the angle under which it will be seen by the eye in its 
proper position. The tangent of this angle is — ^/f. Also the 
image pq will be seen through the lens under an angle whose 
tangent is — /S//'. The magnifying power is therefore 

Thus the magnifying power is the same as in an astronomical 
telescope, the focal lengths of whose lenses are the same as in 
this instrument. The latter has the advantage of being shorter ; 
for the distance between the lenses in this adjustment is equal to 
the difference between their focal lengths, whereas in the former 
it is equal to their sum. 

A more important advantage which this instrument possesses 
is that through it objects are seen erect and not inverted, as in 
the Astronomical telescope. This is readily seen by following 
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the course of the axes of extreme pencils as they diverge from 
the centre of the object-glass. When they meet the eye-glass 
they are made to diverge still more by it ; and therefore the 
pencil flowing from the uppermost part of the object will proceed 
to the lower part of the retina, and vice versa; and therefore 
the object is seen in the same position as by the naked eye. On 
this account the instrument is convenient for viewing terrestrial 
objects. The ordinary opera-glass consists of a pair of Galileo's 
telescopes placed with their axes parallel, and arranged so that 
the distance between the lenses can be altered so as to adapt 
the telescopes for seeing objects at different distances. 

242. The field of view in this instrument is very limited. 
For the axes of the pencils flowing from the several parts of the 
object, diverging from the centre of the object-glass, will diverge 
still more after refraction by the concave eye-glass, and therefore, 
for the most part, they will fall without the pupil of the eye 
and be lost. In order that the eye may receive as many as 
possible of these axes, it must be placed as near as possible to 
the point from which the axes diverge. This point, which is 
the eye-point, lies within the instrument, and therefore the eye 
cannot be placed at it, but will be placed close to the eye-glass. 
The effective aperture of the eye-glass is therefore reduced to 
that of the pupil, and it is useless to make the eye-glass of much 
greater aperture than the pupil. The value of the field of view 
as determined by the axes of the extreme pencils which strike 
the eye-lens, is therefore equal to the angle subtended by the 
pupil of the eye, at the centre of the object-glass. If b' be the 
semi-aperture of the pupil of the eye, and @ denote half the 
field of view, then 

/-/'• 

But this is not the total visible field as seen by any rays 
whatever; this may be found as before. The aperture of the 
pupil being small compared with that of the object-glass, few, 
if- any, whole pencils after refraction by the object-glass will 
fall within the pupil ; it is therefore usual to regard those pencils 
which completely fill the pupil, as whole pencils, and those which 
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do not fill it as partial pencils; so that the field of view is 
limited by the object-glass. 




We shall suppose that the semi-apertures of the lenses are 
b, b' ; the latter being equal to the semi-aperture of the pupil. 
Let the extremity of the object-glass be joined in succession to 
the extremities and centre of the eye-glass, and let the joining 
lines meet the line pq in r, q, s respectively. Then pencils 
converging to any point within pr, will fill the eye-lens ; the pencils 
converging to points in rq, will more than half-fill the lens, while 
pencils converging to points in qs will not half-fill the eye-glass. 
Hence if B' be half the bright field, and ©" half the whole visible 
field, 



@' = 



pr 

7' 



0"=-^. 



But, by similar triangles, it may be shown just as in the case of 
the Astronomical telescope that 



so that 



pr 



©' = 



^fb-fb'. 

f-f ' 

fb-fV 

fif-fy 



The value of ©" is obtained by changing the sign of b', and 
therefore 

In this telescope the principal focus of the object-glass is 
virtual, and therefore no stop and no network of fine wires for 
measuring, can be used. 



Object-glasses. 

243. We shall next apply the preceding theoretical considera- 
tions to the construction of good object-glasses. 
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One advantage of a telescope over the naked eye, in viewing a 
distant object, is the quantity of light which the instrument 
admits. The eye admits a small cone of rays issuing from each 
point of the object, just sufficient to fill the pupil; whereas a 
telescope admits a cone large enough to fill the whole object-glass. 
Thus a telescope enables us to see stars which are too faint to be 
perceived by the naked eye. The larger the aperture of the object- 
glass, the more light will be admitted. The first requisite of an 
object-glass is therefore a wide aperture. 

We have seen that the brightness of an image is equal to that 
of the object ; so that when the light from the image completely 
fills the pupil, just as light from the object does, they will appear of 
equal brightness. But when the magnifying power of the instru- 
ment is large, the emergent pencil never fills the pupil. When the 
telescope is directed towards a bright surface the emergent pencil 
fills the eye-ring. Let r be the radius of the eye-ring, and p the 
radius of the pupil; then, as has been remarked, r is usually smaller 
than p, and the apparent brightness will be less than the brightness 
of the object in the proportion of the areas of the eye-ring to that 
of the pupil. The brightness is therefore given by the equation 



-•©■• 



But if m be the magnifying power, m = hjr, where h is the semi- 
aperture of the object-glass. Hence 

Thus the brightness depends on the magnifying power and on 
the aperture of the object-glass ; and if the magnifying power be 
large, the aperture of the object-glass must be large too, otherwise 
the brightness of the image will be impaired. 

In Galileo's telescope the eye is placed close to the eye-lens, 
and the pupil is filled when points are seen by full pencils, and 
therefore the brightness of the image is very nearly equal to that 
of the object, and it does not depend on the aperture of the object- 
glass. But in this instrument the field of view depends on the 
aperture of the object-glass. This aperture, however, cannot be 
made very large, because the refraction through the lens is 
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excentrical, and if the aperture be large, the extreme pencils will 
be refracted at such a distance from the axis as to make the 
chromatic aberration considerable. 

244. Object-glasses are usually made of two lenses, a convex 
lens of crown glass being combined with a concave lens of flint 
glass. The pencils of light are incident centrically on the first 
lens, and if there were an interval between the lenses, the 
incidence on tlie second lens would be excentrical ; this would be 
disadvantageous, and the two lenses are placed close together. 

We have therefore four quantities at our disposal, namely, the 
radii of curvature of the four surfaces of the two lenses. 

The focal lengths of the two lenses are immediately determined 
by two essential conditions. These are, that the combination must 
have a given focal length, and must be achromatic. Let /, /' be 
the focal lengths of the lenses, and F the focal length of the 
combination. Then 

1^_ 1 1^ 

y-y + f 

Also the condition for achromatism is 

7 + 7 = »■ 

These two equations determine / and /', so that no other 
condition can be satisfied which involves relations between the 
focal length's. 

We shall next consider errors due to aberration. The defects 
of an image formed by a single lens are 

(i.) Distortion due to curvature of the image. 

(iL) Indistinctness due to obKquity in the more remote parts 
of the field. 

(iii.) Indistinctness due to spherical aberration. 

In the case we are considering there is no linear or angular 
distortion, because the incidence is centrical, and therefore the object 
and image are parallel sections of the same double cone. 

It has been shown that if p, p be the radii of curvature of the 
object and its image in the central parts of the field, 
1 1 m + \ Ik' + l] 
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We cannot therefore remove the defect of curvature, because it 
would involve a relation between the focal lengths of the consti- 
tuent lenses. 

Next, consider the effect of obliquity. After oblique centrical 
refraction at a lens, the pencils do not converge to a focus, but to 
two focal lines. To remove this defect it will be necessary to make 
the two focal lines after refraction through the two constituent 
lenses coincide. It has been shown that if v, v' be the distances of 
the focal lines from the centre of a single lens, for a pencil issuing 
from a point at a distance u, 



----_-^-^. + f^l-f-2^ 



IS U f { 2yx 



where / is the focal length of the- lens, and ^ the obliquity, which 
is so small that powers of j> higher than the third may be neg- 
lected. To make the focal lines coincide after refraction through 
both the lenses, it will be necessary that 

This again involves a relation between the focal lengths which 
cannot be satisfied ; so that except when <^ = 0, we cannot ensure 
distinctness. 

The defect due to spherical aberration is treated by making the 
aberration vanish for parallel rays. It has been shown how the 
aberration of the combination depends on two quantities e, e which 
are independent of the focal lengths. To make the aberration for 
parallel rays vanish.it is necessary to impose a single relation between 
the quantities e, e, and we can still satisfy one more condition. Two 
courses are open to us. We may make the lenses fit together, so 
that they may be cemented together into one lens ; or, as was shown 
in the chapter on aberration, we may make the aberration vanish 
not only for parallel rays, but for rays flowing from a point at a 
distance finite but considerable. 
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Eye-ineces. 

245. la tlie Astronomical telescope instead of a single eye- 
glass it is usual to use a combination of two lenses separated by an 
interval. The introduction of a third lens between the object-glass 
and the eye-glass will increase the field of view of the instrument. 
For this reason it is usually called the field-glass. 

The incidence of the pencils on the field-glass is not centrical, 
so that no advantage is gained by placing it close to the eye-glass. 
The two lenses of an eye-piece are therefore separated by an. 
interval. 

We have therefore five quantities at our disposal, namely, the 
four radii of curvature of the four surfaces of the lenses, and the 
distance between the lenses. 

If f, f be the focal lengths of the two lenses, a the distance 
between them, the focal length of the equivalent lens will be 
given by the equation 

The focal length F of the combination will be a given quantity, 
so this is to be considered as one relation between the constants. 

By far the most important defect of the image given by a 
single lens is that due to chromatic aberration. For a combination 
of two lenses separated by an interval, it is not possible to remove 
entirely the defects of this chromatic aberration. The defects of 
the image are two-fold, the coloured images are not in the same 
plane perpendicular to the axis of the telescope, and they are not 
of the same magnitude. Either of these defects can be removed 
but not both ; and the first defect is of the less consequence and is 
therefore neglected. It is best to make the lenses of the same 
kind of glass, for then if the combination be achromatic as regards 
two colours, it will be perfectly achromatic, because there will be 
no irrationality of dispersion. 

It has been shown in § 190 that the condition for this 
imperfect achromatism for two lenses of the same kind of glass is 

This is a second relation between the constant?, 
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The errors of spherical aberration are more complicated than 
those which occur in the object-glass, because the pencils are 
incident on the eye-piece excentrically and with considerable 
obliquity. 

The first defect is indistinctness, due to the spherical aberration 
of the more oblique pencils. When the central part of the image 
is at the proper distance from the eye-piece, the marginal parts 
will be too distant ; and therefore if the central portion of the field 
be distinct, the marginal portions will be indistinct, and if the eye- 
piece be pushed inwards in order to see the marginal portions, the 
central portion will become indistinct. 

The second defect is curvature of the image. 

The third defect is linear and angular distortion. The axes of 
the extreme pencils proceeding from the centre of the object-glass 
will, by the spherical aberration of the eye-piece, meet the axis of 
the telescope at a nearer point than those of the central pencils. 
The ratio of the visual angles will therefore be greater in the 
extreme parts of the field than at its central parts ; these extreme 
parts of the field wiU therefore appear unduly enlarged, and the 
object will appear distorted. 

.A fourth defect is due to the astigmatism of oblique pencils ; 
the pencils after passing through the instrument will have two 
focal lines, and the image of a point formed on the retina by such 
a pencil will be in general an ellipse, becoming however sometimes 
a circle. 

246. Without entering into details connected with these 
defects, it will be understood that the errors will, in general, be 
reduced by diminishing the aberrations of extreme pencils, and 
that if the forms of the lenses be given, this effect will be produced 
by increasing their number and dividing the refraction. The 
resulting aberration, other things being equal, will be least when 
the whole bending of the ray is equally divided among the lenses. 

The condition for equal refraction is easily obtained. W^e shall 
confine our attention to two lenses. Let a ray, originally parallel 
to the axis meet the two lenses at distances y, y' from the axis. 
Then the deviations produced by the lenses are yjf, and y'jf, so 
that we must have ylf=y'lf. But if 6 be the inclination to the 
axis of the ray between the lenses 
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y' = y-ae, and 5 = ^; 


therefore 




this gives 


/=/(i-|). 


or finally, 


«=/-/■ 



This condition, expressed in words, is that the interval between 
the lenses must be equal to the difference of their focal lengths. This 
is the principle on which Huyghens' eye-piece was constructed. 

The preceding conditions only relate to the focal lengths and 
positions of the lenses, and are independent of their particular 
forms. The aberrations will depend largely on their forms; but 
the different defects previously mentioned in general require 
different and sometimes opposite forms for their correction. It is 
therefore necessary to sacrifice the perfection of the instrument in 
one respect to improve it in another which may be of more 
importance for the particular object for which it is intended. The 
theory of this part of the subject is however very troublesome, and 
it is but little attended to in practice. The lenses employed are 
almost invariably plano-convex or equi-convex lenses. 

247. If we combine the condition of achromatism with the 
condition for equal refraction at the two lenses, we get the two 
equations 

« = H/+/')1 

«=/-/ r 

From these equations we deduce 

/=3/, a = 2/. 

The eye-piece will therefore consist of two lenses, the field-glass 
having a focal length equal to three times that of the eye-glass, 
and the distance between them equal to twice the focal length of 
the eye-glass. This is the construction of Huyghens' eye-piece, 
invented bj' him to diminish the effects of aberration, by making the 
deviations of the rays at the two lenses equal. It was afterwards 
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pointed out by Boscovich, that it also possessed the advantage 
of being achromatic. 



; 
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The eye-piece is usually made with plano-couvex lenses, the 
plane faces being next the eye. Rays proceeding from the object- 
glass would meet in q, qp being in the principal focal plane of the 
object-glass ; the rays are caught by the field-glass before reaching 
q, and are brought to a focus at q\ which is in the focus of the 
eye-glass, so that the rays will emerge parallel to each other. Let 

A, B be the centres of the lenses, AF the focal length of the lens 
A ; then since AF = 3/', AB = 2/, the point F is also the 
principal focus of the lens B. Since c[p' is in the focus of the lens 

B, Bp' = ^AB. Also, since p, p' are conjugate foci with respect 

to the lens A, 

_1 !__ ]_ 

Ap' Ap-3f' 

and Ap'=f; therefore Ap = ^f' = lAB. Thus p is the middle 

■ point of AF. 

Thus the field-glass must be placed between the object-glass 
and its principal focus, at a distance equal to half its own focal 
length from the latter. 

This eye-piece cannot be used in telescopes where measurements 
by means of spider-lines or fine wires are to be made. For the 
principal focus of the object-glass is virtual. The wires could not 
be placed at the image qp, because there will be distortions in the 
image of the wires due to the eye-glass, while the image of the 
object will be distorted by excentrical refraction through both the 
field-glass and the eye-glass ; so that the wires and the image will 
appear distorted in different degrees, and therefore the position of 
a point in the field would be estimated incorrectly by referring it 
to the wires. In all telescopes graduated by wires, for measurement, 
the field -glass must be beyond the principal focus of the object-glass; 
then the image and the wires if distorted at all are distorted 
equally, and therefore no error will result in the measurement. 
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248. la the common astronomical eye-piece, known as 
Ramsden'.s eye-piece, the two lenses are of equal focal length, and 
therefore the condition of achromatism requires that the distance 
between them should be equal to the focal length of either. But 
in this arrangement, the field-glass being exactly in the focus of 
the eye-glass, any dust which might happen to lie on it or any 
flaw in the glass would be magnified by the eye-glass and confuse 
the vision. The distance between the lenses is therefore made a 
little less than the focal length of either ; and thus, though the 
eye-piece is not achromatic, the departure from perfect achromatism 
will not be great. The lenses are usually plano-convex lenses 
with their curved surfaces turned towards each other, and the 
interval between them two-thirds of the focal length of either. 




Rays proceeding from the object-glass converge to a focus at q in 
the principal focal plane of the object-glass, and after crossing at q 
meet the field-glass. Their direction is then altered, so that they 
diverge from the point q', and this point is made to lie in the focal 
plane of the eye-glass, so that after refraction at the latter, the rays 
emerge parallel to each other. Let A, B be the centres of the two 
lenses, and let AF = / the focal length of either, then AB = |/. 
Also since ^p' is in the principal focus of the lens B, Bp' =/, so that 
Ap' = ^f. Also p and p' are conjugate foci with respect to the 
lens A, and therefore 

\ ]_^1. 

Ap Ap' /' 

and Ap' = ^f, therefore Ap = J/. 

Thus the field-glass is placed beyond the focus of the object- 
glass at a distance from it equal to one-fourth of its own focal 
length. 

The radii of the lenses are arranged so as to remedy as many 
of the defects of aberration as possible, and the indistinctness 
H. 18 
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arising from this cause in this eye-piece is much less than in any 
of the other ordinary constructions. 

249. There is another eye-piece in common use, known as the 
erecting eye-piece ; it is used for terrestrial objects. A terrestrial 
telescope differs from an astronomical telescope only in having an 
erecting eye-piece, instead of an ordinary eye-piece. 

One form of erecting eye-piece is shown in the figure. A and 




^^ 



B are two convex lenses of equal focal length, placed at any distance 
from each other, ^gj is the image as formed by the object-glass. 
The lens A is adjusted so that pq lies in its principal focus ; then 
it is easy to see that the lens B will form an image p'q', of pq equal 
to it in magnitude but turned upside down, and the distance Bp' 
will also be equal to the focal length. Besides these two lenses there 
is an ordinary Huyghens' eye-piece which must be adjusted to the 
image p'q', just as in the astronomical telescope. The distances 
between the four lenses are fixed ; they are usually fitted into one 
tube, and adjustments for different distances are effected by pushing 
in or drawing out this eye-tube. 

This eye-piece will not be achromatic, because the focal lengths 
of the two first lenses will not be the same for all colours. 



250. The position of a compound eye-piece when arranged 
for distinct vision, and the magnifying power of the instrument, 
may be found by considering the images formed as the rays 
pass through the instrument. 

We shall suppose the object to be very distant, and that 
the instrument is arranged so that the rays of the emergent 
pencils are parallel to each other, and therefore the first image 
will be in the principal focus of the object-glass, and the last 
image will be in the principal focus of the eye-lens. Let x, a; 
be the distances of these images in front of, and behind, the 
field-lens, respectively, and let /3, /S' be the linear magnitudes 
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of these images, and a, a' the initial and final inclinations of 
the axis of the extreme pencil. Then, if / /', /" be the focal 
lengths of the three lenses, and a, a' the intervals between them, 

a=x+f ] 
a' = x'+f"]' 

1 111 

and _+ = 

X X J-' 

The relation between the intervals a, a is therefore 

111 



If we clear of fractions and add f' to each sid© of this 
equation, it takes the form 

To find the inclinations of the initial and final pencils, the 
equations are 









a ■■ 


/' 






a = 




and also 
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/8' 


and therefore the 


Kiagmifying power is 






a' 
m = - = 
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0' f 
- ^ f" 


or 




«i = 


y f 


But 


x'_ 

X 


= 7-' 




and therefore 










m = 


-/{^ 


^ f" f'f"\ 



This formula might have been found direetly by substituting 
for the two lenses of the eye-piece the ecpuvalent lens, and 
then using the result already obtained for the magnifying power 
of the astronomical telescope consisting of twO' lenses. 

IS— 2 
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In exactly the same way it may be shown that 

If we multiply these equations together we get the relation 
between the intervals already mentioned. 

The object will be inverted, as in the ordinary astronomical 
telescope, unless a be greater than f-\-f'; that is, unless the 
distance between the first two lenses be greater than the sum 
of their focal lengths. 

If the focal lengths of the lenses be given, and also the 
magnifying power, the intervals between the lenses are deter- 
mined ; for, from the preceding values of m, we get 

«=/+/' +^4. «'=/'+/"+ ^^- 

251. The field of view is determined in the same way as 
in the ordinary astronomical telescope, supposing it to be 
governed by the first two lenses. The aperture of the third lens 
will then be chosen so as to allow of all the rays to pass through. 
Thus if the field be determined by the axes of the extreme pencils, 
corresponding to the field of view ©, let the semi-apertures of the 
field-lens and eye-lens be, respectively, h', b". Then 

a 

Also if a be the inclination of the axis of the pencil after 
refraction at the field-lens, a' — © will be the deviation produced by 
that lens, and therefore 

a' = ©-|. 

Also b" = h' + a'a'; 

therefore b" ==b' + a'@-^ 



= ©|a + a'-^]. 



which determines the aperture of the eye-lens. 

The aperture of the eye-lens corresponding to the greatest 
visible field and the bright field may be found in the same way. 
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In Galileo's telescope, the incidence on the eye-lens is centrical ; 
the e\'e-lens used is therefore always a single concave lens, or an 
achromatised pair of lenses in contact. 



Reflecting Telescopes. 

252. If instead of a convex object-glass, a concave mirror be 
used to receive the rays proceeding from an object, an image of 
the object will be formed by the mirror, which, if the aperture be 
sufficiently large, may be viewed directly by means of an eye-piece 
placed in a suitable position, as in the case of the telescopes pre- 
viously described. Such is the principle of Sir W. Herschel's 
telescope, which is the simplest of the reflecting telescopes. 

In order that the head of the observer may intercept as little 
light as possible, the axis of the mirror is slightly inclined to the 
axis of the tube in which it is fixed, and thus the image is thrown 
near the edge of the tube, where it is viewed through an eye-lens, 
or eye-piece, the observer having his back to the object and look- 
ing down into the tube. The obliquity of the incident pencil 
to the axis of the mirror will produce a slight distortion of the 
image, but the errors due to this cause are scarcely appreciable in 
the very large instruments to which this construction is alone 
applicable. 

We shall suppose that the object is very distant, so that the 
image formed by the mirror will be in the principal focus of the 
mirror ; and also that the instrument is to be adapted to the use of 
eyes with normal sight, so that the emergent rays must be parallel, 
and therefore the eye-lens must be placed in such a position that 
the first image may lie in its focal plane. 

Now the angle which the object will subtend at the centre of 
the mirror, and therefore at the eye, will be equal to — ^jF, where ^ 
is the linear magnitude of the image, and F the focal length of 
the mirror. And the angle under which the image will be seen 
by the eye- will be ^jf, f being the focal length of the eye-lens. 
The magnifying power is represented by the ratio of the latter to 
the former, and therefore 

F 
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This iostrument therefore gives an inverted image. 



Oh- 



The arrangement of the mirror and eye-lens are shown in the 
figure. BAG is the large spherical reflector, AO being its axis, and 
its centre ; AP is the axis of the tube and Aa the axis of the 
eye-lens, and these two lines are equally inclined to AO, the axis of 
the mirror. Bq, Aq, Cq, are three rays which are brought to a focus 
at q by the large reflector ; the rays afterwards meet the eye-lens 
and finally emerge parallel to each other. The focus q and the 
corresponding point of the object lie in the same line through 0, 
the centre of the reflector. 

253. The field of view in this telescope as determined by 
the axes of the extreme pencils is obtained by joining the 
extreme edges of the eye-lens to the centre of the large speculum. 
The distance between the lens and the centre is F —f, nearly ; for 
.40 = 2^, and Ap= F and the inclination of Ap to AO is very 
small. If therefore a denote the semi-aperture of the eye-lens, and 
half the field of view, 

= 



The focal length of the eye-piece in these instruments is very 
small in comparison with that of the mirror so that the field of 
view is very nearly eqvnl to the angle subtended by the eye-lens at 
the vertex of the large reflector. 

The entire visible field is formed by joining the corresponding 
edges of the eye-lens and the reflector ; the intercepted portion of 
the perpendicular erected at their common focus will be the 
linear magnitude which is illuminated by any ray whatever 
proceeding from the object, and the angle subtended by this 
perpendicular at the centre of the reflector will be the field of 
view. The determination is exactly the same as in the astronomical 
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telescope, and we may adopt the result previously obtained, namely, 



0' = 



Af+aF 



F{F+fy 

where A denotes the semi-aperture of the object-mirror, and @' 
half the extreme field. If we neglect fin comparison with F, and 
substitute m for F/f, this becomes 

which, in instruments of large magnifying power, does not differ 
widely from the results previously obtained for the mean field. 

Herschel's great telescope was constructed in 1789 ; it was 
40 feet in length, and the great reflector was 50 inches in diameter. 
The quantity of light obtained by this instrument was so great as 
to enable its inventor to use eye-pieces of far shorter focal length 
than any previously used. Lord Rosse's telescope has a speculum 
of 53 feet focal length and 6 feet diameter. 



Newton's Telescope. 

254. The principle of the front view, as previously described, 
can only be used in instruments in which the aperture is very 
considerable, and to instruments of moderate aperture it is wholly 
inapplicable. In the telescope invented and constructed by Newton, 
the rays reflected by the object-reflector are received on a small 
plane mirror placed between the object-mirror and its principal 
focus. The plane of the mirror is inclined to the axis of the 
telescope at an angle of 45°, and the rays which tend to form an 
image in the principal focus of the object-reflector are reflected 
laterally and form an image near the side of the tube, equal and 
similar to the former, and similarly placed with regard to the 
plane mirror. This image, whose plane is parallel to the axis of 
the tube, is viewed through an eye-piece placed at the side of the 
instrument. Instead of a plane mirror, Newton used a rectangular 
isosceles prism of glass, through the sides of which the rays enter and 
emerge perpendicularly, being reflected totally at the hypotenuse. 
The reflexion at the hypotenuse being total, there is a much 
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smaller loss of light in the reflexion than in the reflexion at a 
metal speculum. 




The arrangement of the mirrors and the eye-lens is shown in 
the figure. BAG is the object-mirror, B'A'C the plane mirror, 
and bac the eye-lens. Rays BQ, AQ, CQ are reflected by the large 
mirror to a focus Q, where PQ is the principal focal plane of the 
reflector. But before they reach Q they are reflected by the small 
plane mirror and meet in q ; after crossing at q they strike the 
eye-lens and emerge parallel to each other. The point Q and the 
corresponding point of the object lie on a line through the centre 
of the large reflector ; also the image PQ and the second image qp 
are symmetrically placed with regard to the mirror B'A'C, and qp 
is equal in magnitude to QP- 

If F,f denote the focal lengths of the object-mirror and the 
eye-lens, and e, e denote their distances from the centre of the 
plane mirror, then in the figure, 

A'P = F-e\ 
A'p=e'-f\' 

since the first image is in the principal focal plane of the large 
mirror, and the last in that of the eye-lens. Hence, since A'P = Ap, 
we get 

e + e' = F+f. 

This is the condition of distinct vision with parallel rays. 
The magnifying power may be found just as in the case of 
Herschel's telescope ; the value of it is, as before, 

F 
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255. The small mirror must be large enough to receive the 
whole of the principal pencil, or the cone of rays meeting in the 
principal focus of the object-mirror, but it must not be made larger 
than necessarj', or otherwise the brightness of the central part of 
the field will be impaired. The mirror will therefore be a section 
of the full cone of rays converging from the object-mirror to its 
principal focus, made by a plane at an angle of 45° to the axis ; it 
will therefore be in the form of an ellipse. 

Let the semi-vertical angle of the cone be 6, then 



tan 6 ■■ 



A 

■ F' 



where A denotes the semi-aperture of the reflector. 




Suppose a section of the cone by a plane through the axis 
perpendicular to the plane mirror to be represented in the figure, 
MN being the section of the plane mirror ; then MN will be the 
major axis of the ellipse. Denote the two portions of MJSF, as 
divided in the centre A', by x and x'. Then if A'P be denoted 

hyd, 

dsind d J2ta.n 6 _ Ad >J2 



X =- 



■ sin (45" - 6) 
d sin 6 



1 - tan 
d \/2 tan 6 



F-A' 
Ad'Ji 



"sin (45° -I- 6") H-tan6' F+A' 

and therefore if a, h denote, the semi-axes of the ellipse, 

,, AFd V2 
a=-^{x + x) = j^.._^, . 

Let y denote the breadth of the section perpendicular to that 
represented in the figure, at J.' ; then by properties of the ellipse, 



a'' 



X 
xx' 
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But y is the radius of the circular section of the cone through 
the point A, so that y = Ad/F; and therefore 

l/^r-A" 
a"" 2i^'"' 

If we give a its value, the corresponding value of b becomes 

Ad 
0= , — ^^ . 
JF'-A' 

The aperture of the object-mirror will be small compared with 
its focal length, and therefore A^ may be neglected in comparison 
•with F'. The approximate values of a and b will therefore be 

Ad'^2 

, Ad 
^ = -F' 

which are in the ratio of \/2 to 1. 

256. The extreme field of view in Newton's telescope is 
determined by joining the adjacent extremities of the eye-lens 
and the plane mirror. The intercepted portion of the perpen- 
dicular qp, raised at the principal focus of this lens, will give the 
whole extent of the image illuminated by any rays whatever, 
proceeding from the object. The field of view will be the angle 
subtended at the centre of the object-mirror by the corresponding 
image PQ. Let y be the magnitude of this image, a the semi- 
aperture of the eye-lens, A' the perpendicular distance of the 
extremity B' of the small mirror from the line A'a. Then, by 
similar triangles, 

/ d-A' 

where d denotes the distance A'P. or A'p. Neglecting A' in 
comparison with d, in this result, we get 

_ad + A'f 
y- d+f ' 

and if @ be half the visible field, 

l ad + A'f 
F d+f ■ 
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From the preceding investigations, A' = AdjF, very nearly. 
If we substitute for A' this value, and neglect / in comparison 
■with d, we get 

A 
■^ m 

and & = -Ja-\ — ) , as in Herschel's telescope. 



Gregory's Telesc<ype. 

257. The invention of the reflecting telescope is generally 
ascribed to James Gregory, who described the instrument now 
called by his name, in his Optica proviota, published in the 
year 1663. 

Gregory's telescope consists of two concave mirrors placed 
along the same axis with their concavities facing each other, and 
at an interval a little greater than the sum of their focal lengths. 
In the vertex of the larger, or object-mirror, is a circular aperture, 
to which is attached the tube containing the eye-lens. When the 
axis is directed to a distant object an image is formed at the 
principal focus of the object-mirror. The rays diverging from this 
image are incident upon the smaller mirror, and by reflexion a 
second image is formed near the vertex of the large mirror, and 
this image is viewed through the eye-lens, placed at a distance 
from it equal to its own focal length. 




The arrangement of the mirrors and the lens is shown in the 
fio-ure, in which AB is the object-mirror, A'JB' the smaller mirror, 
and ab the eye-glass. Kays proceeding from a point of the object 
are reflected at the large mirror and are brought to a focus in Q, 
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where PQ is in the principal focal plane ; also Q and the corre- 
sponding point of the object lie on the same line through the centre 
of the large mirror. After passing Q, the rays diverge and are 
incident on the small mirror, and are brought to a focus at q; as 
before, the points Q, q lie on the same line through the centre of 
the small mirror. The eye-lens is placed in such a position that qp 
is in its principal focal plane, and therefore the rays of the pencil 
after passing through the eye-lens emerge parallel to each other. 

In the original description of the instrument the large re- 
flector was a paraboloid of revolution, and the smaller, a prolate 
spheroid whose foci are at P and p, the positions of the two images. 
With reflectors formed of these surfaces, there would be no 
aberration for rays in the centre of the field. It was for some time 
deemed hopeless to prepare mirrors having these forms, and the 
instrument was never constructed till after that of Newton. 

Gregory's telescope is generally preferred to Newton's. Its 
superiority seems to arise from, the fact that the two specula may 
be matched and their irregularities of form made to counteract 
each other; whereas in Newton's telescope there is nothing to 
compensate any defect in the form of the object-mirror, and ex- 
perience shows that such minors can seldom be made truly 
sphericaL 

258. Let F, F and / be the focal lengths of the two mirrors 
and the eye-lens, respectively ; e and e' the distances of the object- 
minor and the eye-lens from the smaller mirror, and x, x' the 
distances of the two images from the same mirror. Then when 
the instrument is arranged for distant objects so as to suit normal 
eyes, 

x = e-F\ 
x=e'-f\- 

But X, x' are conjugate focal distances with respect to the 
smaller mirror, and therefore, 

x^ x' F'' 
If we eliminate x, ad, we get the equation 

e-F^e'-f F" 
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This is the equation of condition for distinct vision in Gregory's 
telescope. The equation is similar to that previously obtained for 
a refracting telescope with three lenses. 

The eye-glass is usually fixed in position and the adjustment 
to distinct vision effected by moving the smaller mirror by a fine 
screw. 

Let ^, /S' be the linear magnitudes of the first and second 
images. Then the angle subtended by the object to the eye is 
equal to — /3/-F, and the angle under which the last image is seen 
is equal to ^'jf. The magnifying power of the instrument iS 
therefore 

jS' F 

" = -?/• 
But in § 40 it was shown that in reflexion at a spherical 
surface the relation between the linear magnitudes of an object 
and its image is expressed in the equation 



and therefore 



X X 



F x' 
m = -^ — . 
f "= 



Also -=p-l = -^--l, 

and therefore m = — F\-.+ 



Similarly it may be shown that 

m" ■'[F^F FF\' 
The values of e, e' as obtained from these equations are 

which determine the intervals between the mirrors and the lens 
when the focal lengths and the magnifying power are given. 

The first form for m gives a simple approximate value of the 
magnifying power. For, since the first image is nearly at the 
principal focus of the smaller mirror, and the second nearly at the 
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vertex of the greater, ^ — F' — /= F, very nearly, and therefore we 

The second image being inverted with respect to the first, and 
the first with respect to the object, the image as seen through the 
telescope is erect. 

259. The smaller mirror must be of such dimensions as to 
receive the whole cone of rays converging from the large mirror to 
its principal focus ; if it be greater than this, it will intercept more 
than is necessary of the incident pencil. The aperture of the 
smaller mirror is therefore determined by the equation 



^'=^-J=^(l'-0- 



The aperture in the vertex of the object-mirror must not 
exceed the aperture of the smaller mirror, for otherwise some of 
the incident light would fall directly upon the eye-lens ; it is usual 
therefore to make the aperture equal to that of the small mirror, 
in order that the aperture of the eye-glass, and therefore the field 
of view, may be as large as possible. 

260. The extreme field of view in Gregory's telescope is found 
by joining the corresponding extremities of the small mirror and 
the eye-glass by the line Bb ; the intercepted portion of the image 
qp, will determine the field. If a be the semi-aperture of the eye- 
glass, and /8' half the linear magnitude of the second image thus 
determined, it will be seen that 

a-/S' ^'-A' 



and therefore B' = — ; / 

x+f 



f 

^ = r- 

X - 

X 



nearly, since /is small in comparison with x. It has already been 
seen that A' = AxjF, and therefore 

m 
where m is the magnifying power. 
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Also, using the same value of m as before, 
~i =m.^ = TO®, 
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where denotes half the field of view ; and therefore 



•nj \ ml 



The second term within the brackets is, in general, small 
compared with the first, and therefore the field of view is approxi- 
mately 

a 



= 



mf 



261. Another reflecting telescope was invented some years 
after Gregory's and Newton's telescopes by a Frenchman named 
Cassegrain, probably without any knowledge of what had been 
done in England. Cassegrain's telescope only differs from Gregory's 
in having its small mirror convex instead of concave, and placed 
between the large mirror and its principal focus. The arrange- 
ment of the mirrors and images is shown in the figure. 




The investigations to find the position of the mirrors and lenses 
so as to admit of distinct vision, and the magnifying power and 
the field of view in Gregory's telescope are all applicable to Casse- 
grain's; we have only to change the sign of ¥ , the focal length 
of the small mirror, throughout. 

The image will appear inverted, just as in the astronomical 
telescope. 
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262. The Cassegrain construction has not been much used, 
but it possesses certain advantages over Gregory's. For the same 
magnifying power, Cassegrain's telescope is the shorter of the two ; 
but the great advantage of Cassegrain's telescope arises from the 
fact that tlie spherical aberrations of the two mirrors lie in 
opposite directions, so that they tend to neutralise each other, 
whereas in Gregory's telescope the two spherical aberrations are 
added together. It has been seen that when a pencil is directly 
reflected at a spherical surface, the caustic points in the direction 
tending from the mirror towards the centre. If we refer to the 
diagram representing Gregory's telescope, it will be seen that 
the first image PQ is displaced by the spherical aberration of the 
large mirror so as to make it fall nearer to this mirror than before. 
The distance x will therefore receive an increment dx in the 
positive sense, where 

y being the semi-aperture of the large mirror. 

Independently of the spherical aberration of the small mirror 
this will produce a change in x' ; for 

1 1 _J^ 

x'^ x'~ F' 

and therefore -j + -;j = 0. 



X X 



X- f 



Thus we find 'dx = ? -^. 

s^ 8F 

Besides this displacement of the second image pq, there will be 
another due to the spherical aberration of the small mirror. If we 
denote the semi-aperture of this mirror by y', and call 0' the centre 
of the mirror, the change in x' due to the spherical aberration of 
the mirror will be 

The whole change in x' will be the sum of dx' and Ax'; in 
Gregory's telescope those quantities have the same sign, but in 
Cassegrain's telescope we must change the sign of F', so that dx' 
and A'x have opposite signs. 
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Tlie Compound Microscope. 

263. In its simplest form the compound microscope, like the 
astronomical telescope, consists of two lenses, an object-glass or 
objective, as it is usually called, and an eye-glass or eye-piece. 
The objective has a very short focal length, and the object is 
placed at a distance from it slightly greater than the focal length ; 
the objective then forms a real inverted image of the object, which 
is viewed through the eye-piece. 

The objective is usually made up of a system of lenses, design- 
ed to diminish chromatic and spherical aberration. Very generally, 
there are three doublets, each consisting of a double-convex lens of 
crown-glass cemented to a plano-concave lens of flint, arranged to be 
achromatic for centrical pencils ; these doublets are placed with 
their plane faces towards the incident light, the lens of shortest 
focal length being next the object, and their apertures increasing 
from the first outwards. In this way the apertures can be chosen 
that a pencil filling the first lens will just fill the other lenses in 
succession, so that diaphragms are unnecessary ; this is a great 
advantage because diaphragms will always introduce diffraction 
fringes which interfere with the definitioti in the outer parts of the 
field. 

264'. The preceding theory of aberration as given in Chapter 
VII. is quite useless when applied to microscopic objectives. For 
in this theory the inclinations of the rays to the axis of the 
instrument were supposed to be so small that the cubes of their 
circular measures might be neglected. But in microscopic objectives 
the incident cone of rays has a semi-angle in air up to 60° or 70°. 
Good objectives can be made to be used in air, which are nearly 
perfectly free from spherical aberration, with an aperture angle up 
to 105°, or 110°. 

The explanation of this remarkable fact was given by Mr. J. J. 
Lister in. a paper published in the Philosophical Transactions of 
1830 ; and the conclusions there arrived at served as the point of 
departure for subsequent improvements. He found that for an 
achromatic object-glass of the type described above there are two 
points on the axis of the lens for which the lens is aplanatic for 
H. 19 
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moderate apertures ; the further aplanatic focus lies a little bej'ond 
the principal focus on the plane side, and the other lies nearer the 
lens. He also found that when the radiant point lies between the 
aplanatic foci, the spherical aberration is over-corrected, that is, 
has a sign opposite to that which might have been expected from 
a collective lens; but when the radiant point lies beyond these two 
foci either way, the spherical aberration is under-corrected. 

The spherical aberration of a combination of two such 
achromatic lenses may therefore be neutralised by altering the 
positions of the lenses. For if we allow the first lens to receive 
rays from an object lying in its nearer aplanatic focus, and place 
the second lens so that the pencil incident on it comes from its 
further aplanatic focus, the aberration will be nearly perfectly 
corrected. If the lenses be brought a little nearer the combination 
is over-corrected, while their -separation will produce under- 
correction. 

The principle of the construction of the objectives with the 
wide apertures now in use, is to compensate the irremoveable errors 
of the lenses of higher powers by intentionally introducing opposite 
aberrations of the lower ones. For the very large angles of 
modern objectives the usual type is to have a single nearly hemi- 
spherical front lens, combined with a strongly over-corrected 
system of lenses. The latter system sometimes consists of two 
doublets, or a doublet and a triplet, and sometimes even of a front 
triplet, a middle doublet and a back triplet. But to make these 
complex systems efficient, extraordinary care has to be exercised in 
their grinding and centreing. 

The corrections for colour are made in a similar manner. In 
addition to secondary spectra, there exists in microscopes a second 
defect, pointed out by Professor Abbd, and called by him chromatic 
difference of the spherical aberrations. This term he uses to denote 
the fact that when the lenses are designed and arranged to correct 
the spherical aberration for rays of mean refractive index, there 
will be a slight residual spherical aberration for all rays not of this 
refractive index ; the lenses will be spherically under-corrected for 
red rays and spherically over-corrected for violet rays. In a paper 
on this subject he shows how this defect can be approximately 
removed by suitably choosing the distances between the lenses. 
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265. When wide-angled instruments are used, it becomes 
necessary to consider the aberration due to their cover-glass. When 




a ray of light passes through a thin plate, its direction on emergence 
is the same as on incidence, but the ray appears to be proceeding 
from a different point; a pencil diverging from a point and 
passing through the plate, will at emergence, no longer be 
diverging from a point, but from a series of points along the axis of 
the system. The error introduced is of exactly the same kind as 
the spherical aberration of a lens, and may be corrected by 
adjusting the lenses. It is usual to make part of the objective 
system moveable relatively to the other part of the instrument, so 
that the parts may be arranged to suit any thickness of cover-glass, 
This is effected by means of a screw collar, which is graduated for 
different thicknesses of cover-glass. 

266. In the best modern microscopes, a drop of fluid is 
introduced between the cover-glass and the front face of the 
objective. The fluid used at first was water ; but the advantages 
of the water-immersion are obtainable with greater completeness 
by using homogeneous immersion. Professor Abb^ after a long- 
series of experiments found that oil of cedar-wood very nearly 
corresponds to glass in its refractive index and dispersive powers, 
so that by using it, rays issuing from the cover-glass at any angle 
enter the front lens without any change due to refraction or any 
loss from reflexion; even the most oblique rays proceed in their 
undeflected course until they meet the back surface of the front 
lens. By this means a much larger angular aperture can be 
obtained than by any dry-objective. 

But this is not. the only advantage to be derived from the 
immersion system. It appears from the investigation of the 

19—2 
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brightness of images, that the brightness of the image is given 
by the formula 

XS 5*9 

fj, siu a. 

where /i is the refractive index of the medium in which the object 
lies. This shows the advantage of having fi large. It has indeed 
been established by Clausius for heat as well as for light, that 
the radiation of a body into a medium is proportional to the 
square of the refractive index. Thus more rays are received 
by the objective with the immersion system than with the 
dry system. The physical explanation of this is shown by Prof 
Abb^ to depend on radiation by diffracted light. The loss of 
rays by the dry system cannot be compensated for by increase 
of illumination, for the rays which are lost are different rays 
phj'sically, from those obtained by any illumination, however 
intense, in a medium like air. 

267. The eye-pieces used in microscopes are of the same 
kind as for telescopes ; usually Huyghens' eye-pieces are used, 
except for special purposes where measurements are necessary, 
in which cases Ramsden's eye-pieces are used. With each 
microscope there are generally supplied three eye-pieces of 
different powers ; the eye-piece of high power is often called deep. 

Referring again to the expression for the brightness of the 
image, we find that when the magnifying power is very large, 
the brightness diminishes and, other things being equal, the 
brightness varies inversely as the square of the magnifying 
power. It is therefore necessary to supply light artificially. 
This is done by concentrating light on the under side of the 
object by a reflector and lens ; the light shines through the 
object and passes into the instrument illuminating the details 
of the object. Different forms of illuminators are used ; but 
for descriptions we must refer to books on the microscope. 

Magnifying power of tlie Microscope. 

268. To obtain a correct measure of the magnifying power 
of an instrument, we must compare the magnitudes of the 
retinal images, first when the eye is used in combination with 
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the instrument, and secondly when the eye is used alone. But 
before this connparison can be definite, we must say where the 
object and the image formed by the lens system must be placed, 
in order that the retinal images formed may be fit for the 
determination of the magnifying power. To make this comparison 
correct, the eye, and the combination of the eye and instrument, 
must be compared as much as possible under analogous circum- 
stances ; this may be realised by comparing them while working 
as favourably as possible, that is, when they give the largest 
possible images on the retina. For the eye alone, the object 
must therefore be placed at the nearest point for distinct vision. 
But the smallest distance for distinct vision is very different 
for different persons ; whereas the magnifying power ought to 
give an idea of the amplification of the instrument for the eye 
in general. It has therefore been agreed to place the object at 
a distance conventionally fixed, a distance not too great for the 
retinal images to be near their greatest dimensions, and which 
is large enough for the great majority of eyes to remain accom- 
modated for it during a long time. The distance chosen is 10 
inches, and is generally called the "distance of distinct vision." 
The phrase is not a happy one, for at every distance at which 
an eye can accommodate itself, it sees equally disbinctly. The 
distance chosen for the position of the image formed bj' the 
lens system is the same ; for then the retinal images will be 
proportional to the linear magnitudes of the object and image 
themselves. 

Let X, so be the distances of the object and final image from 
the first and second principal points of the system, and f the 
principal focal length. Then 

111 

X X / 

Let /3, /3' be the linear magnitudes of the object and image, 
then 

X X ' 

Also if the distance of the eye from the second principal 
point bo f, the angle under which the image will be seen is 
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given bv the equation 

Now f is very small, and x will be negative, and the eye 
will be not far from the principal point, so that |^/a;' may be 
neglected, and 

tan 6 = - , very nearly. 

Also supposing the image at the conventional image distance X, 
x' = — \, and therefore 



tan 6 



= K^7)- 



When the object is viewed by the eye at the distance \, it is 
seen under an angle 6^, where 

tan ^0 = ^ ; 

and therefore the measure of the magnifying power will be 

In general f is very small compared to X, and therefore the 
magnifying power is 

\ 

m = — . 

/ 

On the measure of the aperture of the microscope. 

269. It has been shown that the brightness of an image given 
by a microscope is determined by the formula 

_ _ _ X" /i' sin' a 

where X is the conventional image distance, p the radius of the 
pupil of the eye, m the magnifying power, and a the divergence of 
the cone of rays proceeding from the object in a medium whose 
refractive index is ytt. Thus for an instrument of given magnifying 
power, 

/ «: (/i sin a)', 

and accordingly, fi sin a may be taken to be the numerical measure 
of the aperture. 
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This measure of the aperture may be expressed in terms of the 
focal length of the objective, and diameter of the pencil passing 
through it. The diameter of the pencil as it passes through the 
objective varies from the first to the last. We shall suppose that 
the diameter is taken at the back surface of the objective as the 
pencil emerges from it. This will be so close to the second 
principal focus of the objective in microscopic objectives of the 
ordinary type of construction, that the difference in the distance 
may be disregarded. We shall therefore suppose that h is the 
semi-diameter of the pencil at the second focal plane of the 
objective, and that / is the focal length of the objective. Let u' 
be the distance of the image from the second principal focus ; 
then, using the ordinary notation 

/3" /• 
Also by Helmholtz' theorem, we have 
/x/S sin a = /x'/3' sin a, 

and therefore /a sin a = /t' 77 sin a! 

/^' , • 
= — ^ M sin a . 

The angle a' is always very small in microscopes, never exceed- 
ing a few degrees, and therefore u' sin a' will not differ sensiblv from 
u' tan a'. But b = — u' tan a', and therefore 

Li'b 
yu. sin a = —^ . 

The last image is always formed in air, so that /x' = 1, and there- 
fore finally 

b 
fi sm a= J.. 

270. This numerical, measure of the aperture msij be justified 
by general reasoning. Other things being equal, it is clear, that the 
numerical measure of the aperture ought to vary as the diameter of 
the pencil. Next, suppose we have objectives of the same diameter 
of opening, but of different focal lengths. Imagine rays traced 
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backwards through the two objectives in succession from the same 
object. The incident rays are nearl}' parallel, and since the openings 
of the objectives are the same, they will admit backwards the same 
number of rays. But these rays Avill be concentrated to a smaller 
area by the lens of shorter focal length than by the other, the 
linear dimensions of the areas varying as the focal lengths, but 
their brightness being the same. Reverting to the original 
arrangement of the instrument, the objective of shorter focal 
length will admit the same number of rays from the smaller area, 
as the other will admit from the larger area. The real aperture 
of the former is therefore greater than the other in the inverse 
ratio of their focal lengths. zb, 

The value b/f is independent of the radium in which the 
object is placed; it is the same for air,^ter, balsam or any 
other immersion sj'stem. A numerical apeSu^^Mnify, would cor- 
respond to an incident cone of rays in air^a^K! vertical angle is 
180°, while with homogeneous immersiciii^l\^K«e aperture would 
correspond to a cone of angle 82° V^; '^jj^^i^Tmodern objectives 
the apertures reach 1"40 and sometimes' more than this. 

271. The magnify inamower of an objective may be measured 

for a definite position^ o^feS image, by projecting the image of a 

stage-micrometer upoiHUi eye-piece micrometer. And then we 

can find the nur^'iop^perture of the objective by means of the 

formula ■. 'y^ 

mb 
itsm a. = —r. 

"^ u 

For an auxiliary microscope may be focused to the focal plane, 
and the linear diameter 26 of the emergent pencil measured there ; 
then we have only to measure u, the distance of the focal plane 
from the image to which m refers, and we have the means of 
finding the value of /i sin a. 

Conversely, if we know the numerical aperture, the focal length 
of the object-glass may easily be measured ; for using the formula 

h 
fisma— -., 

we have only to measure micrometrically the diameter 26 of the 
pencil as it emerges at the principal focal plane. 

For further details of the construction and theory of the 
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microscope, we may refer to "Nageli u. Schwendener, Das 
Mikroscop," and the various papers of Professor Abb^ of Jena, 
scattered through the Journal of the Microscopical Society, and 
other periodicals. It is to Prof. Abb^ that a great many of the 
most recent developments of the theory, and improvements in the 
construction of microscopes are due. 

It may be added that Prof. Abb^ has recently been applying 
his new glasses to the construction of new objectives, which are 
now being made by the famous firm of Zeiss of Jena. To his new 
achromatic lenses Professor Abbd gives the name of apochromatic 
lenses. He claims for them great superiority in the finer qualities 
of definition, the new dry apochromatic lens giving an image as 
good as that of an ordinary achromatic water-immersion objective. 
He also claims that the more perfect corrections permit equal 
magnification to be obtained by using a longer-focus objective with 
an eye-piece of higher power than hitherto has been usual, thus 
obviating some of the difficulties attending very short-focus object- 
ives. Moreover the foci for visible and for photographic purposes 
are identical. Special compensating eye-pieces have also been 
devised for use with the new apochromatic objectives. 

For further information about these recent improvements we 
refer to a paper by Prof. Abbe published in the Journal of the 
Royal Microscopical Society, February, 1887. 

EXAMPLES. 

1. A WoUaston's doublet is formed of two lenses of focal lengths /, and 
Zf, respectivel3'^, and is in adjustment for viewing a small flat uncovered object; 
show that if a plate of glass whose thickness is//10 be laid on the object, the 
instrument may be readjusted without altering the position of the lower lens, 
by increasing the distance between the lenses by 2 (/i - l)//(6/i - 1). 

^ 2. In an astronomical telescope, in which the focal lengths of the object- 
glass and eye-glass are /, /' and their semi-diameters b, h', respectively, show 
that for a person who can see distinctly at a distance a, the diameter of the 
stop should be 

a{ fb'~fb)+ff'b' 

ff' + a{f+f') ■ 

3. A Galileo's and a common telescope have the same object-glass, and 
their eye-glasses have equal focal lengths, also the uniformly bright field is of 
the same extent in both ; prove that the diameter of the stop in the common 
telescope should be half the difference of the breadths of the eye-glasses. 
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4. If the final image formed by the object-glass be at a distance from the\, 
eye-piece equal to the least distance of distinct vision, show that specks on 
the objcct-gla.ss cannot be distinctly seen when the eye is close to the eye- 
piece, and find how far oflf the eye must be in order to see them distinctly. 

5. Find the radius of the stop in an astronomical telescope for an ob- 
server who sees objects clc;\rl3' at a distance X ; show that the stop may be 
greater than for a person seeing distinctly with parallel rays by {h + h')f"'fKf, 
if the square oi f'jf be neglected, / and /', 6, V being the focal lengths and 
the semi-apertures of the two lenses, respectively. 

6. In Huyghens' eye-piece the focal length of the field-lens is three times 
that of the eye-lens, and the distance between them is twice the focal length 
of the eye-lens ; show that if the lenses be supposed thin, this combination^ 
when focussed for normal vision, will also be in focus (except for aberration) 
if it be inverted, provided the eye-lens be brought back into the same position 
as before. 

i/ 7. Show that if i^ be the focal length of the object-glass of an astronomi- 
cal telescope fitted with a Eamsden's eye-piece whose equivalent focal length 
is /, and d the distance of distinct vision, the magnifying power of the 
telescope when viewing a very distant object is equal to the ratio 

F(f+U) :3rf/. 

1/ 8. li F be the focal length of the object-glass of an astronomical telescope, 
which is fitted with a Ramsden's eye-piece whose field-glass is at a distance a 
from the object-glass, show that the magnifying power of the telescope is 

F 

•S{a-F)' 

9. Show that in an astronomical telescope fitted with a Eamsden's eye- 
piece, whatever the distance of distinct vision be, the eye must be placed in 
front of the eye-lens at a distance J / from it, in order to catch all the rays 
that fall on the field-glass, and that then the magnifying power is equal to 
^F/f, F being the focal length of the object-glass and / that of either lens of 
the eye-piece. 

Show that an observer whose distance of distinct vision is less than |/ 
cannot make use of the telescope for astronomical measurements. 

V 10. Show that the radius of the stop in an astronomical telescope fitted 
with a Eamsden's eye-piece, which will intercept all but complete pencils, will 
be the smaller of the two expressions J r and (4 Fr -fR)j{i F+f), where F 
and iJ are, respectively, the focal length and radius of the object-glass, and 
/ and r similar quantities for either of the two equal lenses which compose 
the eye-piece. 
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^/ 11. The focal length of the object-glass of an astronomical telescope is 
40 inches, and the focal lengths of four convex lenses forming an erecting eye- 
piece are, respectively, f , J, g, f inches, reckoning backwards from the object- 
glass. The intervals between tlie first and second and between the second and 
third being one inch and half-an-inch, respectively, show that when the in- 
strument is in adjustment for eyes which can see with parallel rays, the 
distance of the eye-lens from the object-glass is 41-J inches, and the magnify- 
ing power of the instrument */-. 

12. Two telescopes are so arranged that "the actual size of the images 
formed at the foci of their object-glasses can be measured. If a be the ratio 
of the linear dimensions of the image of any object in the focus of the object- 
glass of the first telescope to the dimensions of the image of the same object 
formed in the other, (the telescopes being close together), show that the dis- 
tance of the object is given by the formula 

a — 1 a 1 

/and/' being the focal lengths of the object-glasses. 

13. If the focal length of the larger mirror of Newton's telescope be 20 
feet, and its diameter 2 feet, find what portion of the incident light is neces- 
sarily stopped by the smaller mirror. 

14. Show that, if in Gregory's telescope the focal length of the small 
mirror and of the eye-piece be each 2 inches, and the distance between the 
foci of the large mirror and of the eye-piece be 32 inches, and the telescope be 
adjusted so that rays from a distant point emerge in a state of parallelism, then 
the alteration needed for a person who can see best at a distance of 26 inches 
will be a motion of the small-mirror of approximately -0005 of an inch. 

15. The lenses of a common astronomical telescope whose magnifying , 
power is 16, and length from object-glass to eye-glass 8J inches, are arranged 
£is a microscope to view an object placed | of an inch from the object-glass ; 
find the magnifying power, the least distance of distinct vision being taken 
to be 8 inches. 

/ 16. Show that, if the focussing of the compound microscope were made 
by adjusting the eye-piece instead of the tube as a whole, the amount of 
adjustment would be increased in the ratio (B/f-lf to 1, approximately, 
where I) is the distance of the focal plane of the eye-piece from the objective,, 
and /is the numerical focal length of the objective. 

Show that if the outer surface of the objective, of radius of curvature r, be 
distant x from an object on which it is focussed in air, the magnification would 
be diminished {1 - (^ - 1) x/r}-^ times, by dipping the face of the objective in 
liquid of index fi, in which the object has been immersed. 
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17. Light from an iufiiiitely distant object is reflected obliquely from a 
slightly convex surface, and the image at the primary focus viewed through an 
astronomical telescope. The telescope is first focussed for parallel rays, and it 
is found that to secure distinct vision the eye-piece has to be drawn out a 
distance x. Show that if F be the focal length of the object-glass, c the 
distance between the surface and the object-glass, ^ the angle of incidence, 
and R the radius of curvature, then 

3! cos <f> 

18. Two collimators of the usual construction were pointed directly 
towards each other and the wires of each were made by adjustment to be seen 
distinctly together with the images of the wires of the other ; the geometrical 
focal lengths being / and /', 3/ and 9/' small deviations of the positions of the 
wires from the geometrical foci, and D the interval between the object-glasses ; 

show that to a first approximation, — ^ = 4;^ , and to a nearer approximation. 



3/ rv^f fV f)r 



19. An object-glass of focal length F is used in combination with a four- 
glass erecting eye-piece in which the focal lengths of the lenses are /„ f^, f^, f^ 
in succession from the object-glass. The distances of the first and last pairs 
of lenses in the eye-piece are constant and equal to a, h, but the distance x 
between the middle pair is variable. If the telescope be adjusted for 
parallelism of the pencils of emergent rays and so that its magnifying power 
is greatest, the distance y between the focus of the object-glass and the lens/j 
will be given by the equation 

^G/i-/^^<-7.)[(-;>a-i-/^>j. 

and X will be expressed by a fraction whose numerator and denominator 
involve y to the first degree only, with known quantities. 



CHAPTER XII. 

Optical Instruments and Experiments. 

272. If light be admitted into a darkened room through an 
aperture fitted with a single convex lens or a combination of lenses, 
inverted images of external objects will be formed within the room 
at their proper distances from the lens ; and if the objects be at a 
considerable distance from the lens, compared with its focal length, 
the distances of their images will be very nearly the same and equal 
to that focal length. If therefore a screen be placed perpen- 
dicularly to the axis of the lens, at a distance from it equal to the 
focal length, an inverted picture of the external scene will be 
formed on the screen. For the purposes of drawing, it is convenient 
that the image should be thrown into a horizontal position. This 
is effected by placing between the lens and its principal focus, a 
plane mirror inclined at an angle of 45° to the axis of the lens. 

This is the principle of the portable camera obscura. A box 
from which external light is excluded is substituted for the 
darkened chamber ; for the screen may be substituted a sheet of 
sensitive paper, upon which the light acts chemically ; with this 
arrangement, an inverted picture of the external objects is printed 
upon the paper, and may be preserved in the form of a photograph. 

In the magic lantern and the solar microscope, a picture or an 
object is placed before a collective lens-system at a distance from 
it a little greater than the focal length of the system, and is then 
strongly illuminated by an artificial light or the light of the sun 
thrown into the axis of the tube by. a system of reflectors. 
A real inverted and magnified image is formed at a certain 
distance from the lens-system, and may be seen depicted on a 
screen in a darkened room. If the object and the screen be fixed, 
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the adjustment may be effected by moving the lens-system back- 
wards or forwards in a sliding tube by means of a screw. The 
adjustment will always be possible, provided the distance of the 
screen from the object be greater than four times the focal length 
of the lens-system. 

273. The camera lucida, invented by WoUaston, is an instru- 
ment of great use to the draftsman, in preparing an accurate 
drawing of a building or a landscape. 

Its essential feature is a quadrilateral prism of glass, represented 
in the adjoining figure. The angle j4 is a right angle, and the 
opposite angle is 13-5°, while the remaining angles B and D are 
equal ; it follows that the angles B and D are each GT^". Rays of 
light which are incident perpendicularly on the face AD and are 
reflected successively at DC and GB, will emerge perpendicular to 
the face AB. 



u B 




Let PRSTU be such a ray, and let PQ be a small object 
perpendicular to PR. Then an image qp will be formed by 
refraction at the plane surface AD; the rays diverging from qp 
will be reflected at the surface CD, and made to proceed from an 
equal image q^p^, symmetrically placed on the other side of CD; 
the rays diverging from qj)^ will be again reflected at the surface 
CB and another image q'p' will be formed. Finally when the rays 
proceeding from g''^}' are refracted again into the air, they will 
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proceed from an image Q'P'. Let PR the distance of the object 
from the first surface be denoted by x, and UP' the distance of the 
final image from the final surface AB by x, and let m, v, w, be the 
le^igths of the three portions of the path within the prism. Then 
'pR = fix. Also it is easy to see that Up = /j,x + u + v + w, and 
therefore 

, ii + v + w 
X =x-\ . 

Hence the difference between the distances of the object and final 
image from the vertical and horizontal sides of the prism, respec- 
tively/, is equal to tlie length of tlie path within the prism divided by 
its refractive index. 

The prism is mounted in a brass frame and attached by its axis 
to the end of a brass stem, the lower extremity of which may be 
clamped to a table ; the length of the stem may be varied at 
pleasure by means of a sliding tube. The upper surface of the 
prism AB is furnished with an eye-stop of small aperture, which is 
adjusted so that the aperture is as nearly as possible bisected by the 
edge B; by this means only a small part of the surface AB is used, 
and the rest is covered. When the vertical face of the prism is 
turned towards the object, the observer looks downwards through 
the aperture and sees at the same time the image of the object 
through the uncovered portion of the prism, and the paper on which 
it is thrown through the remaining portion of the aperture. The 
image will be erect, since the rays from the upper part of the object 
proceed towards the upper part of the image. 

Since the dimensions of the prism are very small in comparison 
with the distance of the object, the distances of the object and 
image will be nearly equal. If the distance of the object from the 
prism be very different from the distance of the latter from the 
table, the image and the paper cannot be seen together distinctly. 
This may be remedied by a convex lens whose focal length is equal 
to the greatest distance of the prism from the table. The lens is 
turned up horizontally under the prism, and the paper being in the 
principal focus, its image is thrown to an infinite distance and 
therefore made to coincide with the image of a remote object 
formed by the prism. The same correction may be made by 
placing a concave lens of the same focal length vertically in front of 
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the vertical face of the prism. The rays proceeding from a distant 
object are made to diverge from an image whose distance is equal 
to the focal length; this image will therefore coincide with the 
paper after passing through the prism. The convex lens is to be 
used by normally sighted persons, the concave by short-sighted 
persons. 

For near objects the adjustment of the distances is completed 
by varying the distance of the prism from the paper. 

274. Hadley's Sextant is an instrument for measuring the 
angular distance between two distant points. It consists of a 
framework in the form of a sector of a circle, with a graduated 



arc, and two plane mirrors, whose planes are perpendicular 
to the plane of the sector. One of the mirrors A is moveable 
about an axis through the centre of the arc, and carries a 
pointer whose vernier slides along the graduated arc. The 
other mirror is fixed at F and is parallel to the mirror A when the 
pointer of the latter is at E, the zero of the graduated scale ; 
the lower part of this mirror only is silvered, so that rays of light 
may be transmitted directly through the upper part. The 
instrument is fitted with a small telescope G whose axis is directed 
towards the dividing line of the mirror F. 

To measure the angular distance between any two points P, Q, 
the instrument is brought into the same plane with them and the 
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telescope G is directed towards one of them Q, which can be seen 
directly through the unsilvered part of the mirror F. The mirror 
A is then moved so that P, as seen through the telescope by a 
pencil reflected in succession at the mirrors A and F, appears to 
coincide with Q. In this arrangement, the angular distance 
between the points P and Q is the deviation of the axis of the 
pencil by the two reflexions; and this is equal to twice the inclina- 
tion of the mirrors. The inclination of the mirrors may be read off 
the graduated scale. If the arc be graduated so that every half- 
degree may be read as a degree, the reading will give the angular 
distance between the two points without any further calculation. 



Tlie Heliostat. 

21 o. A heliostat is an instrument which will reflect the light 
of the sun in a fixed direction throughout the day, notwithstanding 
the motion of the sun. 

It will be supposed that the change in the Sun's declination 
during the day is so small that it may be neglected ; so that the 
sun will describe a small circle on the celestial sphere, about the 
pole. 

In all the heliostats which have been constructed, one essential 
feature is an axis, parallel to the axis of the earth, which is turned 
by clock-work with the same angular velocity as that of the 
sun. 

The simplest form of heliostat is Fahrenheit's ; in this instru- 
ment a plane mirror is rigidly connected with the revolving axis, in 
such a way that the normal to the mirror makes with the axis an 
angle equal to half the sun's polar distance. If the normal be ad- 
justed so as to have the same right ascension as the sun, they will 
continue to have the same right ascension throughout the day, and 
the mirror will continue to reflect the sun's rays in the direction of 
the earth's axis. By a second fixed mirror they can afterwards be 
reflected in any required direction. 

27G. Foucault's heliostat is arranged so as to reflect the solar 

rays in any required horizontal direction. The point is fixed, 

and OA is the rotating axis. OB is a rod rigidly fixed to the 

revolving axis at an angle which can be adjusted so as to be equal 

K. 20 
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to the sun's polar distance; then if the right ascension of the 
plane OBA be properly set, OB will represent the direction of the 
sun's rays throughout the day. 




Let OC be the horizontal direction in which the sun's rays are 
to be reflected, and let C be the point about -which a mirror turns ; 
the normal to the mirror NOB is jointed to OB at a point B, such 
that 00 = OB. Also the rod BOD passes through a slot GD fixed to 
the plane of the mirror. Then since 00= OB, it follows that OB 
and 00 make equal angles with the normal to the mirror and are 
always in the same plane with it. Hence sun-light incident on 
the mirror parallel to OB will be reflected parallel to 00. The 
line 00 can be moved in its own plane to any azimuth. 

277. Silbermann has constructed a heliostat which will reflect 
the sun's rays in any fixed direction. 

As before, let OA be the revolving axis, OB a rod rigidly 
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connected with it, so that OB represents the direction of the sun's 
rays ; OR is a rod which can be fixed in any direction, in which it 
is desired to send the reflected rays. Oach is a small rhombus of 
jointed bars, a and h being fixed joints on the rods OB and OR. 
The normal to the mirror ON carries a slot, in which the angular 
point c of the rhombus slides. The mirror will then reflect the 
rays of the sun in the direction OR. 

Ex. If a heliostat be arranged so as to reflect the sun's rays in a fixed 
direction, prove that if the diurnal change in the sun's declination be neglected, 
the normal to the mirror, and the intersection of the mirror with the plane 
of reflexion, will describe cones of the second order, whose circular sections are 
perpendicular to the axis of the earth and to the reflected ray. 

Liglitlwuses. 

278. The lenses used in lighthouses were first introduced by 
Fresnel. A lighthouse lens consists of a plano-convex lens 
surrounded by a series of rings forming steps outwards; it is 
represented in cross section by the central part of figure. The back 




of the compound lens is plane, and the central face is spherical in 
front. The convex surfaces of the rings are not spherical ; they are 

20—2 
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annular, generated round the axis of the lens by the revolution 
of circular arcs in the plane of that axis, but having their centres 
beyond it in a series of points which retreat further from that axis 
as each corresponding ring increases in diameter. Fresnel so 
calculated the coordinates of the respective centres of the actual 
arcs, so that the extreme rays are made to emerge parallel to the 
axis. This approximation corrects aberration almost perfectly. 
In large lighthouses the diameter of this lens subtends an angle 
of 57° at the centre of the light. 



279. To find the form of the cross-section of any ring in 
Fresnel's lens, let us suppose that Q is the radiant point, ABGD a 
section of the ring, OAB being the plane side of the compound 
lens. Let QAPR, QSGT be the extreme rays which can pass through 
the ring in the plane of the figure, the emergent portions PR and 
CT being parallel to the axis of the lens. Let E be the centre of 
the circular arc GP, and let the radii EP, EG make angles <f>, -v^ 
with the axis. 




Let a, p be the angles of incidence and refraction at A, and o- 
those at S, and let QO=f, BG=t, AB=b. 

Then 6=/(tan ;S-tan a)-|-nano-, 

and fi sin p = sin a, /^ sin a- = sin yS. 

Also the angles of incidence and emergence at P are, respectively, 
i>-p,<f> ; those at (7 are A^ - o- and -yjr ; so that 

sin <^ = /i sin {(p - p), sin ■f = fi sin (i/^ - o-) ; 
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and therefore 

tan,^= ^^^ 



tan 1^ : 



/i cos p — 1' 
/isin a- 



fi cos tr — 1 ' 

from which ^ and ■^ are determined. 

Draw CM parallel to J. 5 to meet AP in M. 

Then GJf = 6-ftanp. 

Also from the triangle CPM, the chord GP is easily seen to 
be given by the equation 

^p _ C'Jlfcosp 



And therefore if r be the radius of curvature of the arc GP, so 
that 

OP = 2rsinH^-0). 
we get finally 

(b —t tan p) cos p 

~ 2 sin ^ (i|r - ^) cos { J(^ +'^)-pY 

Also, the coordinates of E referred to as origin are 

EH =r cos ■^^ — t 

0H= r sin -^ —/tan ^ — t tan o-, 

and therefore the curvature of the surface and the position of its 
centre of curvature are determined. 

If the section be required for a prism which is detached, t = 0. 

280. Above and below the lens, there are a series of totally 
reflecting zones of triangular section. These zones are continued 
so as to leave only a small space above and below the light, where 
the light is not caught and sent out horizontally. 

We shall now find the form of the section of the reflecting 
zones, following Fresnel. The reflecting surface is curved ; but 
instead of the true curve a circular arc is necessarily adopted. 
Let ABG be the section of the totally reflecting zone and Q the 
radiant point; and let AK, GH be the extreme emerging rays, 
which are to be parallel to each other and to the horizon. Let the 
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angle AQB be a, and the angles of incidence and refraction of the 
ray QA at A be 0, 6'; produce QA to D, and let the angle DAK 
beS. 

In order to avoid superfluous glass, the side AB of the prism is 
made to coincide with the path of the ray QB after refraction and 




reflexion at B, and the side AC to coincide with the path of the ray 
QA after refraction at A. Hence the angle BAK is equal to the 
angle CAQ and therefore the angle BAQ to CAK; also the angle 
BAG is \-n- + 6' ; and therefore adding together the several parts 
which make up the larger angle QAK, 

or ^' = 25 + S-^7r, 

and therefore smd = /i sin {W + S — ^ir). 

From this equation the angle 6 may be found. 
Let 4> and 4>' be the angles of incidence and refraction of tlie 
ray QB at B, then ^ = d — a and therefore 

fi sin <^' = sin {d — a). 

The internal incidence of the ray CH at G is equal to ff', since 
the emergent rays AK, GH are parallel. 

At B and G draw the radii BE, GE of the circular arc BG which 
is the reflecting surface, and join BG; then it is easily seen that 
the angle 

ABE = ^ (!■"■ + f), and AGE = \{^Tr + 6'). 

Also the angle BEG =BAC-{ABE+A GE), 
and therefore the angle BEG= ^ - ^ (5' + </>') 



280 — 282.] DETERMINATION OF REFRACTIVE INDICES. 311 

The angles EBG and EGB are therefore each equal to 

therefore the angle ABG = EBG - ABE = J (tt - 0' - <^') 

and the angle AGB = EGB - AGE = J (tt - 361' + ^')- 

Now in the triangle QAB the side QA i& supposed known and 
the angles AQB and QAB ; therefore AB is known. Then in the 
triangle ABG, the two angles B and G are known and also the side 
A B ; therefore the side BG is known. 

Lastly the angle BEG has been found, and therefore the radius 
of curvature of the circular arc is known. 

281. So far only the section of the apparatus has been 
described. This section may be revolved round a vertical axis 
passing through the light ; and this gives the form of a lighthouse 
apparatus for a fixed light sending light out horizontally in all 
directions. For a flashing light, it is usual to arrange the lenses 
in the form of eight panels ; each panel consists of a Fresnel's 
annular lens generated by the revolution of the section about a 
horizontal axis, together with totally reflecting zones formed by 
revolving the section through an angle of 45° about the vertical 
axis. The whole apparatus is then slowly revolved about its 
vertical axis. 

Further information on this subject may be found in a paper 
by Mr. James T. Chance, " On optical apparatus used in Light- 
houses," published in the Proc. Inst. Givil Engineers, Vol. xxvi., 
1867, and also in the Article " Lighthouses," in the Encycl. Brit. 



Determination of Refractive Indices. 

282. The general method of measuring the refractive index of a 
solid medium for any particular coloured ray of light, is to observe 
the minimum deviation of a ray of light of this colour, as it passes 
through a prism made out of the substance. It has been already 
seen that, when a ray of light passes through a prism with minimum 
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deviation, its path is symmetrical with respect to the prism ; so 
that with the usual notation 

<j) = ->Jr, 4>' = •^'. 
and therefore I) + i = 2^ ) 

If /J, be the refractive index of the medium, 

sin ^ = /i sin <f>', 

and therefore sin ^(JD + t) = /i, sin ^i. 

As soon, therefore, as we have measured i, the refracting angle 
of the prism, and J), the minimum deviation, we can calculate /j,. 

283. The appai-atus used consists essentially of a horizontal 
graduated circle, with a horizontal telescope which can be turned 
round, so that its optic axis always passes through the centre of 
the rim. The prism is fixed with wax or cement to a levelling 
stand placed over the centre of the graduated circle. The 
light is supplied through a collimator, which consists of a fine 
vertical slit placed in the focus of an achromatic object-glass, 
so that the rays emerge from the collimator parallel to each other, 
the collimator being fixed so that its axis passes through the 
centre of the rim. 

The refracting angle of the prism is first measured. The 
prism is placed so that light from the collimator is reflected at 
both faces of the prism. The image of the slit as reflected at each 
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face in succession is viewed by means of the telescope, the telescope 
being moved round till the image falls on the cross-wires of the 
telescope. The angle through which the telescope must be turned 
from seeing the image reflected in one face, in order to see the 
image reflected in the other face, is read off the graduated circle. 
It may be shown that this angle is equal to twice the refracting 
angle of the prism. For let BAG be the refracting angle of the 
prism, and let the incident ray be in direction of PAX. Then, if 
AQ be the ray reflected in the face AB, AQ and AX must make 
equal angles with AB, so that 

Z BAX = i Z QAX. 

Similarly, if AR be the direction of the ray reflected in the 
face AC, 

Z GAX=\ Z RAX; 

and therefore, by addition, 

Z BAG = 1 Z QAR. 

284. The minimum deviation for a ray of definite refrangi- 
bility, corresponding to any fixed line of the spectrum, is next 
measured. The slit is first viewed directly, the prism being turned 
so as not to obstruct all the light, and the telescope is moved until 
the line of the spectrum coincides with the cross-wires of the 
telescope. The prism and telescope are then moved so that an 
image of the slit formed by light which has passed through the 
prism is seen through the telescope ; and the prism is turned so 
as to make the image move nearer to the direction of direct light, 
the telescope following the image so as always to keep it in view. 
At length a position of the prism is obtained, such that if the prism 
be turned either way the image recedes from the direction of the 
direct light ; this position of the prism is therefore the position of 
minimum deviation. The telescope is moved until the line of the 
spectrum coincides again with the cross-wires of the telescope. 
The angle through which the telescope has been turned from the 
position of direct light is read off the graduated circle, and this 
angle is the minimum deviation required. 

285. To measure the refractive index of a liquid, it is enclosed 
in a hollow piism of glass, made by cementing plates of glass 
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together. The two sides of the plates however are never accurately 
parallel, and from the observed deviation it is necessary to subtract 
the small deviation caused by the empty prism. 

The refractive indices of gases in given conditions as to 
temperature and pressure have been measured by a similar process. 
They must be enclosed in a tube, the ends of which are closed by 
two plates of glass placed very obliquely with reference to the axis 
of the tube. 

The experiments of Biot and Arago on the refractive indices of 
gases showed that for gases the quantity /j.^—1 is proportional to 
the density of the gas, a law which had been enunciated by Newton, 
who deduced it from his theory of emission. 

286. To find the focal length of a thin convex lens. 

This is usually measured by adjusting the lens and an object, 
until the distance between the object and the image is a minimum; 
this distance is then four times the focal length. For, if u, v be 
the distances of the object and image in front of, and behind, the 
lens, 

u V f 

while the distance between the object and the image is given by 
the equation 

Combining these equations, we get 

uv = af, 
and therefore (u - vf = «" — ^xf 

The quantity (m — vf is always positive, and therefore the least 
value of X is equal to 4/1 

If the lens be concave, it is placed in contact with a convex 
lens, so that the whole combination may be collective ; the focal 
length of the combination may be determined as before. If /, /' 
be the numerical focal lengths of the two lenses, F that of the 
combination, 

F~f f 

which determines /when/' is known. 
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0)1 the expenmental determination of the focal len-gth and cardinal 
pointi of an optical instrument. 

287. It has been seen that the position and magnitude of the 
image of an object formed by any symmetrical optical instrument 
can always be determined by geometrical construction or by 
simple formulae, when the positions of the two focal points and 
the two principal points are given. The positions of the two 
principal points are determined as soon as the positions of the 
focal points and the focal length are known, and thus it appears 
that the optical system is completely determined when we know 
the abscissai of the focal points and the focal length of the system. 
To determine these three quantities, three experiments will be 
necessary. Let g, g' be the abscissae of the two focal points, 
referred to any origin, ^, ^' the abscissae of the object and its 
image, respectively; then, if/" be the focal length of the system, 

(5'-f)(r-/)=r- 

For the sake of symmetry, suppose that all the distances con- 
sidered are measured from a fixed point whose abscissa is e, and 
let 

e-g = p, g' -e = q; 

the constants to be determined are then p, q and /. 

If we take three different positions of the object and determine 

by experiment the position of the image for each, we get the three 

equations 

ia-p){b-q)=f\ 

{a'-p){b'-q)=f. 

{a"-p){h"-q)=f\ 

where a', h' and a", h" refer to the second and third positions. 
The quantities a, h, a', h', a", h" are all determined by measuring, 
and therefore these three equations are sufficient to determine the 
values of p, q, f in terms of known values. If we eliminate /* 
between the first and second, and again between the first and last, 
Ave get two equations of the first degree in p and q, which serve to 



316 THE CARDINAL POINTS OF INSTRUMENTS. [CHAP. XII. 

determine these quantities without ambiguity. Any one of the 
three equations will then determine /'. This will leave the sign 
of / undetermined ; but the sign of /may be found by examining 
the image. If the image be erect, then ^' — g' and / will have 
opposite signs, and if inverted, the same sign. 

288. In the formulae it is supposed that for the three experi- 
ments the object lies on one and the same side of the lenses. If 
in any case the object were at the other side, the positions of the 
object and image may be interchanged, and then the arrangement 
is the same as in the preceding cases. Practically we are restricted 
to real images, and therefore in the case of a single lens we are 
limited to a collective lens, unless special methods of determining 
the positions of virtual foci be adopted. It is always possible, 
however, to combine the system with a single collective lens so as 
to make the whole system collective, and then, having determined 
the constants of the combination, to calculate those of the original 
system. 

The experiments should be chosen so as to have the three 
equations as different as possible, in order that the errors of obser- 
vation may have the smallest effect on the results. 

289. For a single lens, or for an achromatic object-glass, which 
consists of lenses in contact, the distance between the principal 
points is usually small. If this distance, which we may call \, be 
known, two experiments are all that is necessary. For we then 
have the equation 

p + q = 2f+\ 
in addition to the two 

ia-p){b-q)=f\ 

ia'-p){i'-q)^f\ 
Eliminating p and q between these equations, we find 

^* "'^^'^ ^^ _(a + 6'-X)(a'-h6-\) = 0. 

which is in general a quadratic to find f. But if the experiments 
be chosen so that a' -\-b' -a-h = 0, that is, so that the distance 
of the object from the image is the same in each experiment, while 
the lens has different positions, the equation reduces to an equa- 
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tion of the first degree. Let c be the distance between the object 
and the image ; then a = c — b, a =c — h', and the equation be- 
comes 

4/(c-X) = (c-X+6'-6) {c-\-h'+h), 

/=i(c-X)-i-^. 
The values of p, q are then 

p=^{if+c + X-h-h'), 
q = \{^f-c + \ + h + h'). 

290. A convenient method of arranging the experiments in 
this case is first to place the object at a great distance, and then 
the rays will converge to the second focal point, and thus q is 
determined immediately. Then reverse the lens, and measure the 
position of the image of the same object, and this will determine p. 
Besides these two experiments one other is required, which gives 
an equation, 

{a-p){h-q)=r, 

and determines f. The distance X is then given by the equation 



\=p + q-2j{a-p){b-q). 

The solution may now be regarded as complete; but if a 
specially exact determination is necessary, this investigation may 
be regarded as giving X as a preparation to the method just ex- 
plained. 

Gauss gives the following convenient method of arranging the 
third experiment. On a sheet of paper describe a circle of about 
the same radius as the lens, and make a small well-defined cross at 
its centre ; then let the lens be placed in contact with the paper so 
as to be accurately concentric with the circle, and view the cross 
with a small microscope with cross lines, which is capable of adjust- 
ment along the axis of the lens. Adjust the microscope until the 
image of the cross coincides with the cross in the microscope. 
Then remove the lens and again adjust the microscope. The 
distance through which the microscope has been moved is then 
equal to f— ^. The point of the cross may be taken as the point 
of reference, and then 

a = 0,6 = r-f 
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Methods of Photometry. 

291. It has been shown that when an element of a surface is 
illuminated by light proceeding from a source of intensity I, at a 
distance r, so that the axis of the pencil makes an angle 6 with the 
normal to the element of surface, then the intensity of illumination 
is proportional to 

/cos 6 



It is found that the eye is of itself unable to estimate the ratio 
of the intensities of two sources of light, but that it is an accurate 
judge of the equality of illumination of two illuminated surfaces 
when they are placed side by side. All methods of photometry 
depend therefore on the equalising of two illuminations. 

In order to compare the intensities of two sources of light, the 
two halves of a piece of thin porcelain are illuminated by the two 
sources, respectively, in such a way that either the light falls 
normally on the porcelain, or the lights from the two sources 
make equal angles with the plane of the porcelain. The distances 
of the lights are then adjusted so that the two halves of the 
porcelain are equally illuminated. Then the intensities of the 
sources are in the inverse proportion of the squares of their, dis- 
tances from the porcelain. This is the principle of both Ritchie's 
and of Foucault's photometers. 

292. Ritchie's photometer consists of a rectangular box open 
at both ends. In the lid is a narrow strip of porcelain or oiled 
paper. The instrument is placed between the two sources to be 
compared, and the light is reflected up to the porcelain by two 
pieces of mirror (which must be cut from the same piece of glass) 




placed at angles of 45° to the axis of the box. The box is then 
moved from one source towards the other until the two halves of 
the porcelain are equally illuminated, and the distances of the 
lights measured. 
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293. In Foucault's photometer the lights which are to be 
compared act separately on two different parts of the same vertical 
plate of thin transparent porcelain, PQ. RS is an opaque vertical 
screen which separates the two illuminations from one another. If 
this screen be so adjusted that the vertical planes ASni, BSn which 
limit the regions illuminated separately by the two sources A, B, 
intersect just in front of the lamina PQ, the dark band inn can be 




made as narrow as we please. The distances of A and B are then 
adjusted so that the two portions of the lamina are equally 
illuminated. 

294. In Rumford's photometer the intensities of the two 
shadows on a screen of a vertical rod due to the two lights are 
compared. The lights are arranged so that the shadows fall close 
together, and the shadow formed by one light is lighted by the light 
from the other source. The distances being so adjusted that the 
shadows are of equal intensity, the distances of the lights are 
measured, and thus the intensities of the two sources can be 
compared. 

Bunsen has invented a very simple photometer. If a spot of 
grease be made on a sheet of paper, then if the paper be equally 
illuminated on its two sides, the transparent spot cannot be seen 
except by close inspection. The sources of light are placed on 
opposite sides of the paper and their distances are so adjusted that 
the grease spot disappears ; then the intensities of the sources are 
inversely as the squares of their distances from the paper. The 
adjustment should first be made from the side on which one source 
lies, then the screen should be turned round and the adjustment 
made from the side on which lies the other source, the same side 
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of the paper being observed each time. The mean of these two 
positions will give a fairly accurate result. 

295. In all these comparisons the lights are supposed to be 
of the same quality, otherwise the comparison fails. A strict 
comparison of two compound lights of different qualities could 
only be arrived at after comparing the relative intensities of 
all the different coloured rays of the spectra given by the two 
lights, and tabulating the results. 

296. The first steps towards stellar photometry were taken by 
Sir John Herschel. He received the light of the moon on a lens 
of short focus, so as to make a small image of the moon in the 
focus of the lens; this image he used as an artificial star, with 
reference to which the brightness of stars could be estimated. The 
lens could be adjusted at different distances until the brightness 
of the star and the image were equal. The distances of the image 
for different stars give a means of comparing their intensities. 

Dr Seidel used an instrument not very different in principle 
but more convenient in practice. He divided the small object- 
glass of a telescope into two halves, one of which could be moved 
in the direction of its axis. Two stars to be compared were made 
to appear nearly in the same direction by internal prismatic 
reflexion. The distance through which the half of the object-glass 
had to be moved in order that the images might appear of equal 
intensity gave sufficient data for a comparison of the brightness of 
the stars. 

297- More recently a method of comparing the brightness of 
stars, depending on the fact that the absorption of light passing 
through a dense medium is a function of the thickness of the 
medium, has been used by Professor Pritchard at the Observatory 
at Oxford. A thin wedge of homogeneous and nearly neutral- 
tinted glass is interposed, so that the. star images formed in the 
focus of the telescope are seen through the wedge. Simple means 
are contrived for measuring with great exactness the several thick- 
nesses at which the light of these telescopic star images is 
extinguished. In this way the light of any star may be readily 
compared with that of any standard star, and a catalogue of star- 
magnitudes can be formed. 
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Methods of determining the Velocity of Light. 

298. There are two methods of determining the velocity of 
light by optical experiments, the one devised by Fizeau and the 
other by Foucault. Fizeau's experiments were repeated in 1876 
by M. Cornu, and later a modification of Fizeau's method has been 
used by Dr. Young and Professor Forbes in Scotland. The velocity 
of light has also been determined by A. A. Michelson, of the 
United States navy, who followed Foucault's method. 




299. In Fizeau's experiments two astronomical telescopes 
several miles apart are arranged so that their axes are accurately 
parallel, the one telescope looking into the other. In one of the 
telescopes a mirror is then placed at the focus of the object-glass, 
exactly perpendicular to the axis of the instrument. The observer 
stands at the other telescope ; in this instrument a plate of glass, 
inclined at an angle of 45° to the axis of the telescope, is placed 
between the eye-piece and the principal focus of the object-glass. 
Light is admitted through the side of the instrument and reflected 
down the tube by the plate glass, the rays coming to a focus at the 
principal focus of the object-glass, so that they may emerge from the 
instrument in a direction parallel to its axis. These rays of light 
enter the object-glass of the distant telescope, are reflected back 
in the same direction by its mirror, and some of these rays after 
passing the object-glass will pass through the inclined plate of 
H. 21 
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glass and enter the eye-piece and will be received by the eye in 
the usual manner. A wheel with a large number of fine teeth is 
rotated, so that the teeth pass in front of the focus of the object- 
glass. When the wheel rotates comparatively slowly, but quickly 
enough for the intermittent light to make a continuous impression 
on the eye, the eye will see an image of the light ; for the time 
taken to travel to the distant telescope and back again is so small 
that light which passed through the space between two teeth at 
starting will have time to return through the same space before 
the wheel has turned appreciably. We shall suppose that the 
breadth of the teeth is equal to the interval between two consecu- 
tive teeth. If now the speed of rotation be increased, it may happen 
that light which passed through the space between two teeth, may 
on its return be stopped by the next tooth, which has moved for- 
wards in the interval. In this case no light will reach the eye. 
If the velocity of rotation be continuously increased, the image 
will reappear, at first faintly, then more brightly, and will again 
begin to disappear, and so on. Let 21 be the whole length of the 
path of the light as it passes from the toothed wheel back to the 
same point. Then if ■« be the velocity of light, the time taken for the 
complete journey to and fro will be 2l/v. Let m be the number of 
teeth in the wheel, and n the number of revolutions of the wheel 
per second ; then the time taken by one tooth to pass before the 
principal focus will be lj2mn seconds. If therefore the number of 
revolutions per second be such as to produce the first eclipse, 

2Z_ 1_ 

V 2mn ' 

or w = 4>miil I 

and if n be such as to cause the _p*'' eclipse, it may easily be seen 
that 

4fmnl 
'=2f^V 

The distance I and the number of revolutions per second are 
observed, and then v is determined by these formulae. 

The imperfection in this method is that in actual experiments 
a total eclipse of the reflected rays is hardly ever reached ; there 
is usually only a very great falling off in its intensity, and the 



299—300.] VELOCITY OF LIGHT. 323 

exact moment which must be taken to represent the moment of 
eclipse cannot be determined with very great precision. 

300. Messrs. Young and Forbes used a telescope arranged with 
a rotating wheel, similar to the instrument described, with two 
distant reflecting telescopes nearly in the same line, but at 
different distances. The method of observation was to arrange the 
speed of the toothed wheel so that the brightness of the two 
images seen should be equal; it was found that this could be 
effected with considerable precision. 

Let E be the brightness of the image when the wheel is not in 
position; then when the wheel is rotating slowly the brightness 
will be hE. 

As before, let n be the number of revolutions per second, and 
let t be the time occupied by the double journey ; also let k be the 
breadth of each tooth and interval in the wheel. In the time 
t, the circumference of the wheel will have passed over a space 
2mnM. Before the first eclipse, it is easy to see that the effect 
of the rotation of the wheel is the same as if the breadth of each 
tooth were k + 2mnkt, while the wheel revolved slowly. Thus, if / 
be the intensity of the light, 

I=lE[l-2mnt}. 

If N denote the number of revolutions per second at the first 

eclipse, 

l-2mtN'=0, 

jrr_ _}_ ^ 

2mt 4>ml ' 



Thus in the first phase 



^=i^^l-l 



In the second phase, that is, when n passes the value JV, I 
is increasing, and is represented by the formula 



/=i^{i-4. 



In the same way it may be seen that in the j)*'' phase, when p 
is odd, we have 

r'=^E. 



n 

P-w 
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and when p is even 
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I=hE 



w-p + ^}- 



Let E', r, t', W, r denote quantities for the second distant 
telescope, similar to those denoted by the same letters for the 
other. We shall denote the distant telescopes by A and B, and 
shall suppose that A is the more distant. As before, it may be 
proved that in the p"' phase of B 






or r = ^E' 

according as p is odd or even. 

By comparing the values of T and T, it may be seen that the 
r*^ equality may be in the r'" phase of B and the (r + 1)"" phase 
of A 

If r be even, the condition for the r"" equality will therefore 
be 

and the condition for the (r + iy equality will be 

If we subtract these equations, we get 

E{^-i2r^2)} = E'{2r-^-P-], 

i(« + «') {f + J'} = (r+l)E+rE'. 



or 



A very great simplification may be effected in this formula by 
choosing the two distances I and Z' so that 

I _r+l 
l'~ r ' 

where r is an even integer. In the actual experiments of Messrs. 
Young and Forbes, I : I' = 13 : 12. 
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Then 1^/^= (r + l)/r, and therefore the equation of condition 
becomes 

or i\-='l+^' 

2r ■ 

But it has been shown that N' = v/^ml' ; and therefore we get, 

2ml' (n + n) 
r 

The value obtained by these experiments is 301,382,000 
metres per second. The value found by Cornu, using Fizeau's 
method was 300,400,000 metres per second. 

301. We shall next give a short account of Foucault's experi- 
ments to determine the velocity of light. 



A beam of sunlight was transmitted by means of a mirror into 
a dark room through a small square hole in the window-shutter, 
and after passing through a lens G was allowed to fall on a small 
plane mirror mon which was capable of rapid rotation about an axis 
through perpendicular to the plane of the paper. At present we 
shall confine ourselves to the consideration of the path of a small 
pencil of the incident light which diverges from a point P of the 
aperture. This pencil, after passing through the lens, is made to 
converge to the point p ; but before the rays reach p they are in- 
tercepted by the plane mirror mon and are reflected to the point 
p', when op = op'. At p' is placed a portion of a spherical mirror 
whose centre is o and radius op, which reflects the pencil back 



;}2G VELOCITY OF LIGHT. [CHAl'. XII. 

again in the same direction, and if the small plane mirror be 
at rest the pencil will retrace its original course back to P. 
Between P and the lens G is placed a sheet of plate glass, inclined 
at an angle of 45° to the axis PC; and part of the returning pen- 
cil is reflected at this piece of glass and is brought to a focus at 
p", where it is viewed through a telescope. When the mirror inon 
is made to revolve slowly, the light will be returned only when 
the mirror mon is in a position to send light to the small mirror 
at p', and therefore the image p" will be intermittent ; but if the 
velocity of rotation be increased up to about 30 revolutions per 
second, the impression produced in an observer's eye is continu- 
ous. So long as the mirror revolves with moderate velocity, 
the time taken by the light to travel from o to p and back again 
is so short that the returning pencil reaches the mirror mon before 
it has appreciably changed its position ; but if the velocity of ro- 
tation be greatly increased, until the mirror makes several hun- 
dred rotations per second, the mirror will have turned through a 
small angle during the time occupied by the reflected light in pass- 
ing from to p and back again. The pencil returning from p' 
will be reflected by the mirror in its new position, and after re- 
flexion will appear to diverge from a point q, where oq = op', and 
after passing through the lens will be made to converge to a point 
Q on the line qC; the image by reflexion in the plate glass will 
therefore be at q' instead of p", where p" g" = PQ. 

Across the aperture through which the light was admitted was 
stretched a fine wire, whose position is represented by P, and the 
displacement of the image of this wire p"q' can be measured by the 
aid of the observing telescope. Let the value of this displacement 
beS. 

302. Let 11 be the number of revolutions of the mirror per 
second ; this can be determined by means of a siren. Also let 
OP = a, Co = b, and let op = r. Then if v be the velocity of light, 
the time occupied by the light in passing from o to p' and back 
again will be 

V 

During this time the revolving mirror will have rotated through 
an angle ^irnt or ^Trni-fv. 
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The points p, q, p lie on the circle whose centre is o ; also the 
lines j^p, qp are respectively perpendicular to the two positions of 
the mirror, and therefore the angle pp'q is equal to the angle 
between the two positions of the mirror, or to 47rnr/i). It therefore 
follows that the arc pq subtends at the centre of the circle an angle 
Sirnr/v ; and therefore 

2)q = . 

Also, by similar triangles, PQ : pq = a: (b + »•), 
and therefore PQ = ^^^^'^ 

This length PQ, being equal to p" q", has been determined by 
observation to be B, and therefore we get 

_ S-Trnr'a 
" ~ S (6 + r) ' 

an equation which expresses v in terms of quantities which can be 
measured. 

Foucault found the velocity of light by this method to be 
298,000,000 metres per second. The value obtained by Michelson 
by a slight modification of the same method was 299,940,000 
metres per second. 

The method employed by Foucault may be applied to the 
determination of the velocity of light in other transparent media, 
such as water. For this purpose a tube filled with the water, with 
its ends closed by plate glass, is placed between the revolving 
mirror and the small spherical mirror, so that part of the double 
journey is performed through water instead of air. It is found that 
lioht travels slower in water than in air. 



CHAPTER XIII. 

Eefraction through Media of Varying Density. 
Meteorological Optics. 

303. When the medium varies continuously according to a 
given law we may regard the refractive index at any point as a 
given function of the coordinates of that point. Equating this 
function to a constant, we obtain the equation to a surface along 
which the refractive index is constant; the form of this surface 
will indicate the manner of stratification of the medium. By 
considering the refraction of a ray of light as it passes from one 
stratum of uniform refractive index to a consecutive stratum, we are 
led to a differential equation to the path of the ray ; the solution 
of this equation will determine the equation to the path. 

304. "We shall first suppose the medium symmetrical about a 
point, that is, stratified in concentric spherical surfaces, the ray 
moving in a plane passing through this point. 

Let PQ, QR be two consecutive directions of the ray, after 
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being refracted at a spherical surface whose centre is 0. Then 
if (j), <})' be the angles of incidence and refraction, 

fji sin <f> = fjf sin ^'. 

If j)< P be the lengths of the perpendiculars drawn from 
to the ray before and after refraction, this equation may be 
expressed in the form, 

fj-p = fj-p'- 

This result is true for any such refraction ; and therefore if 
the ray passes through a continuously changing medium, stratified 
in spherical surfaces whose centre is 0, the equation of the ray 
may be expressed by the equation 

where a is a constant. 

We now can easily find the law of the refractive index in the 
medium so that a given curve may be described. From the 
equation of the curve we can express p in terms of r, and then the 
law of variation of refractive power is given by the equation 

a 
fi = - . 
P 

Ex. 1. If /i varies inversely as the radius vector, show that the path of 
auy ray is an equiangular spiral. 

Ex. 2. If /x varies inversely as r""*""^, the equation to the path of a ray is 

r" = a''cos?i5. 

Ex. 3. If /x oc , the path of a ray is an epicycloid. 

V r^ — a^ 

305. As an illustration of the way in which objects are seen 
in a heterogeneous medium, let us consider a medium such that 

b 

where a and h are fixed constants. This law of refractive index 
was suggested to Maxwell by the eye of a fish. The equation to 
the path of any ray is jxp = const., or 

„ ^ ■ = constant = x- ■ say, 
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where c is an arbitrary constant which varies as we pass from one 
ray to another. The equation to any ray is, therefore, 

2cp = a' + r\ 

from which we derive the equation 

I'dr _ 
dp 

In words, this result shows that the radius of curvature of the 
curve is the same at all points along it, so that the path of the ray 
is a circle whose radius is c. Indeed it is easy to see that the 
relation between r and p corresponding to any point of a circle 
whose radius is c, and whose centre is at a distance k from the 
origin is 

so that a' = c' — Z;^ 

Thus if AOA' be a chord of the circle, through the origin, the 
rectangle AO . OA' = a^ This result is independent of the par- 
ticular ray chosen, and therefore A, A' are conjugate points. Pairs 
of conjugate points are therefore situated on the same line through 
the centre of the spherical strata, and the product of their 
distances from that centre is equal to o.'^ 

Now suppose that an eye is viewing an object through a medium 
of this kind. We shall suppose that the eye is placed in a small 
crevasse bounded by orthotomic surfaces, and that the eye is in air 
close to the surface of the crevasse. Let AB be a small object, 
A'B' its image, and let E be the position of the eye. Then when 
the eye is directed towards the object it will see it erect. But 



.S05 — 30G.] ASTRONOMICAL RKFRACTION. 331 

when the eye is turned away from the object it will still see it in 
the position A'B', inverted. Moreover if we trace the rays by 
which the eye sees the latter image, it is clear that they come 
from the back of the object, so that it is the hack of the object 
which is seen inverted at A'B'. 

There is another peculiarity about the images thus formed. 
The amount of divergence in the plane of the figure will not in 
general be the same as that perpendicular to its plane ; the rays 
will therefore have a different divergence for height and breadth. 

306. Astronomical refraction is the name given to the angle 
between the apparent direction of a star as seen through the 
atmosphere, and the direction in which it would appear if there 
were no atmosphere. 

Without sensible error the earth may be considered spherical, 
and the atmosphere stratified in spherical layers whose centre is the 
centre of the earth. It has already been proved that the path 
of a ray of light through such an atmosphere will be such that 

ftp = const., 

where j> is the perpendicular from the centre of the earth on the 
tangent to the path at a point where the refractive index is //.. 
Let X be the radius vector drawn from the centre to any point 
of the path ; this radius vector will be the normal to the stratum. 
Also let ^ be the angle between the ray and this normal, then the 
preceding equation may be written in the form 

fix sin ^ = fjLjjb sin z, 

where yu.„, a, z are the values which ft,, x, <p assume at the surface of 
the earth. 

Also, if the consecutive element of the path of the ray make an 
angle 0' with the normal, the deviation ^ — <p' will be the incre- 
ment of the atmospherical refraction. If therefore we denote the 
atmospherical refraction hj r, ^ — <f>' = dr. The law of refraction is 

/J, sin <}> —(fj, + d/ju) sin (i^ — dr), 

or fji sin <f> = (fj, + dfi) (sin <j) — dr cos <j)) ; 

that is dfj, sin ^ — fidr cos (f> = 0, 

dr tan</) 



which gives 



dfi fi 
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If we substitute the value of ^ in terms of z, as obtained by 
the previous equation, we find 

dr _\ (i^a sin z 

dfi " ^ J fj,W-,jL,^ a' sin' z' 
_ r sin zdft, 

J /ji, V/x a: — fj.„ a sin z 

Before this integral can be evaluated, it is necessary to know 
the relation between /a and z. 

307. Simpson assumed that the law of decrease of density of 
the atmosphere was such that some power of the refractive index 
varies inversely as the distance from the centre of the earth ; this 
hypothesis is represented by the equation 






From this equation we deduce 

sin<i = ( — ) sin .2. 

If we take logarithms, and differentiate this equation, it becomes 
d(f> nd/j, 
tan (f) fj, 

so that dr= — . 

n 

To determine the limits of integration of this equation, it may 
be supposed that at a great distance from the earth's surface the 
air becomes so rarefied that its action on the path of light may be 
neglected. If 6 be the value of ^ for this straight path, we get 

sin5 = (— ) sing. 
Also by integration 

Jen n^ ' 
and therefore finally, substituting for Q, we get the value of the 
astronomical refraction, 

1 r . _, /sin z\ 
This is Simpson's formula; of refraction. 
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308. Bradley expressed this formula in another form. Simp- 
son's formula may be written 



siu (z — nr) 



1^0 



and therefore 



sin z — sin {z — nr) _//.„" — 1 
sin z + sin (z — nr) /i„" + 1 ' 



whence tan -^ = ^ — tan ( z - ^ 

or approximately, r = - -„ — - tan (^ — ^ 1 . 

Bradley wrote this formula in the form 

r = ^ tan(z —fr) 

and found that for a mean state of the air, corresponding to the 
barometer 29'6 inches, and thermometer 50° Fahrenheit, we can 
express the observed refractions very closely, by taking 

g=57"m6,f=3. 

309. It has been proved by experiments of Biot and Arago, 
that if fi be the refractive index and p the density of the 
atmosphere, 

/i" — 1 = 4<kp, 

where 44 is a constant determined by experiments. It is found 
to be given by the equation 

4k = -000588768. 

If the density p be expressed in terms of x, by the theory 
of equilibrium of the atmosphere, the accurate relation between 
fi and a; may be determined. This has been done by Laplace, and 
more completely by Bessel, but the investigation is intricate and 
scarcely belongs to the province of Optics. For a full account of 
Bessel's investigation we may refer to Chauvenet's Astronomy^ 
Vol. I. 

310. Next suppose the ray to move in a plane, through a 
variable medium which is symmetrical with regard to the plane ; 
to find the intrinsic equation of the path. 
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We shall suppose that the refractive index is defined by a 
known law, 

Let P be the point of incidence of the ray on any stratum of 
constant refractive power. Let QP be the direction of raj' before 
refraction, Q'PR the direction after refraction, and let these 




directions make angles 0,6 + d$, respectively, with the axis of x. 
Draw the tangent PT, and the normal NPIf', to the curve of 
uniform refractive index which passes through P, and let PT 
make an angle a/t with the axis. Then by the law of refraction 

fi sin QPN =(//, + df^) sin RPIT = (//. + dfj,) sin Q'PJSf ; 
that is, 

/x cos {0--\lr) = (fj, + d /J,) cos {e + dO-^y). 

Retaining only first powers of the small quantities 9/^, dd, this 
equation reduces to 

9/i cos {d — -y)=fj,d6 sin {6 — yjr). 

Also, since PT is the tangent to the curve whose equation is 
/J, = constant, 

d/ji , die . , 
^cos^ + ^sm,|r = 0; 



also 



cos = '^,sin d = ~: 
as 



dx 
d^' 
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and from these three equations we deduce 

,n ,x tan^ — tan-vlr 
tan (0 - i|r) = , - — y- — ^— . 
^ ^' 1 + tan 5 tan -f 

djj, d]i dfj. dx 

_ dy ds dx ds 

d/jL dx d/j, dy ' 

dy ds dx ds 

and this may be written in the form, 

d/j, ^ (a_>\_^ d^ dfji. dy 
ds ' dy ds dx ds ' 

But the equation of refraction may be written 

where p is the radius of curvature of the path of the ray ; and 
therefore the intrinsic equation of the path of the ray is 

/jL _dfji dx dfj, dy 
p dy ds dx ds ' 

Since — # and -=- are the direction cosines of the normal, 
ds ds 

measured in the direction of p, this equation may be written 

p, dp, 
p dn' 

where dn is an element of the normal to the curved ray ; or finally 

Id.. . 

- = -r- (log a)- 
p dn^ ° '^' 

311. If the medium be stratified in horizontal layers, the 
refractive index is a function of y only, and the angle i^ is zero. 
The previous investigation then gives 

9/i cosO = fx, dd sin 6, 

or d(jj. cos 6) = 0. 

By integration, we get 

p. cos 6 = c, 
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where c is a constant ; an equation which might have been deduced 
directly from the law of refraction. The differential equation of 
the path is therefore 

dx dy 

or — = + ' 



As soon as the form of fi is given in terms of y, this equation 
can be integrated, and the equation of the path determined. 

The form of the curve is symmetrical about an axis parallel 
to that of y. To find the position of the vertex, we have only to 
make the tangent horizontal, or 

dx ' 
we then find 

2 2 

fl = c . 

If we make the ray pass through a point (0, b), as for instance 
through the eye, we find a locus of vertices. Writing ^ {y) for /Lt", 
the equation to a ray passing through the point (0, b) is 

dy 



'-< 



But the vertex of this curve is found by combining its equation 
with the equation 

<^(3/)=c^ 

and therefore if (f, rj) be the vertex of any ray passing into the 
eye, 

dy 



^ = J<t>iv)j] 



>"J<i>i.y)-4>{'n)' 

To find where an object close to the horizon would be seen, the 
eye being on the same level as the object, we must trace the curve 
of vertices of all the rays passing into the eye, and find the points 
where it is met by a vertical half-way between the eye and the 
object; each of the points of intersection is a vertex of the path of 
a ray by which the object can be seen. When the curve of vertices 
at one of these points leans forwards towards the eye, two 
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contiguous rays cross each other and an inverted image is seen ; but 
if the curve of vertices leans away from the eye, the contiguous 
rays do not cross each other and the image is seen erect. 

312. Usually the density of the air decreases with the height 
above the ground ; but often in countries where there are large 
tracts of hot sand, the air is heated and rare close to the ground, 
and for a small distance the density increases as we rise from the 
ground, but afterwards diminishes. At the height where the 

density is a maximum, we shall have fi stationary, so that j- = ; 

and from the equation to the ray we infer that -^^ is zero, so that 

the path of the ray has a point of inflexion. 

If S be an object and the observer's eye, both situated above 




the layer of maximum density, a ray passing from S to by the 
upper air will be concave to the horizon. 

If we consider rays proceeding from /S at a less inclination to 
the horizon, some of them will remain concave, but those more 
inclined to the horizon may have a point of inflexion, and in this 
case, if the ray be not stopped by the ground, it may reach the eye 
by another path. Thus the observer will see the object directly 
and erect by the upper path, in the direction OS", and an inverted 
image in the direction OS' due to the lower path. The appearance 
will be the same as if an upper erect object at S" were reflected in 
a mirror or lake. 

At sea this phenomenon is often seen turned upside down. 
The density of the air decreases rapidly from the surface of 
the water upwards. An image of a distant ship or shore is 
H. 22 
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thus often seen erect through the nearly uniform lower strata of 
the air, while just above them is seen an inverted image, formed 
by rays which travel along paths passing through the upper strata. 
These phenomena are known as mirage, and the explanation was 
first given by Monge. 

313. Let the refractive index be defined according to any con- 
tinuous law. 

The path of any ray will be such as to make J/uds a minimum. 
Let V=Jfjds, taken between any two points A, B. Then, if the 
path be varied slightly, 

dV=jdiids+JiJid{ds). 



Also, since ds = J{dxf + (dyf + (dz)", 

S(ds)=f^d{da>)+f^didy) + ^d{dz), 
and therefore the second integral may be written 

But 3 (dx) = d (9a;) ; hence, integrating by parts, this becomes 
Collecting the terms, the value of 9 F becomes 



+ (S-s(''s)H*'- 



By the principles of the Calculus of Variatious. dV must vanish 
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for all indefinitely small variations of the path ; so that all along 
the ray we get the relations 

d / dx\ _ dfi ' 

dsydsj dx 

dsyds) dy 
d / dz\ d/i 



s\ daij dz 



The terminal condition is 

at each end. If we suppose that the terminal points A, B are con- 
strained to move on surfaces for which V is constant, this equation 
expresses the fact that at each end, the ray is perpendicular to 
the surfaces V = constant. 

Any two of the above general equations, when integrated, will 
give the path of the ray. 

The direction cosines of the radius of curvature of the path are 
d^x d^y d^z 



normal. 



ds^- 



If dn be an element of this principal 



dfi ((Px dfi d^y dfi d'z dfi 
dn^" \ds^ dx ds^ dy ds^ dz 



(/d^xV (d^yV (d'z\\ 

dfi \dx <^x dyd'y dzd^z 
'^f'TsXdsds^'^Jsd^^dsds', 



p" 



Hence we get the equation 
which is the differential equation of the path. 



The Rainbow. 

314. The first satisfactory explanation of the rainbow was 
given by Antonius de Dominis, archbishop of Spalatro, in a work 

22—2 
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De Radiis Visus et Lucis, published in 1611. He shows that the 
inner bow is formed by two refractions and one intermediate re- 
flexion of the sun's light in drops of rain ; and the outer bow by 
two refractions and two intermediate reflexions. This explanation 
was adopted by Descartes and was confirmed by experiments made 
with glass globes filled with water, and arranged so as to exhibit 
the colours of the two bows. It remained for Newton to complete 
the theory by explaining the colours. The complete theory in- 
volves considerations which belong to Physical Optics and was 
effected by Sir G. Airy ; we must confine ourselves to the approxi- 
mate theory. 

315. When the parallel rays of the sun strike a drop of water, 
part of the light will be scattered at the outer surface of the drop 
and serve to render the drop visible, and part will enter the drop 
by refraction ; of those rays which enter the drop part will be re- 
fracted out of the drop at the incidence on the second surface of 
the drop, and part will be reflected back into the drop, and so on, 
for any number of incidences. Let us consider the rays which are 
incident in a plane of symmetry and which pass out of the drop by 
refraction after one internal reflexion ; it is clear that they will not 
all emerge in the same direction, for the deviation will depend on 
the angle of incidence. Moreover, if the angle of incidence in- 
crease uniformly the deviation will vary sometimes rapidly, some- 
times more slowly ; and the more slowly the deviation changes the 
less will be the divergence of the emergent rays. If therefore the 
emergent rays be received on a screen, the band will not be uni- 
formly bright, but will be brightest in those parts where the diver- 
gence is least, that is, where the deviation change most slowly. 
Now the changes of the deviation are slowest near a maximum or 
a minimum, and therefore at the spot where the deviation is a 
minimum the band will be much brighter than anywhere else. 
Within the direction of minimum deviation there will be no light 
transmitted. 

If instead of a single drop, a shower of drops be illuminated by 
the rays of the sun, those drops whose positions are such that the 
rays emerge in the direction of the eye with minimum deviation 
will appear more brilliant than the others, and will be marked out 
against the cloud as specially bright. This phenomenon is the 
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same in all planes which pass through the line joining the sun 
and the observer's eye, and therefore the assemblage of bright 
drops will form an arc of a circle whose centre is on this line, and 
whose angular radius as seen by the eye only depends on the 
refractive index of the light. The refractive index is not the 
same for all the rays of a solar beam, being greatest for the violet 
and least for the red rays, and therefore the position of the bright 
arc will not be the same for all the coloured rays of the solar 
beam. There will therefore be a series of coloured bands exhibit- 
ing the colours of the solar spectrum. This is the principle of the 
explanation of the rainbow. 




316. Let SP be a ray of light incident on the drop of water 
at P, PQ the ray refracted into the drop ; part of the light will 
pass out by refraction at Q along the line QQ', while another part 
will be reflected at Q along the line QR, where part will pass out 
by refraction and part be reflected, and so on. Let <j) be the angle 
of incidence at P, <f>' the angle of refraction, so that sin (f>=fi sin <j)'. 
The deviation at P is therefore (/> — </>'. When the ray is incident 
at Q, the angle of incidence is <f)' ; and therefore for the part which 
passes out at Q a second deviation equal to <f> — (p' in the same 
direction as before is produced. But for the part reflected at Q, 
the deviation is tt — 2(^', and where the ray meets the surface again 
at R the angle of incidence is again ^'. If therefore the ray under- 
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goes n internal reflexions and then passes out by refraction, the 
whole deviation will be 

D = 2(<^-f)+w(7r-2^')- 

The most efficacious rays, as we have seen, are those which 
make the deviation a maximum or minimum. To find the angle 
of incidence for these rays, we must equate to zero the first 
differential coefficient of B with regard to ; we therefore get 

0.1-(. + l)f. 

From the equation, sin (/> = /^ sin ^', we find 

cos ^ = /tt cos (/)' -^ , 

and therefore, eliminating the differential coefficient, 
/i cos ^' = (w + 1) cos 4>- 
Besides this we have the equation of refraction, 
H sin <\>' = sin ; 
squaring and adding both members of this equation, we get 
/a' = (n + 1)" cos" ^ + sin' ^, 



or cos ^ 






Since ^ lies between and ^tt, there is no ambiguity in this 
value of ^. 

317. The value of /i for water is about |, and in order that 
the value of ^ may be real, the numerator must be less than the 
denominator in the expression for cos ^ ; and therefore (n + 1)" 
must be > /i', or {n + 1) must be greater than ^. Thus n must be 
equal to 1 at least, and the light emerging from the drop at Q 
does not possess either minimum or maximum deviation, and 
therefore forms no rainbow. There is no superior limit to the 
value of 71, and, theoretically, bows may be formed after any number 
of internal reflexions. 

318. So far we have not enquired whether the value of <^ as 
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found above gives a maximum or minimum value of D or neither ; 
we must examine the sign of the second differential coefficient. 
By successive differentiation, 

^ = 2-2(. + l)^, 

It was shown that 

d^' cos ^ 

d<f> fjL cos ^' ' 
from this we derive 

,j , — ti cos </)' sin <f> + fi sin <p' cos <p -^ 
'd^^ JTcoTf ' 

and therefore the sign of t-tj is the same as that of 

cos <f>' sin — sin (^' cos <f>--^- 

dd) 
Substituting for -~ its value, this becomes 

Ctip 

/:* cos' ^' sin — cos" <^ sin </>' 
yu. cos <^ 

Now, since ^' is always less than \ir, the denominator of this 
fraction is positive, and the fraction takes the sign of 

^ (1 — sin" ^') sin — (1 — sin" ^') sin ^', 

. , sin <f) 
or it sm ; 

/ 2 1 \ 

that is, of sin <^ — . 

In the case of raindrops, /a = |, and therefore if we consider <f> 
always positive, D will be a minimum for any number of internal 
reflexions. The deviation will of course be in different directions 
according as the incident ray falls on the upper or lower half of 
the drop. 

319. We must next consider the order of the coloured rays 
by examining the changes in the direction of the most efficacious 
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rays for different refractive indices. If A denote this minimum 
deviation, A is determined by the equations 

A = 7i'7r + 2(/)-2(n + l)^', 

jj, cos (f) ={n + 1) cos <f>. 

From the first of these equations we find 

dfj, [dfi a/^j 

Also, differentiating the equation sin ^ = //. sin <^', 



. dd) •idii' , ■ ,1 

cos <p ~- = fi cos <p -T— + sm <p , 



and therefore -^— = sin A' + {it cos d>' — (n + 1) cos ^) t— 

_ 2 sin ^' 
cos^ ' 

that is, -J— = - tan S. 

dfJL fJL 

This shows that -j— is positive ; therefore A increases with fi, 

and the minimum deviation is greatest for the violet rays and least 
for red rays. 

. 320. It has been shown that in order to produce a rainbow, at 
least one reflexion inside the drop is necessary. At each subsequent 
reflexion part of the light will be lost, and the corresponding rain- 
bows will be fainter. The rainbow produced by one internal 
reflexion is called the primary rainbow. The angle of incidence 
corresponding to the most efficacious rays is given by the formula, 

cos ^ = V —3—' 

and the deviation by the equation 

i) = 2(^-f)-|-7r-2f. 

The refractive indices of water for red and violet rays, respect- 
ively, are ^f and ^. If these values be substituted for ft in the 
preceding formula, we find by the aid of trigonometrical tables 
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the values of the deviations corresponding to these rays to be, 
D^ = 137° 58' 20", 
Z)^=1^43'20". 

Let be the eye of the spectator, and SOS' a line drawn in the 
direction of the sun's rays; then, if we make the angle S'OR equal 
to the supplement of Dr, that is, equal to 42° 1' 40", RO will be 
the direction in which the most efficacious red rays will enter the 
eye. Similarily, if an angle S'OV be constructed equal to the 
supplement of Dy, that is, equal to 40° 16' 40", VO will be the 
direction in which the most efficacious violet rays will enter the eye, 
and the intermediate coloured rays will enter in directions inter- 
mediate between RO and VO. 

And, further, if the lines OR, OF revolve round the line OS' as 
an axis, it is clear that all the drops on the conical surface 



-V 




generated by the revolution of RO will transmit red rays copiously 
to the eye, and similarly for the other colours. To the eye there- 
fore will appear a series of coloured arches with the violet rays 
innermost. 

The effect of the rays which strike the eye with greater 
deviation, will be to light up the cloud within the bow with faint 
light, while no light will reach the eye from drops lying outside 
the bow. 

The separation of the colours is not perfect, but they overlap 
each other, so that some of the colours can scarcely be recognised. 
The reason of this, just as in Newton's experiment with the prism, 
is that the sun has an angular diameter of 33', and as each point of 
the sun sends out rays we get a series of rainbows due to the dif- 
ferent elements of the sun's surface all superimposed and confused 
together. 

There is yet another set of rays which pass through the drop 
with minimum deviation, those which strike the drop on its lower 
side at the same angle of incidence as before. These are directed 
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after refraction away from the earth, and are not seen by an 
observer on the earth ; though they give bows which have some- 
times been observed during balloon ascents, or on the summits of 
high mountains which lie above the clouds. When the sun ia 
suflBciently near the horizon a complete circle may sometimes be 
seen in this manner. 

321. When the rays undergo two internal reflexions they form 
a rainbow called the secondary rainbow. If we make m = 2, and 
substitute the same values of fi as before, we find 

7)^ = 230° 58' 50", 

D^=234° 9' 20". 

These deviations being greater than 180°, it is easy to see that 
the rays which reach the eye of an observer stationed on the earth 
are incident on the lower half of the drop. 




Let 80S' be a line drawn through the observer's eye, in the 
direction of the sun's rays, and let angles 8 OR, S'OV be con- 
structed, respectively equal to Dn — 180°, By — 180°, that is, to 
50° 58' 50", and 54" 9' 20". Then RO, VO will be the directions 
of the most efficacious red and violet rays, respectively, and the 
phenomenon of the secondary rainbow may be deduced by revolving 
the lines OR, OV about the line 08' as before. The order 
of the colours is inverted in this bow, the violet being outside and 
the red inside. The rays which reach the eye with greater 
deviation serve to light up the cloud outside the bow. The 
secondary bow will be less bright than the primary bow, for two 
reasons ; first, the light has undergone two internal reflexions and 
has thereby been weakened, and secondly, there is a greater angular 
dispersion of the rays in this rainbow than in the primary bow. 

322. These two rainbows are the only ones which are usually 
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perceived, although the higher bows exist in theory. The third 
and fourth bows could never be seen except under special circum- 
stances. For if we make w = 3, we find for red rays D = 318° 24' 
= 360° — 41° 36'. The direction of the rays will therefore pass be- 
hind the cloud, and to an observer stationed there it would be lost 
in the much brighter direct light from the sun. 

If ?z = 4, D = 360° + 44° 13'. The case of four internal reflexions 
therefore differs little from the last; the efficacious rays will be 
incident on the upper half of the drop and will fall behind the 
cloud as before. 

For the fifth arc, D = 360° -1- 126°, and the bow will have an an- 
gular radius of 54° and may be seen outside the secondary bow, 
especially in waterfalls where the drops are near the eye. The 
higher bows have never been seen except in laboratories under 
carefal experimental conditions. 



Halos and similar phenomena. 

323. Besides the rainbow, which owes its existence to re- 
fractions and reflexions of the solar light by drops of water 
present in the air, there are other phenomena of a similar nature 
which are due to the presence in the air of ice-crystals, which re- 
flect and refract the solar rays. These phenomena we now proceed 
to enumerate and explain. 

The most frequent of them are called halos ; these are coloured 
circles which appear round the sun, and sometimes also about the 
moon. The halo which is seen the most frequently has an angular 
radius of 22 degrees. The colours range from red inside to violet 
outside. This phenomenon, very common in northern regions, is 
not rare even in our climate; several of them are noted weekly 
at meteorological observatories. 

Another circle, whose angular radius is 46 degrees, surrounds 
the former and presents the colours in the same order ; this is 
called the halo of 46 degrees. 

After these, the next phenomenon in order of frequency is a circle 
of white light passing through the sun parallel to the horizon. This 
is called the parhelic circle. 

On the parhelic circle are seen several white or coloured images 
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of the sun ; at the points where the circle meets the inner halo are 
two coloured images of the sun which are red on the inside. These 
images are clearly defined when the sun is on the horizon ; when 
the sun has a greater altitude, they are seen a little outside the 
points of intersection. They are called parhelia. 

More rarely are seen two similar images, situated also on the 
parhelic circle, at the points of intersection of that circle with the 
outer halo. 

Rarer still are seen points on the parhelic circle which mani- 
fest a sudden increase of brightness. These points are not fixed ; 
they are found between 90 and 140 degrees from the sun. They 
are called paranthelia. The anthelion is a white image which 
appears on the parhelic circle just opposite to the sun. 

Outside the parhelic circle are sometimes found curves less 
simple than the halos and the parhelic circle. From the parhelia 
belonging to the inner halo there proceed two oblique arcs, called 
the arcs of Lowits. 

At other times, at the upper and lower parts of each halo, are 
seen tangential arcs which, for the inner halo, are occasionally pro- 
longed and form a sort of elliptic halo ; the halo of 46 degrees also 
has tangential arcs, but these arcs are never prolonged. 

Finally, at the sides of the halo of 46° supra-lateral and 
infra-lateral tangential arcs are sometimes seen. 

324. These phenomena cannot be explained by the action of 
small drops of water. Most of them are coloured and are therefore 
due to refractions. Also they appear in our climate more frequently 
in winter than in summer, and in northern countries they shine 
with an intensity and frequency unknown in our country. 

Marriotte explained some of these appearances by the existence 
in the atmosphere of ice-crystals, and the others have been attributed 
to the same cause. Some of the assumptions are arbitrary, but 
Galle and Bravais have established the theory so as to leave little 
doubt of its validity. 

The crystals of ice have been carefully observed and it is found 
that one crystalline form occurs more frequently than all others ; 
this is the form of a hexagonal prism, which presents itself under 
two aspects, either much elongated like a needle, or very flat like 
a thin plate. 
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From these forms of the ice-crystals it follows that there will 
be three different refracting angles to consider. Two adjacent 
faces will be inclined at 120°, two faces not adjacent at 60°, and 
finally, the sides of the prism will form an angle of 90° with the 
base. 



325. The halo of 22° was explained by Marriotte. If we 
suppose that the air contains prisms of ice distributed in all 
directions in space, there will always occur prisms whose edges 
will be perpendicular to the plane drawn through the sun and the 
observer's eye. Now the minimum deviation for a ray of light 
traversing a prism of ice whose refracting angle is 60° is exactly 
equal to 22°. It appears then that in all the directions which 
make an angle of 22° with the line joining the eye and the sun, 
there will be seen a maximum of light. Also, the angle of 
minimum deviation is smaller for red rays than for violet rays, and 
therefore it is clear that the halo will be coloured and will appear 
red inside and violet outside. 

Cavendish explained the halo of 46°; he attributed it to the 
refraction of light across faces inclined to each other at 90 degrees ; 
the minimum deviation for such a refraction is found by calculation 
to be 46°. This phenomenon is explained just as before, and the 
order of the colours is the same. But as the refracting angle is 
larger than for the inner halo, the refracted rays will be more 
scattered ; it follows therefore that the halo of 46° is less luminous, 
for the light is spread over a ring of double the radius and double 
the breadth. 

326. The two halos are the only phenomena which can be 
explained by supposing the ice-crystals to be distributed in all 
directions. But it will readily be imagined that certain directions 
will predominate; for the needle-shaped crystals, under the influence 
of their weight, will tend to assume a vertical position, while the 
flat crystals will direct themselves so that their bases are vertical. 

The reflexion of light on the prisms of ice placed in all 
directions with their reflecting faces vertical causes the parhelic 
circle. If these vertical planes are very numerous they will 
produce on the eye an impression of a complete circle. The 
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reflexion at the vertical faces of the flat prisms will give rise to the 
same appearance. This explanation is due to Young. 

327. The parhelia were explained by 'Marriotte. They are 
due to the presence in the air of vertical needle-shaped crystals. 
Suppose that there are a large number of vertical prisms whose 
refracting angles are 60°. If the sun be on the horizon the solar 
rays fall on the principal section of the prisms; the minimum 
deviation for such rays is equal to 22°, so that the parhelia 
are not only on the parhelic circle but on the halo of 22°. When 
the sun is above the horizon the solar rays are not in a principal 
plane ; but when they emerge from the prisms they will all make 
the same angle with the refracting edges, that is with the vertical, 
as when they enter ; so that the rays will appear to enter the eye 
from points on the parhelic circle. There will be a minimum of 
deviation in azimuth which will be greater than 22°, and which 
will depend on the altitude of the sun. As the minimum 
deviation will not be the same for different colours, it follows 
that the colours will form a spectrum, the red being nearest to 
the sun; further away from the sun the rays are superimposed 
so as to form a tail of white light which extends along the parhelic 
circle for a space of 10 to 20 degrees. The parhelia are more 
brilliant than the halos, because the vertical prisms are more 
numerous than those distributed in all directions. 

The oblique arcs observed by Lowitz, have been explained by 
Galle and Bravais, as due to small oscillations of the vertical 
prisms about their vertical mean position ; but the consequences 
of the theory have only been imperfectly verified by observations 
of the phenomena. 

The parhelia of 46° are very rare, and their position is not very 
accurately known. M. Bravais regards them ds produced at 44° 
by the parhelia of 22° which act like the sun. 

328. To explain the paranthelia, which are points on the 
parhelic circle which manifest a greater intensity of light than the 
rest of the circle, we must enquire into forms of prisms which will 
produce a constant deviation on rays of light. It is a well-known 
theorem that this may be brought about by two reflexions at 
plane surfaces; for if a ray of light be reflected at each of two 
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plane surfaces the deviation produced is equal to twice the angle 
between the reflecting surfaces. Now prisms of ice whose axes are 
vertical and such that two faces are in contact will present 
externally two reflecting faces inclined at 120° to each other. 
Rays reflected at these surfaces will be turned through an angle 
of 240° ; this will give rise to two white images of the sun on the 
parhelic circle, each at an angular distance of 120° from the sun. 

The same effect may be produced by reflexion at the interior 
faces of a prism. For when a ray enters across the face a, is 
reflected at the face h, and again at the face c, and finally emerges 
across the face d, if we call the three angles between these faces, 
(ah), (6c), ipd), it is easy to see that provided that 

(ah) + (cd) = (he) 

the angles of incidence and emergence at the faces a and d are 
equal with opposite sign, and therefore the deviation is equal to 
twice the angle (6c), which is constant. The arrangement in 
question may be produced in several ways, by prisms of triangular 
or stellate section. 




The first figure represents two prisms of triangular section in 
contact, and the other a stellate crystal with six points. In each 
case the deviation produced is 240°, and therefore the arrangement 
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will produce a white image of the sun on the parhelic circle at a 
distance of 120° from the sun. 

Next, let us consider the path of a ray of light incident on a 
crystal whose right section is an equilateral triangle ; we suppose 
the light to pass through in a principal plane, and that the ray is 
incident on the base, and is reflected by the two sides of the 
triangle in succession and finally emerges through the base. It is 
easy to see that the total deviation by this arrangement is equal to 
<^ + 1^, where <f) and y}r are the angles of incidence and emergence. 




This deviation is capable of a minimum situated in a direction 
making an angle of 98° with that of the solar rays ; and there will 
be a coloured image of the sun on the parhelic circle, at about 98° 
from the sun. 

When the sun is not on the horizon the preceding investigations 
may be applied to the projections of the path of solar light on a 
horizontal plane, the refractive index in each case being altered to 
the ratio /* cos ij' : cos 17, where t) is the altitude of the sun, and 

sin T] =fi sin rj'. 

329. The anthelion is a bright patch of white light with an 
ill-defined edge, often exceeding the apparent diameter of the sun, 
situated on the parhelic circle diametrically opposite to the sun. 
To explain this, it is necessary to suppose that the hexagonal 
lamellar prisms are disposed so that their axes are horizontal, and 
one of their three diagonals vertical Consider the rays of light 
which after having traversed one of the four vertical faces of the 



328—331.] THE ANTHEIJOX. 353 

crystal are reflected twice inside the crystal at faces which are at 
right angles to each other and finally emerge by the face by which 
they entered. It is easy to see that the rays will emerge in a 
direction parallel to their original direction. 

These reversed rays give rise to the anthelion. When the sun 
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is above the horizon the same argument may be applied to the 
horizontal projection of the path of the light. 

330. The tangential arcs were explained by Young as due to 
crystals whose refracting angles were 60° and whose axes are 
horizontal. If there are a very large number of these crystals with 
their axes in all possible horizontal directions, they will give rise to 
an infinite number of parhelia, of which one will be the parhelion 
of 22°, and will be situated at the highest point of the inner halo. 
This series of parhelia form two tangential arcs to the halo, and are 
sometimes united into a continuous curve. When there are a large 
number of these prisms with their axes horizontal, the sides of the 
prisms, being of small dimensions, will transmit only a small amount 
of light, so that the intensity of the arcs is very feeble compared 
with that of the parhelic circle. 

The tangential arcs to the halo of 46° are seen more often and 
with greater brilliancy; they are due to the refraction of light 
through the refracting angles of 90°, which occur in the vertical 
prisms which are not pointed ; these prisms are very frequent in 
the atmosphere. Each system of prisms whose edge is parallel to 
a particular direction in a horizontal plane gives rise to one point, 
and the series of these points form the tangential arc to the halo. 

The lateral tangential arcs are due to the flat prisms whose 
axes are horizontal. 

331. These are subjoined figures of the complete appearance 
of the halos for different altitudes of the sun ; they are taken from 
M. Bravais' Memoir on Halos in the Journal de I'Ecole Royale 

H. 23 
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Polytechniqm, tome xvill., where further details about the appear- 
ances of these phenomena and their theoretical explanation may 
be found. 





EXAMPLES. 

1. Prove that the power of a solid transparent spherical shell whose 
bounding radii are \aijz and a, and in which the index of refraction at a 
distance r from the centre is 1 + i^ja?, is 7r/6a. 

2. A transparent sphere of radius a is such that the index of refraction 
at any point is /i {ajr — 1)*, where r is the distance from the centre. Prove that 
the path of every ray is an ellipse, and that all rays which emanate from a 
luminous point touch an eUipsoid of revolution. 

3. Find the path of a ray through a medium in which /» varies aBiJ{a^+ r^)/r, 
and show that in a certain case the path is a reciprocal spiraL 

4. A ray of light is propagated through a medium of variable density in 
a plane which divides the medium symmetrically; prove that the path is such 
that when described by a point with velocity always proportional to /t, the 
index of refraction, the accelerations of the point parallel to the (rectangular) 

axes of X and y will be proportional to — >— , — j— > respectively. 

5. A ray is propagated through a medium of variable density in a plane 
(.j^) which divides the medium symmetrically ; prove that the projection of 
the radius of curvature at any point of the path of the ray on the normal to 

the surface of equal density through the point is ix 
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6. Show that in a refracting medium of index /i, the path of a ray ia two 
dimensions, when referred to polar coordinates, can be put in the form 



di 
ds' 


d6 
-'>di'- 


dy. 
' dr 


dnf.de 
ds^^ ds' 


d^ 
~rd6' 



, . dr d6 

where | = /.^,, = ,.r^^. 

Of all the rays that can pass through a given point the one of minimum 
curvature there cuts orthogonally the refracting stratum at the point. 

7. A ray passes through a medium of variable density whose refractive 
index /i varies as y~"; show that the intrinsic equation to the path of the 
ray is 

, »-i 

as , — , 
^=-=A;cos » rf>. 
d(j) 

8. If the refractive index of a medium at any point be proportional to its 
distance from a fixed plane, prove that the path of the ray will be the curve 

2x e - a -~ 
— = -e"+-e " , 
a a c 

a and c being constants. 

9. A point of light is placed at the origin of coordinates in a medium 
where the refractive index is given by ;i=e~*J'. Show that an eye placed at 
the point (x, y) will see the origin of light by means of a small pencil of light, 
one of whose focal lines lies on the axis of x, and the other at a distance v from 
the eye, where 

Jfi j,2 ekx cos^ iy = 2 (cosh hx — cos Icy), 

while the axis of the pencil makes an angle ^ with the axis, where 
cot \^ sin /fcy = cos ky-e~ **. 

10. A medium is bounded by the planes of x and y, the refractive index 
at any point being given by the equation log n =xylc^ ; two rays are incident on 
it parallel to the axes, respectively, and at equal distances c from the origin ; 
show that if they intersect, it will be at an angle whose circular measure is 

!!"_£! 
2 a^' 

11. The path of a ray through a medium of variable density is an arc of 
a circle in the plane of xy ; prove that the refractive index at any point {x, y) 

must be / ( r ) , where /is an arbitrary function, and (a, 6) the centre 

of the circle. 

12. If the path of a ray of light be y = aee, show that the index of re- 
fraction at any point is determined from the equation 



/x=(y'+c^)V(^+f)- 
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13. If a small pencil of light pass directly through a plate of thickness b, 
the index of refraction being f(x/c), x being measured from the plane of in- 
cidence, and c varying slightly with the colour of the light, show that the 
chromatic aberration on emergence is 

/6_1 [ \ dx \, 

\cf{blc) },cf{xlc)r' 
f (0/c) being supposed equal to unity. 

14. A ray of light is incident perpendicularly on one of the faces of a prism 
whose density varies in such a manner that the coefficient of refraction at 
any point is yje^, where ^ is constant, and 6 the angle which a plane through 
the point and the edge of the prism makes with that face upon which the ray 
is incident. If a be the refracting angle of the prism, </> the angle of in- 
cidence on the second face, show that <^ is determined by the equation, 

cos <^ — sin <^=e<^-2« 

15. The density of a prism at any point varies as its distance from the 
nearest face of the prism. If a ray pass through it in a principal plane, its 
distance from the edge at the point of incidence and emergence being a, and 
its nearest approach to the edge being c, show that the deviation is given by the 
equation, 

Dc sin ^ 



(«4)' 



= sin;3eZ(a-c<:oaP), 
where 2/3 is the vertical angle of the prism. 

16. A pencil diverging from a point and originally a quadric cone passes 
through a heterogeneous medium ; show (1) that the section of the pencil 
made by a plane perpendicular to the axis of the pencil is an ellipse whose 
axes do not necessarily lie in the principal planes of the pencil ; (2) that there 
will be no cirde of least confusion of the pencil, but that the ratio of the axes 
of any section will be least when the section is made at a distance h from the 
face, where 

^~P2 _ P2 o 

p,, p2 being the distances of the foci from the face, and /3 the ratio of the axes 
of the face which lie in the principal planes. 

Show also that the greatest section in area between the focal lines is in 
every case at a distance ^{pi+p^ from the front. 

17. If 6, h' be the breadths of the pth and qth rainbows, respectively, and 
8 the sun's apparent diameter, show that 

'■-'=[{i^y-']<'-''>--- 

18. Show that in the theory of the primary rainbow, the caustic of the 
emergent pencil (after one internal reflexion) has two sheets, one of which 
terminates in a cusp and the other abruptly in a circle ; and find the envelope 
of all asymptotes common to the two sheets. If <^ be the angle of refraction 
of the ray which passes with minimum deviation, and 2i/f the deviation of this 
ray, show that 

3 tan2i/r-f-l = 2 tan'i^ tan ^. 
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All Editions of the Parallel New Testament correspond page for 
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THE NEW TESTAMENT AND PSALMS. 
10. Long Primer type, 8vo. prices from 2/6 

THE PARALLEL NEW TESTAMENT, Greek and 
English. The Greek Text edited by the Rev. F. H. A. Scrivener, 
M.A., LL.D., and printed on alternate pages with the English 
Parallel Minion Edition of the Revised Version. 

Minion type, Crown 8vo. prices from 12/6 

THE NEW TESTAMENT IN GREEK, according to 
the Text followed in the Authorised Version with the variations 
adopted in the Revised Version. Edited by the Rev. F. H. A. 
Scrivener, M.A., LL.D. 

Crown 8vo. prices from 6/- 
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PUBLICATIONS OF 



THE HOLY SCRIPTURES, &c. 

THE CAMBRIDGE PARAGRAPH BIBLE of the Au- 
thorized Enj^^lish Version, with the Text Revised by a Collation of its 
Early and other Principal Editions, the Use of the Italic Type made 
uniform, the Marginal References remodelled, and a Critical Intro- 
duction prefixed, by F. H. A. Scrivener, M.A., LL.D., Editor of 
the Greek Testament, Codex Augiensis, &c., and one of the Revisers 
of the Authorized Version. Crown 4to. gilt. 2ij. 

From the Times. literature of the subject, by such workers as 
''Students of the Bible should be particu- Mr Francis Fry and Canon Westcott, appeal 
larly grateful (to the Cambridge University to a wide range of sympathies; and to these 
Press) for having produced, with the able as- may now be added Dr Scrivener, well known 
sistance of Dr Scrivener, a complete critical for his labours in the cause of the Greek Testa- 
edition of the Authorized Version of the Eng- ment criticism, who has brought out, for the 
lish Bible, an edition such as, to use the words Syndics of the Cambridge University Press, 
of the Editor, 'would have been executed long an edition of the English Bible, according to 
ago had this version been nothing more than the text of 1611, revised by a comparison with 
the greatest and best known of English clas- later issues on principles stated by him in his 
sics.' Falling at a time when the formal revi- Introduction. Here he enters at length into 
sion of this version has been undertaken by a the history of the chief editions of the version, 
distinguished company of scholars and divines, and of such features as the marginal notes, the 
the publication of this edition must be con- use of italic type, and the changes of ortho- 
sidered most opportune." graphy, as well as into the most interesting 
From the Athenautn. question as to the original texts from which 
"Apart from its religious importance, the our translation is produced." 
English Bible has the glory, which but few From the London Quarterly Review. 
sister versions indeed can claim, of being the " The work is worthy in every respect of the 
chief classic of the language, of having, in editor's fame, and of the Cambridge University 
conjunction with Shakspeare, and in an im- Press. The noble English Version, to which 
measurable degree more than he, fixed the our country and religion owe so much, was 
language beyond any possibility of important probably never presented before in so perfect a 
change. Thus the recent contributions to the form." 

THE CAMBRIDGE PARAGRAPH BIBLE. Student's 

Edition, on good writing paper,vrith one column of print and wide 
margin to each page for MS. notes. This edition will be found of 
great use to those who are engaged in the task of Biblical criticism. 
Two Vols. Crown 4to. gilt. 3IJ. 6(/. 

THE AUTHORIZED EDITION OF THE ENGLISH 
BIBLE (1611), ITS SUBSEQUENT REPRINTS AND MO- 
DERN REPRESENTATIVES. Being the Introduction to the 
Cambridge Paragraph Bible (1873), re-edited with corrections and 
additions. By F. H. A. Scrivener, M.A., D.C.L., LL.D., Pre- 
bendary of Exeter and Vicar of Hendon. Crown 8vo. js. 6d. 

THE LECTIONARY BIBLE, WITH APOCRYPHA, 
divided into Sections adapted to the Calendar and Tables of 
Lessons of 1871. Crown 8vo. 3J. 6d. 

THE NEW TESTAMENT IN GREEK according to the 
text followed in the Authorised Version, with the Variations adopted 
in the Revised Version. Edited by F. H. A. Scrivener, M.A., 
D.C.L., LL.D. Crown 8vo. 6^-. Morocco boards or limp. 12s. 

The Revised Version is the Joint Property of the Universities 
of Cambridge and Oxford. 

BREVIARIUM ROMANUM a Francisco Cardinali 

Quignonio editum et recognitum iuxta editionem Venetiis a.d. 1535 
impressam curante Johanne Wickham Legg Societatis Anti- 
quariorum atque Coll. Reg. Medicorum Londin. Socio. DemySvo. \2s. 
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BREVIARIUM AD USUM INSIGNIS ECCLESIAE 
SARUM. Juxta Editionem maximatn pro Claudio Chevallon 
ET Francisco Regnault a.d. mdxxxi. in Alma Parisiorum 
Academia impressam : labore ac studio Francisci Procter, 
A.M., ET Christophori Wordsworth, A.M. 

Fasciculus I. In quo continentur Kalendarium, et Ordo 
Temporalis sive Proprium de Tempore totius anni, una cum 
ordinali suo quod usitato vocabulo dicitur Pica sive Directorium 
Sacerdotum. Demy 8vo. i8s. 

" The value of this reprint is considerable to usually necessitated a visit to some public 

liturgical students, who will now be able to con- library, since the rarity of the volume made its 

suit in their own libraries a work absolutely in- cost prohibitory to all but a few." — Literary 

dispensable to a right understanding of the his- Churchman. 
tory of the Prayer-Book, but which till now 

Fasciculus II. In quo continentur Psalterium, cum ordinario 
Officii totius hebdomadae juxta Horas Canonicas, et proprio Com- 
pletorii, Litania, Commune Sanctorum, Ordinarium Missae 
cum CA^foNE et xiii Missis, &c. &c. Demy 8vo. \is. 

"Not only experts in liturgiology, but all "Cambridge has worthily taken tiie lead 

persons interested in the history of the Anglican with the Breviary, which is of especial value 

Book of Common Prayer, will be grateful to the for that part of the reform of the Prayer-Book 

SyndicateoftheCambridge University Pressfor which will fit it for the wants of our time." — 

forwarding the publication of the volume which Church Quarterly Review. 
bears the above title." — Notes aitd Queries. 

Fasciculus III. In quo continetur Proprium Sanctorum 
quod et sanctorale dicitur, una cum accentuario. Demy 8vo. 15J. 

*j(.* An Introduction of 130 pages, prefixed to this volume, contains 
(besides other interesting information as to the Breviary and its contents) 
Mr Bradshaw's exhaustive lists of editions and copies of the Breviary 
and allied liturgical books. 

Fasciculi I. II. III. complete, £7.. 2s. 

GREEK AND ENGLISH TESTAMENT, in parallel 
Columns on the same page. Edited by J. Scholekielu, M.A. 
Small Oiflavo. New Edition, with the Marginal References as 
arranged and revised by Dr SCRIVENER. Cloth, red edges, js. 6d. 

GREEK AND ENGLISH TESTAMENT. The St\j- 
DElflT'S Editioh of the above, on large wri/m£- paper. 410. 12s. 

GREEK TESTAMENT, ex editione Stephani tertia, 1550. 
Small 8vo. 3s. dd. 

THE PARALLEL NEW TESTAMENT, GREEK AND 
ENGLISH, being the Authorised Version set forth in i6i i arranged 
in Parallel Columns with the Bevised Version of 1881, and with the 
original Greek, as edited by F. H. A Scrivener, M.A., D.C.L., 
LL.D. Crown 8vo. 12s. 6d. The Revised Version is the Joint 
Property of the Universities of Cambridge and Oxford. 

THE BOOK OF ECCLESIASTES, with Notes and In- 
troduction. By the Very Rev. E. H. Plumptre, D.D., Dean of 
Wells. Large Paper Edition. Demy 8vo. Ts. 6d. 



London : C. J. Cla y &= Sons, Cambridge University Press Warehouse, 



Ave Maria Lane. 



PUBLICATJONS OF 



THE OLD TESTAMENT IN GREEK ACCORDING 
TO THE SEPTUAGINT. Edited by H. B. Swete, D.D 
Honorary Fellow of Gonville and Caius College. Vol. I. Genesis — 
IV Kings. Crown 8vo. 7j. td. 
Volume 1 1. By the same Editor. {Jji the Press. 

" Der Zweck dieser Ausgabe, den ganzen Bezuglich der Accente und Spiritus der Eigen- 

in den erwahnten Hss. vorliegendcn kritischen namen sind die Herausg. ihre eigenen Wege 

Stoff ubersichtlich zusammenzustellen und dem gegangen." — Deutsche Litteratitrzcititttg. 

Benutzer das Nachschlagen in den Separat- ., .^^^ gj^jj^^ ^^^ ^^^„ executed in the very 

Tn X""i«sVster teTs/^vorTeE'e'^eich" <«- ^^'^ "f C^bridge -curacy wHch has no 

Bezuglfch der Klarhei, Schonhei. und Cor- ^Te^hea^ o Yhe ist fei dort'Snui'l 

rectheit des Dnicks geburt der Ausgabe das „ .. >«„j^„„, 

hOchste Lob. Da zugleich der Preis sehr nic- "^^- —Academy. 

drig gestellt ist, so ist zu huffen und zu wun> "An edition, which for ordinarjr purposes 

schen, dass sic auch aufserhalb des englischen will probably henceforth be that in use by 

Sprachkreises ihre Verbreitung finden werde. readers of the Septuagint." — Guardian. 

THE BOOK OF PSALMS IN GREEK ACCORDING 
TO THE SEPTUAGINT, being a portion of Vol. 11. of the above. 
Crown 8vo. is. 6d. 

THE GOSPEL ACCORDING TO ST MATTHEW in 
Anglo-Saxon and Northumbrian Versions, synoptically arranged: 
with Collations exhibiting all the Readings of all the MSS. Edited 
by the Rev. W. W. Skeat, Litt.D., Elrington and Bosworth Pro- 
fessor of Anglo-Saxon. New Edition. Demy 4to. los. 

" By the publication of the present volume for the scholarly and accurate way in which he 

Prof. Skeat has brought to its conchision a has performed his laborious task. Thanks to 

work planned more than a half century ago by him we now possess a reliable edition of all the 

the late J. M. Kemble... Students of English existing MSS. of the old English Gospels."— 

have every reason to be grateful to Prof. Skeat Academy. 

THE GOSPEL ACCORDING TO ST MARK, uniform 
with the preceding, by the same Editor. Demy 4to. los. 

THE GOSPEL ACCORDING TO ST LUKE, uniform 
with the preceding, by the same Editor. Demy 410. 10s. 

THE GOSPEL ACCORDING TO ST JOHN, uniform 
with the preceding, by the same Editor. Demy 4to. loj. 

" The Gospel according to St Johttj in. ticular volume now before us, we can only say 

Anglo-Saxon and Nortkutnbriati f^erstoris: it is worthy of its two predecessors. We repeat 

completes an undertaking designed and com- that the service rendered to the study of Anglo- 

menced by that distinguished scholar, J. M. Saxon by this Synoptic collection cannot easily 

Kemble, some forty years ago. Of iJie par- be overstated." — Contemporary Reviffw. 

THE FOUR GOSPELS (as above) bound in one volume, 
price 30^. 

THE POINTED PRAYER BOOK, being the Book of 
Common Prayer with the Psalter or Psalms of David, pointed as 
they are to be sung or said in Churches. Royal 24mo. • is. 6d. 
The same in square 32mo. cloth. 6d. 

THE CAMBRIDGE PSALTER, for the use of Choirs and 
Organists. Specially adapted for Congregations in which the " Cam- 
bridge Pointed Prayer Book" is used. Demy 8vo. cloth extra, y. 6d. 
cloth limp, cut flush. 2s. dd. 
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THE PARAGRAPH PSALTER, arranged for the use of 
Choirs by Brooke Foss Westcott, D.D., Regius Professor of 
Divinity in the University of Cambridge. Fcap. 410. 5^. 

The same in royal 32mo. Cloth 1^. Leather \s. M. 

THE MISSING FRAGMENT OF THE LATIN TRANS- 
LATION OF THE FOURTH BOOK OF EZRA, discovered, 
and edited with an Introduction and Notes, and a facsimile of the 
MS., by Robert L. Bensly, M.A., Lord Almoner's Professor of 
Arabic. Demy 4to. \os. 

*'It has been said of this book that it has Bible we understand that of the larger size 

added a new chapter to the, Bible, and, startling which contains the Apocrypha, and if the 

as the statement may at first sight appear, it is Second Book of Esdras can be fairly called a 

no exaggeration of the actual fact, if by the part of the Apocrypha. "—6'a/wrf/rtj'i?tfz/i«(;. 

THE HARKLEAN VERSION OF THE EPISTLE 

TO THE HEBREWS, Chap. xi. 28— xiii. 25. Now edited for the 
first time with Introduction and Notes on this Version of the Epistle. 
By Robert L. Bensly, M.A. Demy 8vo. 5^. 

NOTITIA CODICIS QUATTUOR EVANGELIORUM 
Graeci Membranacei viris doctis hucusque incogniti quem in museo 
suo asservat Eduardus Reuss Argentoratensis. is. 

THE ORIGIN OF THE LEICESTER CODEX OF THE 

NEW TESTAMENT. By J. Rendel Harris, M.A. With 3 
plates. Demy 4to. ioj. i>d. 

THE REST OF THE WORDS OF BARUCH : A 
Christian Apocalypse of the Year 136 a. D. The Text revised with 
an Introduction. By J. Rendel Harris, M.A. Royal 8vo. '^s. 

CODEX S. CEADDAE LATINUS. Evangelia SSS. 
Matthaei, Marci, Lucae ad cap. III. 9 complectens, circa septimum 
vel octavum saeculum scriptvs, in Ecclesia Cathedrali Lichfieldiensi 
servatus. Cum codice versionis Vulgatae Amiatino contulit, pro- 
legomena conscripsit, F. H. A. Scrivener, A.M., D.C.L., LL.D., 
With 3 plates. £1. is. 



THEOLOGY— (ANCIENT). 

THE GREEK LITURGIES. Chiefly from original Autho- 
rities. By C. A. Swainson, D.D., late Master of Christ's College, 
Cambridge. Crown 4to. Paper covers. 15^. 

•'Jeder folgende Forscher wird dankbar Griechischen Liturgien sicher gelegt hat."— 
anerkennen, dass Swainson das Fundament zu Adolph Harnack, Tkeolagische Literatitr 
einer liistorisch-kritischen Geschichte der Zeitung. 



London : C. J, Cla y &> Sons, Cambridge University Press Warehouse, 
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THEODORE OF MOPSUESTIA'S COMMENTARY 
ON THE MINOR EPISTLES OF S. PAUL. The Latin Ver- 
sion with the Greek Fragments, edited from the MSS. with Notes 
and an Introduction, by H. B. Swete, D.D. In Two Volumes. 
Volume I., containing the Introduction, with Facsimiles of the MSS., 
and the Commentary upon Galatians — Colossians. Demy 8vo. I2J. 

"It is the result of thorough, careful, and ster Sachkenntniss sein Werk mit alien den- 
patient investigation of all the points bearing jenigen Zugaben ausgerustet, welche be! einer 
on the subject, and the results are presented solchen Text-Ausgabe nur irgeiid erwartet 
with admirable good sense and modesty." — werden konnen. . . . Von den drei Haupt- 
Guardian. handschriften . . . sind vortretHiche photo- 

"In dem oben verzeichneten Buche liegt graphische Facsimile's beigegeben, wie uber- 

uns die erste Halfte einer voi:standigen,ebenso haupt das ganze Werk von der University 

sorgfaltig gearbeiteten wie schon ausgestat- Press zu Cambridge mit bekannter Eleganz 

teten Ausgabe des Commentars mit ausfuhr- ausgestattet xsX*^ — Theologische Liieraturzei- 

lichen Prolegomena und reichhaltigen kritis- tung. 

chen und erlautemden Anmerkungen vor." — " Hemn Swete's Leistung ist eine so 

LiterariscJies Centralblatt. tuchtige dass wir das Werk in keinen besseren 

"Auf Grund dieser Quellen ist der Text Handen wissen mochten, und mit den sich- 

bei Swete mit musterhafter Akribie herge- ersten Erwartungen auf das Gelingen der 

stellt. Aber auch sonst hat der Herausgeber Fortsetzung entgegen sehen." — GSttingische 

mit unermudlichem Fleisse und eingehend- gelehrte Anzeigen {^^^x.. 1881). 

Volume II., containing the Commentary on i Thessalonians — 
Philemon, Appendices and Indices. 12^. 

" Eine Ausgabe . . . fur welche alle zugang- (Sept. 23, 1882). 
lichen Hulfsmittel in musterhafter Weise be- "Mit derselben Sorgfalt bearbeitet die wir 

nutzt wurden . , . eine reife Frucht siebenjahri- bei dem ersten Theile geruhmt haben." — 

gen Fleisses." — Theologische Literaturzeitung Literarisches Ceniralblatt (Jxiiy 29, 1882). 

SAYINGS OF THE JEWISH FATHERS, comprising 
Pirqe Aboth and Pereq R. Meir in Hebrew and English, with Cri- 
tical and Illustrative Notes. By Charles Taylor, D.D., Master 
of St John's College, Cambridge. Demy 8vo, loj. 

"The 'Masseketh Aboth' stands at the ** A careful and thorough edition which does 

head of Hebrew non-canonical writings. It is credit to English scholarship, of a short treatise 

of ancient date, claiming to contain the dicta from the Mishna, containing a series of sen- 

of teachers who flourished from b.c. 200 to the tences or maxims ascribed mostly to Jewish 

same year of our era, Mr Taylor's explana- teachersimmediateIypreceding,orimmediately 

tory and illustrative commentary is very full following the Christian era. . ." — Ceutempo- 

and satisfactory." — Spectator. rary Review. 

A COLLATION OF THE ATHOS CODEX OF THE 
SHEPHERD OF HERMAS. Together with an Introduction by 
Spyr. p. Lambros, Ph. D., translated and edited with a Preface and 
Appendices by J. Armitage Robinson, M.A., Fellow and Dean of 
Christ's College, Cambridge. Demy 8vo. 3s. id. 

THE PALESTINIAN MISHNA. By W. H. LoWE, M.A., 
Lecturer in Hebrew at Christ's College, Cambridge. Royal 8vo. in. 

SANCTI IREN^I EPISCOPI LUGDUNENSIS libros 
quinque adversus Hasreses, versione Latina cum Codicibus Claro- 
montano ac Arundeliano denuo coUata, prasmissa de placitis Gnos- 
ticorum prolusione, fragmenta necnon Graece, Syriace, Armeniace, 
commentatione perpetua et indicibus variis edidit W. Wigan 
Harvey, S.T.B. CoUegii Regalis olim Socius. 2 Vols. 8vo. i%s. 

M. MINUCII FELICIS OCTAVIUS. The text revised 
from the original MS., with an English Commentary, Analysis, Intro- 
duftion, and Copious Indices. Edited by H. A. Holden, LL.D. 
Examiner in Greek to the University of London. Crown 8vo. "js. 6d. 
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THEOPHILI EPISCOPI ANTIOCHENSIS LIBRI 
TRES AD AUTOLYCUM edidit, Prolegomenis Versione Notulis 
Indicibus instruxit G. G. Humphry, S.T.B. Post 8vo. ^s. 

THEOPHYLACTI IN EVANGELIUM S. MATTH^I 
COMMENTARIUS, edited by W. G. Humphry, B.D. Prebendary 
of St Paul's, late Fellow of Trinity College. Demy 8vo. 7^. dd. 

TERTULLIANUS DE CORONA MILITIS, DE SPEC- 
TACULIS, DE IDOLOLATRIA, with Analysis and English Notes, 
by George Currey, D.D. Preacher at the Charter House, late 
Fellow and Tutor of St John's College. Crown 8vo. 5^. 

FRAGMENTS OF PHILO AND JOSEPHUS. Newly 
edited by J. Rendel Harris, M.A., Fellow of Clare College, 
Cambridge. With two Facsimiles. Demy 4to. 12s. 6d. 

THE TEACHING OF THE APOSTLES. Newly edited, 
with Facsimile Text and Commentary, by J. Rendel Harris, M.A. 
Demy 4to. £1. is. 



THEOLOGY— (ENGLISH). 

WORKS OF ISAAC BARROW, compared with the Ori- 
ginal MSS., enlarged with Materials hitherto unpublished. A new 
Edition, by A. Napier, M.A. 9 Vols. Demy Bvo. £■},. y. 

TREATISE OF THE POPE'S SUPREMACY, and a 
Discourse concerning the Unity of the Church, by Isaac Barrow. 
Demy Bvo. 7J. 6d. 

PEARSON'S EXPOSITION OF THE CREED, edited 
by Temple Chevallier, B.D. New Edition. RevisedbyR. Sinker, 
D.D., Librarian of Trinity College. Demy 8vo. 12s. 

*' A new edition of Bishop Pearson's famous College Altogether this appears to be the 

work On ike Cr^^**^ has just been issued by the most complete and convenient edition as yet 
Cambridge University Press. It is the well- published of a work which has long been re- 
known edition of Temple Chevallier, thoroughly cognised in all quarters as a standard one." — 
overhauled by the Rev. R. Sinker, of Trinity Guardian. 

AN ANALYSIS OF THE EXPOSITION OF THE 
CREED written by the Right Rev. John Pearson, D.D. late Lord 
Bishop of Chester, by W. H. Mill, D.D. Demy 8vo. ss. 

WHEATLY ON THE COMMON PRAYER, edited by 
G. E. Corrie, D.D. late Master of Jesus College. Demy 8vo. js. 6d. 

TWO FORMS OF PRAYER OF THE TIME OF QUEEN 
ELIZABETH. Now First Reprinted. Demy 8vo. 6d. 

C^SAR MORGAN'S INVESTIGATION OF THE 
TRINITY OF PLATO, and of Philo Judseus, and of the effefts 
which an attachment to their writings had upon the principles and 
reasonings of the Fathers of the Christian Church. Revised by H. A. 
H OLDEN, LL.D. Crown 8vo. 4s. 
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SELECT DISCOURSES, by John Smith, late Fellow of 
Queens' College, Cambridge. Edited by H. G. Williams, B.D. late 
Professor of Arabic. Royal 8vo. 7J. dd, 

"The 'Select Discourses' of John Smith, no spiritually thoughtful mind can read them 

collected and published from his papers after unmoved. They carry us so directly into an 

his death, are, in my opinion, much the most atmosphere of divine philosophy, luminous 

considerable work left to us by this Cambridge with the richest lights of meditative genius... 

School [the Cambridge Platonists]. They have He was one of those rare thinkers in whom 

a right to a place in English literary history." largeness of view, and depth, and wealth of 

— Mr Matthew Arnold, in the Contempo- poetic and speculative insight, only served to 

rary Review. evoke more fully the religious spirit, and while 

"Of all the products of the Cambridge he drew the mould of his thought from Plotinus, 

School, the 'Select Discourses' are perhaps he vivified the substance of it from St Paul." — 

the highest, as they are the most accessible Principal Tulloch, Rational Theology in 

and the most widely appreciated. ..and indeed England in the ijth Century. 

THE HOMILIES, with Various Readings, and the Quo- 
tations from the Fathers given at length in the Original Languages. 
Edited by the late G. E. CoRRiE, D.D. Demy 8vo. js. 6d. 

DE OBLIGATIONE CONSCIENTI^ PR^LECTIONES 
decem Oxonii in Schola Theologica habitae a ROBERTO Sanderson, 
SS. Theologiae ibidem Professore Regio. With English Notes, 
including an abridged Translation, by W. Whewell, D.D. late 
Master of Trinity College. Demy 8vo. ys. 6d. 

ARCHBISHOP USHER'S ANSWER TO A JESUIT, 
with other Tracfls on Popery. Edited by J. Scholefield, M.A. late 
Regius Professor of Greek in the University. Demy 8vo. ys. 6d. 

WILSON'S ILLUSTRATION OF THE METHOD OF 

explaining the New Testament, by the early opinions of Jews and 
Christians concerning Christ. Editedby T. Turton, D.D. 8vo. 5J. 

LECTURES ON DIVINITY delivered in the University 
of Cambridge, by John Hey, D.D. Third Edition, revised by T. 
Turton, D.D. late Lord Bishop of Ely. 2 vols. Demy 8vo. ijj. 

S. AUSTIN AND HIS PLACE IN THE HISTORY 
OF CHRISTIAN THOUGHT. Being the Hulsean Lectures for 
1885. By W. Cunningham, D.D. Demy 8vo. Buckram, 12s. bd. 

CHRIST THE LIFE OF MEN. The Hulsean Lectures 
for 1888. By the Rev. H. M. Stephenson, M.A. Crown 8vo. 2s. 6d. 

THE GOSPEL HISTORY OF OUR LORD JESUS 
CHRIST IN THE LANGUAGE OF THE REVISED 
VERSION, arranged in a Connected Narrative, especially for the 
use of Teachers and Preachers. By Rev. C. C. James, M.A., Rector 
of Wortham, Suffolk, and late Fellow of King's College. Crown 8vo. 
y. dd. 



ARABIC, SANSKRIT, STRIAC, &c. 

THE DIVYAvADANA, a Collection of Early Buddhist 
Legends, now first edited from the Nepalese Sanskrit MSS. in 
Cambridge and Paris. By E. B. CowELL, M.A., Professor of 
Sanskrit in the University of Cambridge, and R. A. Neil, M.A., 
Fellow and Lecturer of Pembroke College. Demy 8vo. i8j. 

Londo7i : C. J. Cla y &» Sons, Cambridge University Press Warehouse, 
Ave Maria Lane. 
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POEMS OF BEHA ED DIN ZOHEIR OF EGYPT. 

With a Metrical Translation, Notes and Introduction, by E. H. 
Palmer, M.A,, Barrister-at-Law of the Middle Temple, late Lord 
Almoner's Professor of Arabic, formerly Fellow of St John's College, 
Cambridge. 2 vols. Crown 4to. 

Vol. I. The Arabic Text, ioj, 6d. 

Vol. II. English Translation, ioj. 6d. 

"We have no hesitation In saying that in remarked, by not unskilful imitations of the 

both Prof. Palmer has made an addition to Ori- styles of several of our own favourite poets, 

ental literature for which scholars should be living and dead." — Saturday Review. 
grateful ; and that, while his knowledge of " This sumptuous edition of the poem_s_ of 

Arabic is a sufficient guarantee for his mastery Behd-ed-dfn Zoheir is a very welcome addition 

of the original, his English compositions are to the small series of Eastern poets accessible 

distinguished by versatility, command of Ian- to readers who are not Orientalists." — Aca- 

guage, rhythmical cadence, and, ^^ we have detny. 

THE CHRONICLE OF JOSHUA THE STYLITE, com- 
posed in Syriac a.d. 507, with an English translation and notes, by the 
late W. Wright, LL.D., Professor of Arabic. Demy 8vo. loj. 6^. 

" Die lehrreiche kleine Chronik Josuas hat ein Lehrmittel fur den syrischen Unterricht ; es 

nach Assemani und Martin in Wright einen erscheint auch gerade zur rechten Zeit, da die 

dritlen Bearbeiter gefunden, der sich um die zweite Ausgabe von Roedigers syrischer Chres- 

Emendation des Textes wie um die Erklarung tomathie im Buchhandel vollstandig vergrifFen 

der Realitn wesentlich verdient gemacht hat und diejenige von Kirsch- Bernstein nur noch 

. . . Ws. Josua-Ausgabe ist eine sehr dankens- in wenigen Exemplaren vorhanden ist.'* — 

werte Gabe und besonders empfehlenswert als Deutsche Litteraturzeitung, 

kalTlah and dimnah, or, the fables of 

BIDPAI ; being an account of their literary history, together with 
an English Translation of the same, with Notes, by I. G. N. Keith- 
Falconer, M.A., late Lord Almonei-'s Professor of Arabic in the 
University of Cambridge. Demy 8vo. 7j. dd. 

NALOPAKHYANAM, or, the tale of NALA; 
containing the Sanskrit Text in Roman Characters, followed by a 
Vocabulary and a sketch of Sanskrit Grammar. By the late 
Rev. Thomas Jarrett, M.A. Trinity College, Regius Professor 
of Hebrew. Demy 8vo. loj. 

NOTES ON THE TALE OF NALA, for the use of 
Classical Students, by J. Peile, Litt. D., Master of Christ's College. 
Demy 8vo. lis. 

CATALOGUE OF THE BUDDHIST SANSKRIT 
MANUSCRIPTS in the University Library, Cambridge. Edited 
by C. Bendall, M.A., Fellow of Gonville and Caius College. Demy 
Svo. 1 2 J. 

"It is unnecessary to state how the com- those concerned in it on the result . . . Mr Ben- 

pilation of the present catalogue came to be dall has entitled himself to the thanks of all 

placed in Mr Bendall's hands : from the cha- Oriental scholars, and we hope he may have 

racter of his work it is evident the selection before him a long course of successful labour in 

was judicious, and we may fairly congratulate the field he has chosen." — Athettaum. 

THE HISTORY OF ALEXANDER THE GREAT, 

being the Syriac version of the Pseudo-Callisthenes. Edited from 
Five Manuscripts, with an English Translation and Notes, by 
E. A. W. Budge, M.A., Assistant in the Department of Egyptian 
Antiquities, British Museum. Demy Svo. 25 j. {The Edition is 
limited to 250 copies^ 
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PUBLJCATJONS OF 



GREEK AND LATIN CLASSICS, &c. 

SOPHOCLES: The Plays and Fragments, with Critical 
Notes, Commentary, and Translation in English Prose, by R. C. 
JEBB, Litt.D., LL.D., Regius Professor of Greek in the University of 
Cambridge. 

Part I. Oedipus Tyrannus, Demy 8vo. New Edition. \is. 6d. 

Part n. Oedipus Coloneus. Demy 8vo. New Edition. \2s. 6d. 

Part m, Antigone. Demy 8vo. \2s. 6d. 

Part IV. Philoctetes. [In the Press. 

**Of his explanatory and critical notes we "Prof. Jebb's keen and profound sympathy, 

can only speak with admiration. Thorough not only with Sophocles and all the best of 

scholarship combines with taste, erudition, and ancient Hellenic life and thought, but also with 

boundless industry to make this first volume a modern European culture, constitutes him an 

pattern of editing. The work is made com- ideal interpreter between the ancient writer 

plete by a prose translation, upon pages alter- and the modem reader." — Athefiaum. 
nating with the text, of which we may say " It would be difficult to praise this third in- 

shortly that it displays sound judgment and stalment of Professor Jebb's unec^ualled edition 

taste, without sacrificing precision to poetry of of Sophocles too warmly, and it is almost a 

expression." — The Times. work of supererogation to praise it at all. It is 

"Profes.'wr Jebb's edition of Sophocles is equal, at least, and perhaps superior^ in merit, 
already so fully established, and has received to either of his jprevious instalments; and when 
such appreciation in these columns and else- this is said, all is said. Yet we cannot refrain 
where, that we have judg^ed this third volume from formally recognising once more the con- 
when we have said that it is of a piece with summate Greek scholarship of the editor, and 
the others. The whole edition so far exhibits from once more doing grateful homage to his 
perhaps the most complete and elaborate edit- masterly tact and literary skill, and to his un- 
orial work which has ever appeared." — Satur- weaned and marvellous industry." — Spectator, 
day Review. 

AESCHYLI FABULAE.— IKET1AE2 XOH$OPOI IN 
LIBRO MEDICEO MENDOSE SCRIPTAE EX VV. DD. 
CONIECTURIS EMENDATIUS EDITAE cum Scholiis Graecis 
et brevi adnotatione critica, curante F. A. Paley, M.A., LL.D. 
Demy 8vo. "js. 6d. 

THE AGAMEMNON OF AESCHYLUS. With a Trans- 
lation in English Rhythm, and Notes Critical and Explanatory. 
New Edition Revised. By the late Benjamin Hall Kennedy, 
D.D., Regius Professor of Greek. Crown 8vo. 6^'. 

"One of the best editions of the masterpiece of Greek tragedy." — AtJunaum. 

THE THEiETETUS OF PLATO with a Translation and 
Notes by the same Editor. Crown 8vo. ^s, 6d. 

ARISTOTLE.— nEPI ^OTXHS. ARISTOTLE'S PSY- 
CHOLOGY, in Greek and English, with Introduction and Notes, 
by Edwin Wallace, M.A., late Fellow and Tutor of Worcester 
College, Oxford. Demy 8vo. i8j. 

"The notes are exactly what such notes " Wallace^s Bearbeitung der Aristotelischen 

ought to be, — helps to the student, not mere Psychologie ist das Werk eines denkenden und 

displays of learning. By far the more valuable in alien Schriften des Aristoteles und grdssten- 

parts of the notes are neither critical nor lite- teils auch in der neueren Litteratur zu densel- 

rary, but philosophical and expository of the ben belesenen Mannes . . . Der schwachste 

thought, and of the connection of thought, in Teil der Arbeit ist der kritische . . . Aber in 

the treatise itself In this relation the notes are alien diesen Dingen liegt auch nach der Ab- 

invaluable. Of the translation, it may be said sicht des Verfassers nicht der Schwerpunkt 

that an English reader may fairly master by seiner Arbeit, sondern." — Prof. Susemihl in 

means of it tlus great treatise of Aristotle," — Philologische Wocfiensckrift. 
Spectator. 



London: C. J. Clav&t^ Sons, Cambridge University Press Warehouse, 
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ARISTOTLE.— nEPI AIKA102TNHS. THE FIFTH 
BOOK OF THE NICOMACHEAN ETHICS OF ARISTOTLE. 
Edited by Henry Jackson, Litt.D., Fellow of Trinity College, 
Cambridge. Demy 8vo. 6j. 

_ '* It is not too much to say that some of the will hope that this is not the only portion of 
points he discusses have never had so much the Aristotelian writings which he is likely to 
light thrown upon them before. . . . Scholars edit." — AtJunaum, 

ARISTOTLE. THE RHETORIC. With a Commentary 
by the late E. M. CopEj Fellow of Trinity College, Cambridge, re- 
vised and edited by J. E. Sandys, Litt.D. With a biographical 
Memoir by the late H. A. J. MuNRO, Litt.D. 3 Vols., Demy 8vo. 
Now reduced to 21j. {originally published at 31J. 6^,) 

"Thisworkisinmanywayscreditabletothe "Mr Sandys has performed his arduous 

University of Cambridge. If an English student duties with marked ability and admirable tact. 

wishes to have a full conception of what is con- In every part of his work — revising, 

tained in the ^Aff/f7Wc of Aristotle, to Mr Cope's supplementing, and completing — he has done 

edition he must go." — Academy. exceedingly well." — Exatniner. 

PINDAR. OLYMPIAN AND PYTHIAN ODES. With 
Notes Explanatory and Critical, Introductions and Introductory 
Essays. Edited by C. A. M. Fennell, Litt. D., late Fellow of 
Jesus College. Crown 8vo. 9^. 

"Mr Fennell deserves the thanks of all clas- his author, great industry, a sound judgment, 

sical students for his careful and scholarly edi- and, in particular, copious and minute learning 

tion of the Olympian and Pythian odes. He in comparative philology." — Atketieeutn. 
brings to his task the necessary enthusiasm for 

THE ISTHMIAN AND NEMEAN ODES. By the same 

Editor. Crown 8vo. ()s. 

"... As a handy and instructive edition of valuable help to the study of the most difficult 

a difficult classic no work of recent years sur- of Greek authors, and is enriched with notes 

passes Mr Fennell's 'Pindar.'" — AtJietueum. on points of scholarship and etymologry which 

"This work is in no way inferior to could only have been written by a scholar of 

the previous volume. The commentary aflTords very high attainments." — Saturday Review. 

DEMOSTHENES. PRIVATE ORATIONS OF, with In- 
troductions and English Notes, by the late F. A. Paley, M.A. 
and J. E. Sandys, Litt.D. Fellow and Tutor of St John's College, 
and Public Orator in the University of Cambridge. 

Part I. Contra Phormionem, Lacritum, Pantaenetum, Boeotum 
de Nomine, Boeotum de Dote, Dionysodorum, New Edition. 
Crown 8vo. 6j. 

"Mr Paley's scholarship is sound and literature which bears upon his author, and 

accurate, his experience of editing wide, and the elucidation of matters of daily life, in the 

if he is content to devote "his learning and delineation of which Demosthenes is so rich, 

abilities to the production of such manuals obtains full justice at his hands. . . . We 

as these, they will be received with gratitude hope this edition may lead the way to a more 

throughout the higher schools of the coimtry. general study of these speeches in schools 

Mr Sandys is deeply read in the German than has hitherto been possible."— j4cfwfewy. 

Part II. Pro Phormione, Contra Stephanum I. II.; Nicostra- 
tum, Cononem, Calliclem. New Hdition. Crown 8vo. 7j. 6*^. 

" It is long since we have come upon a work mosthenes '." — Saturday^ Review. 

evincing more pains, scholarship, and varied " the edition reflects credit on 

research and illustration than Mr Sandys's Cambridge scholarship, and ought to be ex- 
contribution to the 'Private Orations of De- tensively used." — Athenceum. 

DEMOSTHENES. SPEECH AGAINST THE LAW 
OF LEPTINES. With Introduction, Critical and Explanatory 
Notes and Autotype Facsimile from the Paris MS. Edited by J. E. 
Sandys, LittD. Demy 8vo. gj. 
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DEMOSTHENES AGAINST ANDROTION AND 
AGAINST TIMOCRATES, with Introductions and English Com- 
mentary, by William Wayte, M.A., late Professor of Greek, Uni- 
versity College, London. Crown 8vo. "js. 6d. 

"These speeches are highly interesting, as they are worthy of all admiration . . . Besides 

illustrating Attic Law, as that law was in- a most lucid and interesting introduction, Mr 

fluenced by the exigences of politics ... As Wayte has given the student effective help 

vigorous examples of the great orator's style, in his running commentary." — Spectator, 

PLATO'S PH^DO, literally translated, by the late E. M. 
Cope, Fellow of Trinity College, Cambridge, revised by Henry 
Jackson, Litt. U., Fellow of Trinity College. Demy 8vo. $s, 

P. VERGILI MARONIS OPERA, cum Prolegomenis 
et Commentario Critico edidit B. H. Kennedy, S.T.P., Extra 
Fcap. 8vo. 3J. 6d. 

THE BACCHAE OF EURIPIDES. With Introduction, 
Critical Notes, and Archaeological Illustrations, by J. E. SANDYS, 
Litt.D. New and Enlarged Edition. Crown 8vo. I2J. 6d. 

" Of the present edition of the .fi^^cAiS by Mr "The volume is interspersed with well- 
Sandys we may safely say that never before has executed woodcuts, and its general attractive- 
a Greek play, in England at least, had fuller ness of form reflects great credit on the Uni- 
justice done to its criticism, interpretation, versity Press. In the notes Mr Sandys has more 
and archaeological illustration, whether for the than sustained his well-earned reputation as a 
young student or the more advanced scholar. careful and learned editor, and shows consider- 
The Cambridge Public Orator may be said to able advance in freedom and lightness of style, 
have taken the lead in issuing a complete edi- . . . Under such circumstances it is superfluous 
tion of a Greek play, which is destined perhaps to say that for the purposes of teachers and ad- 
to gain redoubled favour now that the study of vanced students this handsome edition far sur- 
ancieat monuments has been applied to its il- passes all its predecessors."^ — Aikenauni. 
lustration." — Saturday Review. 

THE TYPES OF GREEK COINS. By Percy Gardner, 

Litt. D., F.S.A. With i6 Autotype plates, containing photographs of 
Coins of all parts of the Greek World. Impl. 4to. Cloth extra, 
£\. 1 1 J. dd.; Roxburgh (Morocco back), £2. is. 

"Professor Gardner's book is written with be distinctly recommended to that omnivorous 
such lucidity and in a manner so strai^htfor- class of readers — 'men in the schools'." — Sa- 
ward that it may well win converts, and it may turday Review. 

ESSAYS ON THE ART OF PHEIDIAS. By C. Wald- 
STEIN, Litt. U., Phil. D., Reader in Classical Archaeology in the 
University of Cambridge. Royal 8vo. With numerous Illustrations. 
16 Plates. Buckram, 30J. 

*' His book will be universally welcomed as " * Essays on the Art of Fheidias' form an 

a very valuable contribution towards a more extremely valuable and important piece of 

thorough knowledge of the style of Pheidias." — work. . . . Taking it for the illustrations alone, 

TIte Academy. it is an exceedingly fascinating book." — Times. 

AN INTRODUCTION TO GREEK EPIGRAPHY. 
Part I. The Archaic Inscriptions and the Greek Alphabet by E. S. 
Roberts, M.A., Fellow and Tutor of Gonville and Caius College. 
Demy 8vo. With illustrations. i8j. 

" We will say at once that Mr Roberts ap- notices bearing on each document. Explana- 
pears to have done his work very well. The tory remarks either accompany the text or are 
book is clearly and conveniently arranged- added in an appendix. To the whole is pre- 
The inscriptions are naturally divided accord- fixed a sketch of the history of the alphabet up 
ing to the places to wliich they belong. Under to the terminal date. At the end the result is 
each head are given illustrations sufficient to resumed in general tables of all the alphabets, 
show the characteristics of the writing, one classified according to their connexions; and a 
copy in letters of the original form (sometimes separate table illustrates the alphabet of Athens, 
a facsimile) being followed by another in the The volume contains about five hundred in- 
usual cursive. References, which must have scriptions, and forms a moderate octavo of about 
cost great labour, are given to the scattered four hundred pages."— ^a/wwiaj' i?«'tt7u. 
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M. TULLI CICERONIS AD M. BRUTUM ORATOR. 
A revised text edited with Introductory Essays and with critical 
and explanatory notes, by J. E. Sandys, Litt.D. Demy 8vo. i6j-. 

"This volume, which is adorned with "A model edition." — Spectator. 

several good woodcuts, forms a handsome and "The commentary is in every way worthy 

welcome addition to the Cambridge editions of of the editor's high reputation."— ^crtrtVwy. 
Cicero's works." — Atlienaum. 

M. TULLI CICERONIS DE FINIBUS BONORUM 

ET MALORUM LIBRI QUINQUE. The text revised and 

explained ; with a Translation by James S. Reid, Litt. D., Fellow 

and Tutor of Gonville and Caius College. 3 Vols. \In the Press. 

Vol. III. Containing the Translation. Demy 8vo. Zs. 

M. T. CICERONIS DE OFFICIIS LIBRI TRES, with Mar- 
ginal Analysis, English Commentary, and copious Indices, by H. A. 
HoLDEN, LL.D. Sixth Edition, Revised and Enlarged. Cr. 8vo. gs. 

"Few editions of a classic have found so position of tlie worlt secure." — American 
much favour as Dr Holden's De Ojfficiis, and Journal of Pkilology, 
the present revision (.sixth edition) makes the 

M. T. CICERONIS DE OFFICIIS LIBER TERTIUS, 
with Introduction, Analysis and Commentary, by H. A. Holden, 
LL.D. Crown 8vo. is. 

M. TVLLI CICERONIS PRO C RABIRIO [PERDVEL- 
LIONIS REO] ORATIO AD QVIRITES, with Notes, Introduc- 
tion and Appendices by W. E. Heitland, M.A., Fellow and Tutor of 
St John's College, Cambridge. Demy 8vo. "js. 6d. 

M. TULLII CICERONIS DE NATURA DEORUM 
Libri Tres, with Introduction and Commentary by Joseph B. 
Mayor, M.A., together with a new collation of several of the 
English MSS. by J. H. Swainson, M.A. 
Vol. I. Demy 8vo. loj. 6d. Vol. II. 12s. dd. Vol. III. loj. 

** Such editions as that of which Prof. Mayor way admirably suited to meet the needs of the 

has given us the first instalment will doubtless student . . . The notes of the editor are all that 

do much to remedy this undeserved neglect. It could be expected from his well-known learn- 

is one on which great pains and much learning ing and scholarship." — Acadtniy . 
have evidently been expended, and is in every 

See also Pitt Press Series, pp. 30 — 34. 



MATHEMATICS, PHYSICAL SCIENCE, &c. 

MATHEMATICAL AND PHYSICAL PAPERS. By 
Sir W. Thomson, LL.D., D.C.L., F.R.S., Professor of Natural Phi- 
losophy in the University of Glasgow. Collected from different 
Scientific Periodicals from May 1841, to the present time. Vol. I. 
Demy 8vo. \%s. Vol. II. 15J. [Volume III. In the Press. 

MATHEMATICAL AND PHYSICAL PAPERS, by 
Sir G. G. Stokes, Sc.D., LL.D., F.R.S., Lucasian Professor of Mathe- 
matics in the University of Cambridge. Reprinted from the Original 
Journals and Transactions, with Additional Notes by the Author. 
Vol. I. Demy 8vo. \^s. Vol. II. 15J. [Vol. III. In the Press. 
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A HISTORY OF THE THEORY OF ELASTICITY 
AND OF THE STRENGTH OF MATERIALS, from Galilei to 
the present time. Vol. I. Galilei to Saint-Venant, 1639-1850. 
By the late I. Todhunter, Sc.D., F.R.S., edited and completed 
by Professor KARL PEARSON, M.A. Demy 8vo. 25^. 
Vol.11. By the same Editor. \In the Press. 

THE ELASTICAL RESEARCHES OF BARRE DE 
SAINT-VENANT (Extract from Vol. II. of ToDHUNTER'S History 
of the Theory of Elasticity), edited by Professor Karl Pearson, 
M.A. Demy 8vo. gj. 

A TREATISE ON GEOMETRICAL OPTICS. By 
R. S. Heath, M.A., Professor of Mathematics in Mason Science 
College, Birmingham. Demy 8vo. I2J. dd. 

AN ELEMENTARY TREATISE ON GEOMETRICAL 
OPTICS. By R. S. Heath, M.A. Crown 8vo. jj. 

A TREATISE ON ELEMENTARY DYNAMICS. By 
S. L. LONEY, M.A., Fellow of Sidney Sussex College. Crown 8vo. 
Ts. 6d. 

A TREATISE ON PLANE TRIGONOMETRY. By 
E. W. HOBSON, M.A., Fellow and Lecturer of Christ's College, 
Cambridge. Demy 8vo. [/« ike Press. 

CATALOGUE OF SCIENTIFIC PAPERS COMPILED 
BY THE ROYAL SOCIETY OF LONDON : Vols. 1—6 for the 
years 1800 — 1863, Royal 410. cloth (vol. i in half morocco) £4. (net); 
half morocco £s. Ss. (net). Vols. 7—8 for the years 1864— 1873, 
cloth £1. IIS. 6d. (net) ; half morocco £2. ss. (net). Single volumes 
cloth 20s. or half-morocco 28s. (net). New Series for the years 
1874 — 1883. [In ike Press. 

THE COLLECTED MATHEMATICAL PAPERS OF 
ARTHUR CAYLEY, Sc.D., F.R.S., Sadlerian Professor of Pure 
Mathematics in the University of Cambridge. Demy 4to. 10 vols. 
Vols. I. and II. 2 5 j. each. {Vol. 111. In ike Press. 

THE SCIENTIFIC PAPERS OF THE LATE PROF. 
J. CLERK MAXWELL. Edited by W. D. Niven, M.A. In 2 vols. 
Royal 4to. [Nearly ready. 

A HISTORY OF THE STUDY OF MATHEMATICS 
AT CAMBRIDGE. By W. W. RouSE Ball, M.A., Fellow and 
Lecturer on Mathematics of Trinity College, Cambridge. Crown 
8vo. 6s. 

A TREATISE ON ANALYTICAL STATICS, by 
E. J. ROUTH, ScD., F.R.S., Fellow of the University of London, 
Honorary Fellow of St Peter's College, Cambridge: [In the Press. 

A CATALOGUE OF THE PORTSMOUTH COL- 
LECTION OF BOOKS AND PAPERS written by or belonging 
to Sir Isaac Newton. Demy 8vo. ^s. 

A TREATISE ON NATURAL PHILOSOPHY. By 
Sir W. Thomson, LL.D., D.C.L., F.R.S., and P. G. Tait, M.A. 
Part I. Demy 8vo. ids. Part II. Demy 8vo. i8j. 

London : C. J. Cla Y &» Sons, Cambridge University Press Warehouse^ 
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ELEMENTS OF NATURAL PHILOSOPHY. By Pro- 
fessors Sir W. Thomson and P. G. Tait. Demy 8vo. gj. 

An elementary TREATISE on QUATERNIONS. 
By p. G. Tait, M. A. yd Edition. Enlarged. Demy 8vo. i8j. 

AN ATTEMPT TO TEST THE THEORIES OF 
CAPILLARY ACTION, by Francis Bashforth, B.D., and 
J. C. Adams, M.A., F.R.S. Demy 410. £1. \s. 

A REVISED ACCOUNT OF THE EXPERIMENTS 
MADE WITH THE BASHFORTH CHRONOGRAPH to find 
the Resistance of the Air to the Motion of Projectiles, with the 
application of the Results to the Calculation of Trajectories accord- 
ing to J. Bernoulli's method by Francis Bashforth, B.D. 

[ATearfy ready. 

A TREATISE ON THE THEORY OF DETERMI- 
NANTS and their applications in Analysis and Geometry, by R. F. 
Scott, M.A., Fellow of St John's College. Demy 8vo. 12s. 

HYDRODYNAMICS, a Treatise on the Mathematical 
Theory of the Motion of Fluids, by H. Lamb, M.A. Demy 8vo. 12s. 

THE ANALYTICAL THEORY OF HEAT, by Joseph 

Fourier. Translated, with Notes, by A. Freeman, M.A., formerly 
Fellow of St John's College, Cambridge. Demy 8vo. I2s. 

PRACTICAL WORK AT THE CAVENDISH LABORA- 
TORY. HEAT. Edited by W. N. Shaw, M.A. Demy 8vo. 3J. 

THE ELECTRICAL RESEARCHES OF THE Hon. H. 
Cavendish, F.R.S. Written between 1771 and 1781. Edited from 
the original MSS. in the possession of the Duke of Devonshire, K. G., 
by the late J. Clerk Maxwell, F.R.S. Demy 8vo. 18s. 

COUNTERPOINT. A Practical Course of Study, by the 
late Professor Sir G. A. Macfarren, M.A., Mus. Doc. New 
Edition, revised. Crown 4to. ys. 6d. 

A TREATISE ON THE GENERAL PRINCIPLES OF 
CHEMISTRY, by M. M. Pattison Muir, M.A. Second Edition. 
Demy 8vo. i^s. 

"The value of the book as a digest of the Lothar Meyer ; but in this country the student 

historical developments of chemical thought has had to content himself with such works as 

is immense." — Academy. Dr Tilden's ' Introduction to Chemical Philo- 

" Theoretical Chemistry has moved so rapidly sophy", an admirable book in its way, but rather 

of late years that most of our ordinary text slender. Mr Pattison Muir having aimed at a 

books have been left far behind. German more comprehensive scheme, has produced a 

students, to be sure, possess an excellent guide systematic treatise on the principles of chemical 

to the present state of the science in * Die philosophy which stands far in advance of any 

Modemen Theorien der Chemie' of Prof kindred work in our language."— ^<i4«Kri«K. 

ELEMENTARY CHEMISTRY. By M. M. Pattison 
Muir, M.A., and Charles Slater, M.A., M.B. Crown 8vo. /\s. 6d. 

PRACTICAL CHEMISTRY. A Course of Laboratoiy 
Work. By M. M. Pattison Muir, M.A., and D. J. Carnegie, B.A. 
Crown 8vo. y. 

NOTES ON QUALITATIVE ANALYSIS. Concise and , 
Explanatory. By H. J. H. Fenton, M.A., F.I.C., Demonstrator of 
Chemistry in the University of Cambridge. Cr. 4to. New Edition. 6s. 
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LECTURES ON THE PHYSIOLOGY OF PLANTS, 
by S. H. Vines, Sc.D., Professor of Botany in the University of 
Oxford. Demy 8vo. With Illustrations, lis. 

"To say that l>r Vines* book is a most In erudition it stands alone among English 

\-aluabte addition to our own botanical litera- books, and will compare favourably with any 

ture is but a narrow meed of praise ; it is a foreign competitors." — Nature, 
work which will take its place as cosmopolitan : "The work forms an important contribu- 

no more clear or concise discussion of the diffi- tion to the literature of the subject. ...It will lie 

cult chemistry of metabolism has appeared. ... eagerly welcomed by all students." — Academy. 

A SHORT HISTORY OF GREEK MATHEMATICS. 
By J. Gow, Litt.D., Fellow of Trinity College. Demy 8vo. los. dd. 

DIOPHANTOS OF ALEXANDRIA; a Study in the 
History of Greek Algebra. By T. L. Heath, M.A., Fellow of 
Trinity College, Cambridge. Demy 8vo. "js. dd. 

" This study in the history of Greek Algebra " The most thorough account extant of 

_ an exceedingly valuable contribution to the Diophantus's place, work, and critics." — 
history of mathematics. " — A cadeniy. A thetueum. 

THE MATHEMATICAL WORKS OF ISAAC BAR- 
ROW, D.D. Edited by W. Whewell, D.D. Demy 8vo. js. 6d. 

THE FOSSILS AND PAL^ONTOLOGICAL AFFIN- 
ITIES OF THE NEOCOMIAN DEPOSITS OF UPWARE 
AND BRICKHILL with Plates, being the Sedgwick Prize Essay 
for 1879. By the late W. Keeping, M.A. Demy 8vo. loj. dd. 

THE BALA VOLCANIC SERIES OF CAERNAR- 
VONSHIRE AND ASSOCIATED ROCKS, being the Sedgwick 
Prize Essay for 1888 by A. Harker, M.A., F.R.S., Fellow of 
St John's College. Demy 8vo. "/s. 6d. 

A CATALOGUE OF BOOKS AND PAPERS ON PRO- 
TOZOA, CCELENTERATES, WORMS, and certain smaller groups 
of animals, published during the years 1861— 1883, by D'Arcy W. 
Thompson, M.A. DemySvo. y2s.6d. 

ASTRONOMICAL OBSERVATIONS made at the Obser- 
vatory of Cambridge by the late Rev. J. Challis, M.A. from 1846 
to i860. 

ASTRONOMICAL OBSERVATIONS from 1861 to 1865. 
Vol. XXI. Royal 4to. 15J. From 1866 to 1869. Vol. XXII. 
Royal 4to. 15J. 

A CATALOGUE OF THE COLLECTION OF BIRDS 
formed by the late H. E. Strickland, now in the possession of the 
University of Cambridge. By O. Salvin, M.A. Demy 8vo. ;^i. u. 

A CATALOGUE OF AUSTRALIAN FOSSILS, Strati- 
graphically and Zoologically arranged, by R. Etheridge, Jan., 
F.G.S. Demy 8vo. loj. 6d. 

ILLUSTRATIONS OF COMPARATIVE ANATOMY, 
VERTEBRATE AND INVERTEBRATE, for the Use of Stu- 
dents in the Museum of Zoology and Comparative Anatomy. Second 
Edition. Demy 8vo. 2s. 6d. 
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A CATALOGUE OF THE COLLECTION OF CAM- 
BRIAN AND SILURIAN FOSSILS contained in the Geological 
Museum of the University of Cambridge, by J. W. Salter, F.G.S. 
With a Portrait of Professor Sedgwick. Royal 4to. 7^. 6/1. 

CATALOGUE OF OSTEOLOGICAL SPECIMENS con- 
tained in the Anatomical Museum of the University of Cambridge. 
Demy 8vo. 2s. 6d. 



LAW. 

ELEMENTS OF THE LAW OF TORTS. A Text-book 
for Students. By Melville M. Bigelow, Ph.D., Lecturer in the 
Law School of the University of Boston, U.S.A. Crown 8vo. los. 6d. 

" It is based on the original American edition, showing great grasp of subject ... A very full 

but it is an English Text-book with English index enhances the value of this book, which 

authorities and statutes and illustrations sub- should take a prominent place among the really 

stituted very generally for the American . . . The trustworthy text-books for the use of students." — 

style is easy and lucid, though condensed, l,aw Times. 

A SELECTION OF CASES ON THE ENGLISH LAW 
OF CONTRACT. By Gerard Brown Finch, M.A., of Lincoln's 
Inn, Barrister at Law. Royal 8vo. 28J. 

" An invaluable g;utde towards the best method of legal study." — I.aw Quarterly 
Review. 

THE INFLUENCE OF THE ROMAN LAW ON 
THE LAW OF ENGLAND. Being the Yorke Prize Essay for 

1884. By T. E. Scrutton, M.A. Demy 8vo. los. 6d. 

" Legal work of just the kind that a learned University should promote by its prizes." — 
Laiv Quarterly Review. 

LAND IN FETTERS. Being the Yorke Prize Essay for 

1885. By T. E. Scrutton, M.A. Demy 8vo. ts. dd. 

COMMONS AND COMMON FIELDS, OR THE HIS- 
TORY AND POLICY OF THE LAWS RELATING TO 
COMMONS AND ENCLOSURES IN ENGLAND. Being the 
Yorke Prize Essay for 1886. By T. E. Scrutton, M.A. \os. 6d. 

HISTORY OF THE LAW OF TITHES IN ENGLAND. 
Being the Yorke Prize Essay for 1 887. By W. Easterby, B. A., LL.B., 
St John's College and the Middle Temple. Demy 8vo, 7s. 6d. 

HISTORY OF LAND TENURE IN IRELAND. Being 
the Yorke Prize Essay for 1888. By W. E. Montgomery, M.A., 
LL.M. Demy 8vo. loj. 6d. 

AN ANALYSIS OF CRIMINAL LIABILITY. By E. C. 
Clark, LL.D., Regius Professor of Civil Law in the University of Cam- 
bridge, also of Lincoln's Inn, Barrister-at-Law. Crown 8vo. 7s. 6d. 

PRACTICAL JURISPRUDENCE, a Comment on AUSTIN. 
By E. C. Clark, LL.D. Crown 8vo. 9^. 

" Damit schliesst dieses inhaltreiche und tical Jurisprudence."— Konig. Ceiitral6latt/ur 
nach alien Seiten anregende Buch uber Prac- SecAtswisseitscAa/t. 
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A SELECTION OF THE STATE TRIALS. By J. W. 
Willis- Bund, M.A., LL.B., Professor of Constitutional Law and 
History, University College, London. Crown 8vo. Vols. 1. and II. 
In 3 parts. Now reduced to SOj. {originally published at 46J.) 

"This work is a very useful contribution to growth and development of the law of treasoii, 
that important branch of the constitutional his- as it may be gathered from trials before the 
tory of England which is concerned with the ordinary courts." — The Acadetny. 

THE FRAGMENTS OF THE PERPETUAL EDICT 

OF SALVIUS JULIANUS, collected, arranged, and annotated by 
Bryan Walker, M.A., LL.D.,late Law Lecturer of St John's College, 
and Fellow of Corpus Christi College, Cambridge. Crown 8vo. 6s, 

" In the present book we have the fruits of such a student will be interested as well as per- 
the same kind of thorough :ind well-ordered haps surprised to find how abundantly the ex- 
study which was brought to bear upon the notes tant fragments illustrate and clear up points 
to the Commentaries and the Institutes . . . which have attracted his attention in the Cum- 
Hitherto the Edict has been almost inac- mentaries, or the Institutes, or the Digest." — 
cessible to the ordinary English student, and Law Times. 

BRACTON'S NOTE BOOK. A Collection of Cases de- 
cided in the King's Courts during the reign of Henry the Third, 
annotated by a Lawyer of that time, seemingly by Henry of Bratton. 
Edited by F. W. Maitland of Lincoln's Inn, Barrister at Law, 
Downing Professor of the Laws of England. 3 vols. Demy 8vo. 
Buckram. ^3. 3^'. Net. 

AN INTRODUCTION TO THE STUDY OF JUS- 
TINIAN'S DIGEST. Containing an account of its composition 
and of the Jurists used or referred to therein. By Henry John 
ROBY, M.A., formerly Prof, of Jurisprudence, University College, 
London. Demy 8vo. gj. 

JUSTINIAN'S DIGEST. Lib. VI L, Tit. L De Usufructu, 
with a Legal and Philological Commentary, By H. J. Roby, M.A. 
Demy 8vo. gs. 
Or the Two Parts complete in One Volume. Demy 8vo. i2>s. 

"Not an obscurity, philological, historical, whose decisions and arguments constitute its 

or legal, has been left unsifted. More inform- substance. Nowhere else can a clearer view 

ing aid still has been supplied to the student of be obtained of the personal succession by which 

the Digest at large by a preliminary account, the tradition of Roman legal science was sus- 

covering nearly 300 pages, of the mode of' tained and developed. " — The Times. 
composition of the Digest, and of the jurists 

THE COMMENTARIES OF GAIUS AND RULES OF 
ULPIAN. With a Translation and Notes, by J. T. Abdy, LL.D., 
Judge of County Courts, late Regius Professor of Laws in the 
University of Cambridge, and the late Bryan Walker, M. A., LL.D., 
New Edition by Bryan Walker. Crown 8vo. i6s. 

" As scholars and as editors Messrs Abdy way of reference or necessary explanation, 

and Walker have done their work well . . . For Thus the Roman jurist is allowed to speak for 

one thing the editors deserve special commen- himself, and the reader feels that he is really 

dation. They have presented Gains to the studying Roman law in the original, and not a 

reader with few notes and those merely by fanciful representation ol it."— A iienaum. 

THE INSTITUTES OF JUSTINIAN, translated with 
Notes by J. T. Abdy, LL.D., and the late Bryan Walker, M.A., 
LL.D. Crown 8vo. i6j-. 

" We welcome here a valuable contribution the ordinary student, whose attention is dis- 

to the study of jurisprudence. The text of the traded from the subject-matter by the dif- 

Institutes is occasionally perplexing, even to ficulty of struggling through the language in 

practised scholars, whose knowledge of clas- which it is contained, it will be almost indis- 

sical models does not always avail them in pensable." — Spectator. 

dealing with the technicalities of legal phrase- " The notes are learned and carefully com- 

ology. Nor can the ordinary dictionaries be piled, and this edition will be found useful to 

exjiected to furnish all the help that is wanted. students." — Law Times. 
This translation will then be of great use. To 
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SELECTED TITLES FROM THE DIGEST, annotated 

by the late B. Walker, M.A., LL.D. Part I. Mandati vel Contra. 

Digest XVII. r. Crown 8vo. 5^. 

Part II. De Adquirendo rerum dominie and De Adquirenda vel 

amittenda possessione. Digest XLI. i and 11. Crown 8vo. 6j. 
Part III. De Condictionibus. Digest xii. i and 4— 7 and Digest 

XHI. I — 3. Crown 8vo. ds. 

GROTIUS DE JURE BELLI ET PACIS, with the Notes 
of Barbeyrac and others ; accompanied by an abridged Translation 
of the Text, by W. Whewell, D.D. late Master of Trinity College. 
3 Vols. Demy 8vo. lis. The translation separate, bs. 

HISTORICAL WORKS, &c. 

THE LIFE AND LET;TERS OF THE REVEREND 
ADAM SEDGWICK, LL.D., F.R.S., Fellow of Trinity College, 
Cambridge, and Woodwardian Professor of Geology from 1818 to 
1873. (Dedicated, by special permission, to Her Majesty the Queen.) 
By John Willis Clark, M.A., F.S.A., formerly Fellow of Trinity 
College, and Thomas M'^Kenny Hughes, M.A., Woodwardian 
Professor of Geology. 2 vols. Demy 8vo. \Nearly ready. 

MEMORIALS OF THE LIFE OF GEORGE ELWES 
CORRIE, D.D., formerly Master of Jesus College, Cambridge. 
Edited by M. Holroyd. Demy 8vo. I2.f. 

THE DESPATCHES OF EARL GOWER, English Am- 

bassador at the court of Versailles from June 1790 to August 1792, 
to which are added the Despatches of Mr Lindsay and Mr Munro, 
and the Diary of Lord Palmerston in France during July and 
August 1791. Edited by Oscar Browning, M.A. DemySvo. .i5j-. 
LIFE AND TIMES OF STEIN, OR GERMANY AND 
PRUSSIA IN THE NAPOLEONIC AGE, by J. R. Seeley, 
M.A., Regius Professor of Modern History in the University of 
Cambridge, with Portraits and Maps. 3 Vols. Demy 8vo. 30J. 

" Dr Busch's volume has made people think feel very pardonable pride at seeing one of 

and talk even more than usual of Prince Bis- their countrymen undertake to write the his- 

raarck.andProfessorSeeley'sveryleamedwork tory of a period from the investigation of 

on Stein will turn attention to an earlier and an which even laborious Germans are apt to 

almost equally eminent German statesman.... shrink." — Times. 

He was one, perhaps the chief, of the illus- " In a notice of this kind scant justice can 

trious group of strangers who came to the be done to a work like the one before us ; no 

rescue of Prussia in her darkest hour, about short risuin4 can give even the most meagre 

the time of the inglorious Peace of Tilsit, and notion of the contents of these volumes, which 

who laboured to put life and order into her contain no page that is superfluous, and none 

dispirited army, her impoverished finances, and that is uninteresting." — Atken^eutn. 
her inefficient Civil Service. Englishmen will 

THE GROWTH OF ENGLISH INDUSTRY AND 

COMMERCE DURING THE EARLY AND MIDDLE AGES. 
By W. Cunningham, D.D., University Lecturer. Demy 8vo. i6j. 

" Dr Cunningham's book is one of excep- marshalling the varied facts in the vast field 

tional interest and usefulness. It cannot be which has been traversed, and by singular 

too highly praised. It is characterised by re- clearness and felicity of expression." — Scots- 

search and thought, by a remarkable power of inan. 

CHRONOLOGICAL TABLES OF GREEK HISTORY. 
Accompanied by a short narrative of events, with references to the 
sources of information and extracts from the ancient authorities, by 
Carl Peter. Translated from the German by G. Chawner, 
M.A., Fellow of King's College, Cambridge. Demy 4to. \os. 

London : C. J. Cla y &= Sons, Cambridge University Press Warehouse, 
Ave Maria Lane. 



PUBLICATIONS OF 



THE ARCHITECTURAL HISTORY OF THE UNI- 
VERSITY OF CAMBRIDGE AND OF THE COLLEGES OF 
CAMBRIDGE AND ETON, by the late Robekt Willis, M.A. 
F.R.S., Jacksonian Professor in the University of Cambridge. Edited 
with large Additions and brought up to the present time by John 
Willis Clark, M.A, formerly Fellow of Trinity College, Cam- 
bridge. Four Vols. Super Royal 8vo. £6. 6s. 

Also a limited Edition of the same, consisting of 120 numbered 
Copies only, large paper Quarto ; the woodcuts and steel engravings 
mounted on India paper ; price Twenty-five Guineas net each set. 

THE UNIVERSITY OF CAMBRIDGE FROM THE 
EARLIEST TIMES TO THE ROYAL INJUNCTIONS OF 
1535, by J. B. MuLLlNGER, M.A., Lecturer on History and Librarian 
to St John's College. Part I. Demy 8vo. (734 pp.), 12.1. 

Part II. From the Royal Injunctions of 1535 to the Accession of 

Charles the First. Demy 8vo. i8s. 

** He shews in the statutes of the Colleges, "Mr MuUinger displays an admirable 

the internal organization of the University, its thoroughness in his work. Nothing could be 

connection with national problems, its studies, more exhaustive and conscientious than his 

its social life. All this he combines in a method : and his style. ..is picturesque and 

form which is eminently readable."— Prof. elevated." — Times. 
Creighton in Coni. Review. 

SCHOLAR ACADEMICAE: some Account of the Studies 
at the English Universities in the Eighteenth Century. By C. 
Wordsworth, M.A., Fellow of Peterhouse. Demy 8vo. loj. 6d. 

"Mr Wordsworth has collected a great ... To a great extent it is purely a book of re- 
quantity of minute and curious iuformation ference, and as such it will be of permanent 
about the working of Cambridge institutions in value for the historical knowledge of English 
the last century, with an occasional comparison education and learning. " — Saturday Review, 
of the corresponding state of things at Oxford. 

HISTORY OF THE COLLEGE OF ST JOHN THE 

EVANGELIST, by Thomas Baker, B.D., Ejected Fellow. Edited 
by John E. B. Mayor, M.A. Two Vols. Demy 8vo. 24J. 

HISTORY OF NEPAL, translated by MuNSHi Shew 
Shunker Singh and Pandit ShrI Gunanand; edited with an 
Introductory Sketch of the Country and People by Dr D. Wright, 
late Residency Surgeon at Kathmandu, and with facsimiles of native 
drawings, and portraits of Sir Jung Bahadur, the King of Nepal, 
&c. Super-royal 8vo. loj. bd. 

KINSHIP AND MARRIAGE IN EARLY ARABIA, 
by W. Robertson Smith, M.A, LL.D., Professor of Arabic and 
Fellow of Christ's College. Crown 8vo. Ts. 6d. 

"It would be superfluous to praise a book early history can afford to be v/\t.\io\i\. Kiitship 
so learned and masterly as Professor Robertson in Early Arabia." — Nature. 
Smith's : it is enough to say that no student of 

TRAVELS IN ARABIA DESERTA IN 1876 AND 
1877. By Charles M. Doughty, of Gonville and Caius College. 
With Illustrations and a Map. 2 vols. Demy 8vo. ^3. 3J. 

"This is in several respects a remarkable *'We judge this book to be the most re- 
book. It records the ten years* travels of the markable record of adventure and research 
author throughout Northern Arabia, in the which has been published to this generation." 
Hejas and Ncjd, from Syria to Mecca. No — Spectator. 

doubt this region has been visited by previous *' Its value as a storehouse of knowledge 

travellers, but none, we venture to think, have simply cannot be exaggerated." — Saturday 

done their work with so much thoroughness or Review. 
with more enthusiasm and love." — Times. 
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A JOURNEY OF LITERARY and ARCH^OLOGICAL 
RESEARCH IN NEPAL AND NORTHERN INDIA, during 
the Winter of 1884-5. ^y Cecil Bendall, M.A., Professor of 
Sanskrit in University College, London. Demy 8vo. loj. 

THE CONSTITUTION OF CANADA. By J. E. C. 
MuNRO, LL.M., Professor of Law and Political Economy at Vic- 
toria University, Manchester. Demy 8vo. \os. 



CAMBRIDGE HISTORICAL ESSAYS. 

POLITICAL PARTIES IN ATHENS DURING THE 
PELOPONNESIAN WAR, by L. Whibley, M.A., FeUow of 
Pembroke College, Cambridge. (Prince Consort Dissertation, 1888.) 
Second Edition. Crown 8vo. is. 6d. 

POPE GREGORY THE GREAT AND HIS RELA- 
TIONS WITH GAUL, by F. W. Kellett, M.A., Sidney Sussex 
College. (Prince Consort Dissertation, 1888.) Crown 8vo. 2s. 6d. 

THE CONSTITUTIONAL EXPERIMENTS OF THE 
COMMONWEALTH, being the Thirlwall Prize Essay for 1889, 
by E. JENKS, B.A., LL.B., Fellow of King's College, Cambridge. 
Crown 8vo. 2s. 6d. 
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THE LITERARY REMAINS OF ALBRECHT DURER, 

by W. M. Conway. With Transcripts from the British Museum 
MSS., and Notes by Lina Eckenstein. Royal 8vo. 21s. {The 
Editioji is limited to 500 copies^ 

GRAY AND HIS FRIENDS. Letters and Relics in great 
part hitherto unpublished. Edited by the Rev. D. C. Tovey, M.A. 

\In the Press. 

A LATIN-ENGLISH DICTIONARY. Printed from the 
(Incomplete) MS. of the late T. H. Key, M.A., F.R.S. Cr.4to. 31s. 6d. 

THE COLLECTED PAPERS OF HENRY BRAD- 
SHAW, including his Memoranda and Communications read before 
the Cambridge Antiquarian Society. IVitk 13 facsimiles. Edited 
by F. J. H. JENKINSON, M.A., Fellow of Trinity College. Demy 
8vo. i6j. 

THE LATIN HEPTATEUCH. Publislied piecemeal by 
the French printer William Morel (1560) and the French Bene- 
dictines E. Martene (1733) and J. B. Pitra (1852—88). Critically 
reviewed by JOHN E. B. Mayor, M.A., Professor of Latin in the 
University of Cambridge. Demy 8vo. loj. dd. 

A CATALOGUE OF ANCIENT MARBLES IN GREAT 
BRITAIN, by Prof. Adolf Michaelis. Translated by C. A. M. 
Fennell, Litt. D. Royal 8vo. Roxburgh (Morocco back), £,2. 2s. 

"The book is beautifully executed, and with grateful to the Syndics of the University Press 

its few handsome plates, and excellent indexes, for the liberal facilities afibrded by them to- 

does much credit to the Cambridge Press. All wards the production of this important volume 

lovers of true art and of good work should be by Professor Michaelis."— 6'rt^;<r</ay Revunv. 
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CONTRIBUTIONS TO THE TEXTUAL CRITICISM 
OF THE DIVINA COMMEDIA. Including the complete col- 
lation throughout the Inferno of all the MSS. at Oxford and Cam- 
bridge. By the Rev. Edward Moore, D.D. Demy 8vo. i\s. 

RHODES IN ANCIENT TIMES. By Cecil Torr. M.A. 
With six plates. Demy 8vo. \os. 6d. 

RHODES IN MODERN TIMES. By the same Author. 
With three plates. Demy 8vo. 8j. 

THE WOODCUTTERS OF THE NETHERLANDS 
during the last quarter of the Fifteenth Century. In 3 parts. I. His- 
tory of the Woodcutters. II. Catalogue of their Woodcuts. III. List of 
Books containing Woodcuts. By W. M. Conway. Demy 8vo. los. 6d. 

THE LITERATURE OF THE FRENCH RENAIS- 
SANCE. An Introductory Essay. By A. A. Tilley, M.A. Cr. 8vo. 6s. 

FROM SHAKESPEARE TO POPE: an Inquiry into 
the causes and phenomena of the rise of Classical Poetry in England. 
Bv Edmund Gosse, M.A. Crown 8vo. 6s. 

CHAPTERS ON ENGLISH METRE. By Rev. JOSEPH 
B. Mayor, M.A. Demy 8vo. 7^-. 6d. 

A GRAMMAR OF THE IRISH LANGUAGE. By Prof. 
WINDISCH. Translated by Dr Norman MoORE. Crown 8vo. 'js.6d. 

LECTURES ON TEACHING, delivered in the University 
of Cambridge in the Lent Term, 1880. By J. G. Fitch, M.A., LL.D. 
Her Majesty's Inspector of Training Colleges. Cr. 8vo. New Edit. 5^. 

"Mr Fitch's book covers so wide a field best existing z'arf^ w^ckwz for the teacher." — 
and touches on so many burning questions that Pall Mall Gazette. 
we must be content to recommend it as the 

LECTURES ON THE GROWTH AND MEANS OF 
TRAINING THE INTELLECTUAL FACULTY, delivered in the 
University of Cambridge. By Francis Warner, M.D., F.R.C.P. 
Crown 8vo. 45-. 6d. 

OCCASIONAL ADDRESSES ON EDUCATIONAL 
SUBJECTS. By S. S. Laurie, M.A., LL.D. Crown 8vo. jj. 

A MANUAL OF CURSIVE SHORTHAND. By H. L. 

Callendar, M.A., Fellow of Trinity College. Ex. Fcap. 8vo. 2s. 

A SYSTEM OF PHONETIC SPELLING ADAPTED 
TO ENGLISH. By H. L. Callendar, M.A. Ex. Fcap. 8vo. 6d. 

A PRIMER OF CURSIVE SHORTHAND. By H. L. 
Callendar, M.A. Ex. Fcap. 8vo. 6d. 

ESSAYS FROM THE SPECTATOR IN CURSIVE 
SHORTHAND. By H. L. Callendar, M.A. Ex. Fcap. 8vo. 6d. 

READING PRACTICE IN CURSIVE SHORTHAND. 
Easy Extracts for Beginners. The Gospel according to St Mark, 
(First half). The Vicar of Wakefield. Chaps. I.— V. Alice in 
Wonderland. Chap. VII. 3^. each. 

For other books on Education, see Pitt Press Series, p. 39. 
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STUDIES IN THE LITERARY RELATIONS OF 
ENGLAND WITH GERMANY IN THE SIXTEENTH 
CENTURY. By C. H. Herford, M.A. Crown 8vo. gs. 

ADMISSIONS TO GONVILLE AND CAIUS COLLEGE 
in the University of Cambridge March 1558—9 to Jan. 1678—9. 
Edited by J. Venn, Sc.D., and S. C. Venn. Demy 8vo. io.r. 

ECCLESIAE LONDINO-BATAVAE ARCHIVVM. 
ToMvs Primvs. Abraham! Ortelii at virorum eruditorum ad 
eundem et ad Jacobvm Colivm Ortelianvm Epistulae, 1524— 
1628. Tonys Secvndvs. EPISTVLAE ET TRACTATVS cum 
Reformationis turn Ecclesiae Londino-Batavae Historiam Illustrantes 
1544 — 1622. Ex autographis mandante Ecclesia Londino-Batava 
edidit Joannes Henricvs Hessels. Demy 4to. Each volume, 
separately, ^3. I Oj'. Taken together ^5. 5^. Nei. 

CATALOGUE OF THE HEBREW MANUSCRIPTS 
preserved in the University Library, Cambridge. By Dr S. M. 
SCHlLLER-SziNESSY. Volume I. containing Section I. TAe Holy 
Scriptures ; Section 11. Commentaries on the Bible. Demy 8vo. gj. 

A CATALOGUE OF THE MANUSCRIPTS preserved 
in the Library of the University of Cambridge. Demy 8vo. 5 Vols. 
los. each. INDEX TO THE CATALOGUE. Demy 8vo. loj. 

A CATALOGUE OF ADVERSARIA and printed books 
preserved in the Library of the University of Cambridge. 3^-. 6d. 

THE ILLUMINATED MANUSCRIPTS IN THE Li- 
brary of the Fitzwilliam Museum, Catalogued with Descriptions, and 
an Introduction, by W. G. Searle, M.A. Demy 8vo. -js. 6d. 

A CHRONOLOGICAL LIST OF THE GRACES, 

Documents, and other Papers in the University Registry which 
concern the University Library. Demy 8vo. 2s. 6d. 

CATALOGUS BIBLIOTHECiE BURCKHARDTIAN^E. 
Demy 4to. 5 J. 

GRADUATI CANTABRIGIENSES : SIVE CATA- 
LOGUS exhibens nomina eorum quos gradu quocunque ornavit 
Academia Cantabrigiensis (1800—1884). Cura H. R. Luard S. T. P. 
DemySvo. 12s. 6d. 

STATUTES OF THE UNIVERSITY OF CAMBRIDGE 
and for the Colleges therein, made, published and approved (1878 — 
1882) under the Universities of Oxford and Cambridge Act, 1877. 
With an Appendix. Denay 8vo. i6j. 

STATUTES OF THE UNIVERSITY OF CAMBRIDGE. 
With Acts of Parliament relating to the University. 8vo. 3^. 6d. 

ORDINANCES OF THE UNIVERSITY OF CAM- 
BRIDGE. Demy 8vo., cloth, ys. 6d. 

TRUSTS, STATUTES AND DIRECTIONS afifecting 
(i) The Professorships of the University. (2) The Scholarships 
and Prizes. (3) Other Gifts and Endowments. Demy 8vo. 5^. 

COMPENDIUM of UNIVERSITY REGULATIONS. 6d. 
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Cfje Camijvttijjc B3t^)Ie for 

General Editor : The Very Reverend J. J. S. Perowne, D.D., 
Dean of Peterborough. 



" It is dlfiicult to commend too highly this excellent series.'' — Guardian. 

" The modesty of the general title of this scries has, wc believe, led many to misunderstand 
its character and underrate its value. The books are well suited for study in the upper forms of 
our best schools, but not the less are they adapted to the wants of all Bible students who are not 
specialists. We doubt, indeed, whether any of the numerous popular commentaries recently 
issued in this country will be found more serviceable for general use." — Academy. 

*' One of the most popular and useful literary enterprises of the nineteenth century." — Baptist 
Magazine. 

" Of great value. The whole series of comments for schools is highly esteemed by students 
capable of forming a judgment. The books are scholarly without being pretentious : information 
is so given as to be easily understood." — Sword and Trtrwel. 

The Very Reverend J. J. S. Perowne, D.D., Dean of Peterborough, has 
undertaken the general editorial supervision of the vifork, assisted by a staff of 
eminent coadjutors. Some of the books have been already edited or undertaken 
by the following gentlemen : 

Rev. A. Carr, yi.A.., late Assistant Master at Wellington College. 

Rev. T. K. Cheyne, M.A., D.D., Canon of Rochester. 

Rev. S. Cox, Nottingham. 

Rev. A. B. Davidson, D.D., Professor of Hebrew, Edinburgh. 

The Ven. F. W. Farrar, D.D., Archdeacon of Westminster. 

Rev. C. D. GiNSBURG, LL.D. 

Rev. A. E. Humphreys, M.A., late Fellow of Trinity College, Cambridge. 

Rev. A. F. KiRKPATRiCK, B.D., Fellow of Trinity College, Regius Professor 

of Hebrew. 
Rev. J. J. Lias, M.A., late Professor at St David's College, Lampeter. 
Rev. J. R. LUMBY, D.D., Norrisian Professor of Divinity. 
Rev. G. F. Maclear, D.D., Warden of St Augustine's College, Canterbury. 
Rev. H. C. G. Moule, M.A., late Fellow of Trinity College, Principal of 

Ridley Hall, Cambridge. 
Rev. E. H. Perowne, D.D., Master of Corpus Christi College, Cambridge. 
The Ven. T. T. Perowne, B.D., Archdeacon of Norwich. 
Rev. A. Plummer, M.A., D.D., Master of University College, Durham. 
The Very Rev. E. H. Plumptre, D.D., Dean of Wells. 
Rev. H. E. Ryle, M.A., Hulsean Professor of Divinity. 
Rev. W. SiMCOX, M.A., late Rector of Weyhill, Hants. 
W. Robertson Smith, M.A., Professor of Arabic and Fello^o of Christ's 

College. 
The Very Rev. H. D. M. Spence, M.A., Dean of Gloucester. 
Rev. A. W. Streane, M.A., Fellow of Corpus Christi College, Cambridge. 
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THE CAMBRIDGE BIBLE FOR SCHOOLS & COLLEGES. Cont. 

Now Ready. Cloth, Extra Fcap. Svo. 
THE BOOK OF JOSHUA. By the Rev. G. F. Maclear, D.D. 

With 2 Maps. 2s. 6d. 

THE BOOK OF JUDGES. By the Rev. J. J. Lias, M.A. 

With Map. y. 6d. 
THE FIRST BOOK OF SAMUEL. By the Rev. Professor 

KiRKPATRiCK, B.D. With Map. 3^. 6d. 
THE SECOND BOOK OF SAMUEL. By the Rev. Professor 

KIRKPATRICK, B.D. With 2 Maps. 3^. 6d. 
THE FIRST BOOK OF KINGS. By Rev. Prof Lumbv, D.D. 3^. 6d. 
THE SECOND BOOK OF KINGS. By the same Editor. 35. 6d. 
THE BOOK OF JOB. By the Rev. A. B. Davidson, D.D. 5^. 
THE BOOK OF ECCLESIASTES. By the Very Rev. E. H. 

Plumptre, D.D. 5J-. 
THE BOOK OF JEREMIAH. By the Rev. A. W. Streane, 

M.A. With Map. 4J. 6d. 

THE BOOK OF HOSEA. By Rev. T. K. Chevne, M.A, D.D. 3X. 
THE BOOKS OF OBADIAH AND JONAH. By Archdeacon 

Perowne. 2s. (>d. 
THE BOOK OF MICAH. By Rev. T. K. Cheyne, D.D. \s. dd. 
THE BOOKS OF HAGGAI, ZECHARIAH AND MALACHI. 

By Archdeacon Perowne. y. 6d. 
THE BOOK OF MALACHI. By Archdeacon Perowne. is. 
THE GOSPEL ACCORDING TO ST MATTHEW. By the 

Rev. A. Carr, M.A. With 2 Maps. 2J-. 6d. 
THE GOSPEL ACCORDING TO ST MARK. By the Rev. 

G. F. Maclear, D.D. With 4 Maps. 2s. 6d. 
THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon 

F. W. Farrar. With 4 Maps. \s. 6d. 
THE GOSPEL ACCORDING TO ST JOHN. By the Rev. 

A. Plummer, M.A., D.D. With 4 Maps. 4s. 6d. 
THE ACTS OF THE APOSTLES. By the Rev. Professor 

LuMBY, D.D. With 4 Maps. 4J. 6d. 
THE EPISTLE TO THE ROMANS. By the Rev. H. C. G. 

Moule, M.A. 3J^. 6d. 
THE FIRST EPISTLE TO THE CORINTHIANS. By the Rev. 

J. J. Lias, M.A. With a Map and Plan. 2s. 
THE SECOND EPISTLE TO THE CORINTHIANS. By the 

Rev. J. J. Lias, M.A. 2s. 
THE EPISTLE TO THE EPHESIANS. By the Rev. H. C G. 

Moule, M.A. 2^. 6d. 
THE EPISTLE TO THE PHILIPPIANS. By the Rev. H. C. G. 

Moule, M.A. 2^. 6d. 
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THE CAMBRIDGE BIBLE FOR SCHOOLS & COLLEGES. Cont. 

THE EPISTLE TO THE HEBREWS. By Arch. Farrar. 3^. dd. 
THE GENERAL EPISTLE OF ST JAMES. By the Very Rev. 

E. H. Plumptre, D.D. is. 6d. 
THE EPISTLES OF ST PETER AND ST JUDE. By the 

same Editor, is. 6d, 

THE EPISTLES OF ST JOHN. By the Rev. A. Plummer, 
.M.A., D.D. 3J. 6d. 

Preparing. 

THE BOOK OF GENESIS. By the Very Rev. the Dean of 
Peterborough. 

THE BOOKS OF EXODUS, NUMBERS AND DEUTERO- 
NOMY. By the Rev. C. D. Ginsburg, LL.D. 

THE BOOKS OF EZRA AND NEHEMIAH. By the Rev. 
Prof. Ryle, M.A. 

THE BOOK OF PSALMS. By the Rev. Prof. Kirkpatrick, B.D. 

THE BOOK OF ISAIAH. By Prof. W. Robertson Smith, M.A. 

THE BOOK OF EZEKIEL. By the Rev. A. B. Davidson, D.D. 

THE EPISTLE TO THE GALATIANS. By the Rev. E. H. 
Perowne, D.D. 

THE EPISTLES TO THE COLOSSIANS AND PHILEMON. 

By the Rev. H. C. G. MOULE, M.A. 

THE EPISTLES TO TIMOTHY AND TITUS. By the Rev. 

A. E. Humphreys, M.A. 

THE BOOK OF REVELATION. By the Rev. W. Simcox, M.A. 



CIk Smaller Cambritfge 35ible iot ^cboolsf* 

The Smaller Cambridge Bible for Schools will form an entirely new 
series of commentaries on some selected books of the Bible. It is expected that they 
will be prepared for the most part by the Editors of the larger series ( The Cambridge 
Bible for Schools and Colleges). The volumes will be issued at a low price, and will 
be suitable to the requirements of preparatory avd elementary schools. 

Now ready. Price \s. each. 

THE FIRST AND SECOND BOOKS OF SAMUEL. By 
Rev. Prof. Kirkpatrick, B.D. 

THE GOSPEL ACCORDING TO ST MATTHEW. By Rev. 
A. Carr, M.A. 

THE GOSPEL ACCORDING TO ST MARK. By Rev. 
G. F. Maclear, D.D. 

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon 
Farrar, D.D. 



London : C. J. Cla v (Sr» Sons, Cambridge University Press Warehouse, 
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CJ)€ Camfarftffe <§retfe Cestamcnt for ^cftools 
anl) Colltffts!, 

with a Revised Text, based on the most recent critical authorities, and 

English Notes, prepared under the direction of the General Editor, 

The Very Reverend J. J. S. PEROWNE, D.D. 

Now Ready. 
THE GOSPEL ACCORDING TO ST MATTHEW. By the 

Rev. A. Carr, M.A. With 4 Maps. 4J. 6d. 

'* Copious illustrations, gathered from a great variety of sources, make his notes a very valu- 
able aid to the student. They are indeed remarkably interesting, while all explanations on 
meanings, applications, and the like are distinguished by their lucidity and good sense "— 
Pall Mall Gazette, 

THE GOSPEL ACCORDING TO ST MARK. By the Rev. 
G. F. Maclear, D.D. With 3 Maps. 4J. ^d. 

*'The Cambridge Greek Testament, of which Dr Maclear's edition of the Gospel according to 
St Mark is a volume, certainly supplies a want. Without pretending to compete with the leading 
commentaries, or to embody very much original research, it forms a most satisfactory introduction 
to the study of the New Testament in the original . . . Dr Maclear's introduction contains all that 
is known of St Mark's life, an account of the circumstances in which the Gospel was composed, 
an excellent sketch of the special characteristics of this Gospel ; an analysis, and a chapter on the 
text of the New Testament generally . . . The work is completed by three good -ai-a-ys.^'— Satur- 
day Revieiu. 

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon 
Farrar. With 4 Maps. 6s. 

THE GOSPEL ACCORDING TO ST JOHN. By the Rev. A. 
Plummer, M.A., D.D. With 4 Maps. 6j. 

"A valuable addition has also been made to *The Cambridge Greek Testament for Schools/ 
Dr Plummer's notes on * the Gospel according to St John * are scholarly, concise, and instructive, 
and embody the results of much thought and wide reading." — Expositor. 

THE ACTS OF THE APOSTLES. By the Rev. Prof. Lumby, D.D., 
with 4 Maps. 6s. 

THE FIRST EPISTLE TO THE CORINTHIANS. By the 
Rev. J. J. Lias, M.A. ^s. 

THE SECOND EPISTLE TO THE CORINTHIANS. By the 
Rev. J. J. Lias, M.A. [Preparing. 

THE EPISTLE TO THE HEBREWS. By Arch. Farrar, D.D. 
3J. 6d. 

THE EPISTLES OF ST JOHN. By the Rev. A. Plummer, 

M.A., D.D. 4.r. 
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THE PITT PRESS SERIES. 

{^Copies of the Pitt Press Series may generally be obtained bound in two parts for 
Class use, the text and notes in separate volumes.} 

I. GREEK. 

ARISTOPHANES— AVES—PLUTUS—RANAE. With 

English Notes and Introduction by W. C. Green, M.A., late Assistant 
Master at Rugby School, is. td. each. 

EURIPIDES. HERACLEID^. With Introduction and 
Explanatory Notes by E. A, Beck, M.A., Fellow of Trinity Hall. 3^. (td. 

EURIPIDES. HERCULES FURENS. With Intro- 
ductions, Notes and Analysis. By A. Gray, M.A., Fellow of Jesus College, 
and J. T. Hutchinson, M.A., Christ's College. New Edition, is. 

EURIPIDES. HIPPOLYTUS. By W. S. Hadley, M.A. 

Fellow of Pembroke College, is. 

EURIPIDES. IPHIGENEIA IN AULIS. By C. E. S. 

Headlam, B.A., Fellow of Trinity Hall. is. 6d. 

HERODOTUS, Book V. Edited with Notes, Introduction 

and Maps by E. S. Shuckburgh,M. A., late Fellow of Emmanuel College. 3^-. 

HERODOTUS, Book VI. By the same Editor. 4s. 
HERODOTUS, Book VIII., Chaps. 1—90. By the same 

Editor, y. 6d. 
" We could not wish for a better introduction to Herodotus.*' — yourtial of Education. 

HERODOTUS, Book IX., Chaps. 1—89. By the same 

Editor. 3J. 6(/. 

HOMER— ODYSSEY, Books IX. X. With Introduction, 
Notes end Appendices. By G. M. Edwards, M.A., Fellow and Classical 
Lecturer of Sidney Sussex College, is. dd. each. 

HOMER— ODYSSEY, Book XXI. By the same Editor. 2s. 

LUCIANI SOMNIUM CHARON PISCATOR ET DE 

LUCTU, with English Notes by W. E. Heitland, M.A., Fellow of 
St John's College, Cambridge. New Edition, with Appendix, y. (td. 

PLATONIS APOLOGIA SOCRATIS. With Introduction, 

Notes and Appendices by J. Adam, M.A., Fellow and Classical Lecturer of 
Emmanuel College, -jj. (id. 
"A worthy representative of English Scholarship.*' — Classical Review. 

CRITO. With Introduction, Notes and Appendix. 

By the same Editor, is. dd. 

'* Mr Adam, already known as the author of a careful and scholarly edition of the Apology 
of Plato, will, we think, add to his reputation by his work upon the Crito." — Academy. 

"A scholarly edition of a dialogue which has never been really well edited in English." — 
Guardian. 

EUTHYPHRO. By the same Editor. 2s. 6d. 
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PLUTARCH. LIVES OF THE GRACCHI. With Intro- 

duction. Notes and Lexicon by Rev. Hubert A. Holden, M.A., LL.D. 6s. 

PLUTARCH. LIFE OF NICIAS. With Introduction 
and Notes. By Rev. Hubert A. Holden, M.A., LL.D. 5^. 
'*This edition is as careful and thorough as Dr Holden's work always is"— Spectator. 

PLUTARCH. LIFE OF SULLA. With Introduction, 
Notes, and Lexicon. By the Rev. Hubert A. Holden, M.A., LL.U. 6s. 

PLUTARCH. LIFE OF TIMOLEON. With Introduc- 
tion, Notes and Lexicon. By Rev. Hubert A. Holden, M.A., LL.D. 6s. 

SOPHOCLES.— OEDIPUS TYRANNUS. School Edition, 

with Introduction and Commentary, by R. C. JEBB, Litt. D. , LL.D., Regius 
Professor of Greek in the University of Cambridge. 4^. 6d. 

THUCYDIDES. Book VII. With Notes and Introduction. 
By H. R. Tottenham, M.A., Fellow of St John's College. [/« the Press. 

XENOPHON.— AGESILAUS. The Text revised with 

Critical and Explanatory Notes, Introduction, Analysis, and-Indices. By 
H. Hailstone, M.A., late Scholar of Peterhouse. is. 6d. 

XENOPHON.— ANABASIS, Books I. III. IV. and V. 

With a Map and English Notes by Alfred Pretor, M.A., Fellow of 

St Catharine's College, Cambridge, is. each. 
"Mr Pretor's 'Anabasis of Xenophon, Book IV.' displays a union of accurate Cambridge 
scholarship, with experience of what is required by learners gained in examining middle-class 
schools. The text is large and clearly printed, and the notes explain all difficultie:?. . . . Mr 
Pretor's notes seem to be all that could be wished as regards grammar, geography, and other 
matters." — The Acadetny. 

BOOKS II. VI. and VII. By the same. 2s. 6d. each. 

"Had we to introduce a young Greek scholar to Xenophon> we should esteem ourselves 
fortunate in having Pretor's text-book as our chart and guide." — Conie^nporary Review. 

XENOPHON.— ANABASIS. By A. Pretor, M.A., Text 

and Notes, complete in two Volumes. 7^. 6d. 

XENOPHON.— CYROPAEDEIA. Books I. IL With In- 
troduction, Notes and Map. By Rev. H. A. Holden, M.A., LL.D. 
1 vols. Vol. I. Text. Vol. II. Notes. 6s. 
" The work is worthy of the editor's well-earned reputation for scholarship and industry.** — 

Atluiueum. 

Books III., IV., V. By the same Editor. Sj. 

*' Dr Holden*s Commentary is equally good in history and in scholarship," — Saturday Review. 

Book VI. By the same Editor. [Nearly ready. 



II. LATIN. 

BEDA'S ECCLESIASTICAL HISTORY, BOOKS 

III., IV., the Text from the very ancient MS. in the Cambridge University 
Library, collated with six other MSS. Edited, with a life from the German of 
Ebert, and with Notes, &c. by J. E. B. Mayor, M.A., Professor of Latin, 
and J. R, Lumby, D.D., Norrisian Professor of Divinity. Revised edition. 
7-r. 6a'. Books I. and II. In the Press, 

"In Bede*s works Englishmen can go back to origines of their history, unequalled for 
form and matter by any modern European nation. Prof. Mayor has done good service in ren- 
dering a part of Bede's greatest work accessible to those who can read Latin with ease. He 
has adorned this edition of the third and fourth books of the * Ecclesiastical History' with that 
amazing erudition for which he is unrivalled among Englishmen and rarely equalled by Germans. 
And however interesting and valuable the text may be, we can certainly apply to his notes 
the expression. La sauce vaut mieujc que le poisson. They are literally crammed with interest- 
ing information about early English life. For though ecclesiastical in name, Bede's history treats 
of all parts of the national life, since the Church had points of contact with all." — Examiner. 

London : C. J. Cla y &= Sons, Cambridge University P^-css Warehouse, 
Ave Maria La77e, 



32 PUBLICATIONS OF 



CAESAR. DE BELLO GALLICO COMMENT. I. With 

Maps and English Notes by A. G. Peskett, M.A., Fellow of Magdalene 
College, Cambridge. \s. dd. 

CAESAR. DE BELLO GALLICO COMMENT. II. III. 

By the same Editor, is. 

CAESAR. DE BELLO GALLICO COMMENT. I. II. III. 

by the same Editor. 3^. 

CAESAR. DE BELLO GALLICO COMMENT. IV. and V. 

and COMMENT. VII. by the same Editor, is. each. 

.CAESAR. DE BELLO GALLICO COMMENT. VI. and 

COMMENT. VIII. by the same Editor. \s. td. each. 

CAESAR. DE BELLO CIVILI COMMENT. I. by the 

same Editor. [/« the Press. 

CICERO. ACTIO PRIMA IN C. VERREM. With 

Introduction and Notes. By H. CowiE, M.A., Fellow of St John's College, 
Cambridge. \s. 6d. 

CICERO. DE AMICITIA- Edited by J. S. Reid, Litt.D., 

Fellow and Tutor of Gonville .ind Caius College. New Edition. 3^. 6d, 
"Mr Reid has decidedly attained his aim, namely, 'a thorough examination of the Latinity 

of the dialogue.* The revision of the text is most valuable, and comprehends sundry 

acute corrections. . . . This volume, like Mr Reid's other editions, is a solid gain to the scholar- 
ship of the country." — Atheiueum. 

**A more distinct gain to scholarship is Mr Reid's able and thorough edition of the De 
Aftticiiid of Cicero, a work of which, whether we regard the exhaustive introduction or the 
instructive and most suggestive commentary, it would be difficult to speak too highly. . . . When 
we come to the commeniary, we are only amazed hy its fulness in proportion to its bulk. 
Nothing IS overlooked which can tend to enlarge the learner's general knowledge of Ciceronian 
Latin or to elucidate the text."— Saturday Review. 

CICERO. DE SENECTUTE. Edited by J. S. Reid, 

Litt.D. Revised Edition, ^s. 6d. 

** The notes are excellent and scholarlike, adapted for the upper forms of public schools, and 
ikcly to be useful even to more advanced students." — Guardiati, 

CICERO. DIVINATIO IN Q. CAECILIUM ET ACTIO 

PRIMA IN C. VERREM. With Introduction and Notes by W. E. 
Heitland, M.A., and Herbert Cowie, M.A., Fellows of St John's 
College, Cambridge. 3^. 

CICERO. PHILIPPICA SECUNDA. With Introduction 
and Notes by A. G. Peskett, M.A., Fellow of Magdalene College, y. 6d. 

CICERO. PRO ARCHIA POETA. Edited by J. S. Reid, 

Litt.D. Revised Edition, is. 
'* It is an admirable specimen of careful editing. An Introduction tells us everything we could 
wish to know about Archias, about Cicero's connexion with him, about the merits of the trial and 
the genuineness of the speech. The text is well and carefully printed. The notes are clear and 
scholar-like. . , . No boy can master this little volume without feeling that he has advanced a long 
step in scholarship." — Tke AcadeTtiy. 

CICERO. PRO BALBO. Edited by J. S. Reid, Litt.D. 

\s. 6d, 

** We are bound to recognize the pains devoted in the annotation of these two orations to the 
minute and thorough study of their Latinity, both in the ordinary notes and in the textual 
appendices." — Saturday Review. 
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CICERO. PRO MILONE, with a Translation of Asconius' 

Introduction, Marginal Analysis and English Notes. Edited by the Kev. 
John Smyth Purton, B.D., late President and Tutor of St Catharine's 
College. IS. 6d. 

"The editorial work is excellently done." — Tlu Acadetny. 

CICERO. PRO MURENA. With English Introduction 

and Notes. By W, E. Heitland. M.A., Fellow and Classical Lecturer 

of St John's College, Cambridge. Second Edition, carefully revised. 3^. 

"Those students are to be deemed fortunate who have to read Cicero's lively and brilliant 

oration for L. Murena with Mr Heitland's handy <:dition, which may be pronounced ' four-square * 

in point of equipment, and which has, not without good reason, attained the honours of a 

second edition." — Saturday Revie-w. 

CICERO. PRO PLANCIO. Edited by H. A. Holden, 

LL.D., Examiner in Greek to the University of London. Second Edition. 
4i-. dd. 

CICERO. PRO SULLA. Edited by J. S. Reid, Litt.D. 
3J. dd. 

" Mr Reid is so well known to scholars as a commentator on Cicero that a new work from him 
scarcely needs any commendation of ours. His edition of the speech Pro Sulla is fully equal in 
merit to the volumes which he has already published ... It would be difficult to speak too highly 
of the notes. There could be no better way of gaining an insight into the characteristics of 
Cicero's style and the Latinity of his period than by making a careful study of this speech with 
the aid of Mr Reid's commentary . . . Mr Reid's intimate knowledge of the minutest details of 
scholarship enables hini to detect and explain the slightest points of distinction between the 
usages of different authors and diflerent periods . . . The notes are followed by a valuable 
appendix on the text, and another on points of orthography; an excellent index brings the work 
to a close." — Saturday Review. 

CICERO. SOMNIUM SCIPIONIS. With Introduction 
and Notes. By W. D. Pearman, M.A., Head Master of Potsdam School, 
Jamaica, ^s. 

HORACE. EPISTLES, Book I. With Notes and Intro- 
duction by E. S. Shuckburuh, M.A. is. dd. 

LIVY. Book IV. With Notes and Introduction, by 
Rev. H. M. Stephenson, M.A. 2j. 6a'. 

LIVY. Book V. With Notes and Introduction by L. 

Whibley, M. A., Fellow of Pembroke College, is. 6d., [Shortly. 

LIVY. Books XXL, XXII. With Notes, Introduction and 

Maps. By M. S. DiMSDALE, M. A., Fellow of King's College, is. 6d. ea.ch. 

LUCAN. PHARSALIA LIBER PRIMUS. Edited with 

English Introduction and Notes by W. E. Heitland, M.A. and C. E. 
Haskins, M.A., Fellows and Lecturers of St John's College, Cambridge. 
IS. 6d. 
'*A careful and scholarlike production." — Times. 

'* In nice parallels of Lucan from Latin poets and from Shakspeare, Mr Haskins and Mr 
Heitland deserve praise." — Saturday Revie-w. 

LUCRETIUS. Book V. With Notes and Introduction by 
J. D. Duff, M.A., Fellow of Trinity College, is. 

OVID. FASTI. Liber VI. With a Plan of Rome and 

Notes by A. Sidgwick, M.A., Tutor of Corpus Christi College, Oxford. 

is. 6d. 

'* Mr Sidgwick's editing of the Sixth Book of Ovid's Fasti furnishes a careful and serviceable 

volume for average students. It eschews ' construes ' which supersede the use of the dictionary, 

but gives full explanation of grammatical usages and historical and mythical allusions, besides 

illustrating peculiarities of style, true and false derivations, and the more remarkable variations of 

the text." — Saturday Review. 
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QUINTUS CURTIUS. A Portion of the History. 

(Alexander in India.) By W. E. Heitland, M. A., Fellow and Lecturer 

of St John*s College, Cambridge, and T. E. Raven, B.A., Assistant Master 

in Sherborne School. 35. 6</. 

"Equally commendable as a genuine addition Co the existing stock of school-books is 

AUxatider in India, a compilation from the eighth and ninth books of Q. Curtius, edited for 

the Pitt Press by Messrs Heitland and Raven. . . . The work of Curtius has merits of its 

own, which, in former generations, made it a favourite with English scholars, and which still 

make it a popular text-book in Continental schools The reputation of Mr Heitland is a 

sufficient guarantee for the scholarship of the notes, which are ample without being excessive, 
and the book is well furnished with all that is needful in the nature of maps, indices, and 
appendices." —Academy. 

VERGIL. AENEID. Libri L, IL, III., IV., V., VI., VIL 

VIII., IX., X., XI., XII. Edited with Notes by A. Sidgwick, M.A., 
Tutor of Corpus Christi College, Oxford, is. 6d. each. 

" Mr Sidgwick's Vergil is we believe, the best school edition of the poet." — Guardian. 

'* Mr Arthur Sidgwick's ' Vergil, Aeneid, Book XII.* is worthy of his reputation, and is dis- 
tinguished by the same acuteness and accuracy of knowledge, appreciation of a boy's difficulties 
and ingenuity and resource in meeting them, which we have on other occasions had reason to 
praise in these pages." — The Academy. 

" As masterly in its clearly divided preface and appendices as in the sound and independent 
character of its annotations. . . . There is a great deal more in the notes than mere compilation 
and suggestion No difficulty is left unnoticed or unhzTid\ed.**Saiurdaj/ Heview. 

VERGIL. AENEID. Libri IX. X. in one volume. 3J. 
VERGIL. AENEID. Libri X., XI., XII. in one volume. 

y. 6d. 

VERGIL. BUCOLICS. With Introduction and Notes, by 

the same Editor. i.r. 6d. 

VERGIL. GEORGICS. Libri I. II. By the same 

Editor. «. LiBKl III. IV. is. 

*' This volume, which completes the Pitt Press edition of Virgil's Georgics, is distinguished by 
the same admirable judgment and first-rate scholarship as are conspicuous in the former volume 
and in the "Aeneid" by the same talented editor." — Athenaunt, 

VERGIL. The Complete Works, edited with Notes, by 
A. Sidgwick, M.A., Two vols. Vol. I. containing the Text and Intro- 
duction, y. (>d. Vol. II. The Notes, ^s. dd. 



III. FRENCH. 



CORNEILLE. LA SUITE DU MENTEUR. A Comedy 

in Five Acts. Edited with Fontenelle's Memoir of the Author, Voltaire's 
Critical Remarks, and Notes Philological and Historical. By the late 

GUSTAVE MaSSON. IS, 

DE BONNECHOSE. LAZARE HOCHE. With Four 

Maps, Introduction and Commentary, by C. ColbecK, M.A., late Fellow of 
Trinity College, Cambridge. Revised Edition, is. 

D'HARLEVILLE. LE VIEUX CELIBATAIRE. A 

Comedy. With a Biographical Memoir, and Grammatical, Literary and 
Historical Notes. By Gustave Masson. is. 
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DE LAMARTINE. JEANNE D'ARC. With a Map 

and Notes Historical and Philological and a Vocabulary by Kev. A. C. 
Cl.AriN, M.A., St John's College, Cambridge, and Bachelier-es-Lettres of 
the University of France. Enlarged Edition. 2j. 

DE VIGNY. LA CANNE DE JONC. Edited with Notes 
by Rev. H. A. Bull, M.A. is. 

ERCKMANN-CHATRIAN. LA GUERRE. With Map, 

Introduction and Commentary by the Rev. A. C. Clapin, M.A. 3^. 

LA BARONNE DE STAEL-HOLSTEIN. LE DIREC- 

TOIRE. (Considerations sur la Revolution Franjaise. Troisieme et 

quatrieme parties.) With a Critical Notice of the Author, a Chronological 

Table, and Notes Historical and Philological, by G. Masson, B.A., and 

G. W. Prothero, M.A. Revised and enlarged Edition, is. 

" Prussia under Frederick the Great, and France under the Directory, bring us face to face 

respectively with periods of history which it is right should be known thoroughly, and which 

are well treated in the Pitt Press volumes. The latter in particular, an extract from the 

world-known work of Madame de Stael on the French Revolution, is beyond all praise for 

the excellence both of its style and of its matter." — Times. 

LA BARONNE DE STAEL-HOLSTEIN. DIX AN- 

NEES D'EXIL. Livre II. Chapitres i— 8. With a Biographical 
Sketch of the Author, a Selection of Poetical Fragments by Madame de 
Stael's Contemporaries, and Notes Historical and Philological. By Gustave 
Masson and G. W. Prothero, M.A. Revised and enlarged edition, is. 

LEMERCIER. FREDEGONDE ET BRUNEHAUT. A 

Tragedy in Five Acts. Edited with Notes, Genealogical and Chronological 
Tables, a Critical Introduction and a Biographical Notice. By Gustave 
Masson. is. 

MOLIERE. LE BOURGEOIS GENTILHOMME, Come- 

die-Ballet en Cinq Actes. (1670.) With a life of Moliere and Grammatical 
and Philological Notes. By Rev. A. C. Clapin. Revised Edition. \s. 6ii. 

MOLIERE. L'ECOLE DES FEMMES. Edited with In- 
troduction and Notes by George Saintsbury, M.A. is. 6d. 

** Mr Saintsbury's clear and scholarly notes are rich in illustration of the valuable kind that 
vivifies textual comment and cr\t\ci%m."— Saturday Review. 

MOLIERE. LES PRECIEUSES RIDICULES. With 

Introduction and Notes by E. G. W. Braunholtz, M.A., Ph.D. University 
Lecturer in French, is. 

PIRON. LA METROMANIE, A Comedy, with a Bio- 
graphical Memoir, and Grammatical, Literary and Historical Notes. By 
G. Masson. is. 

RACINE. LES PLAIDEURS. With Introduction and 
Notes by E. G. W. Braunholtz, M.A., Ph.D. is. 

S AINTE-BEUVE. M. DARU (Causeries du Lundi, Vol. IX.). 

With Biographical Sketch of the Author, and Notes Philological and Histo- 
rical. By Gustave Masson. is. 
SAINTINE. LA PICCIOLA. The Text, with Introduc- 
tion, Notes and Map, by Rev. A. C. Clapin. is. 
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SCRIBE AND LEGOUVE. BATAILLE DE DAMES. 

Edited by Rev. H. A. Bull, M.A. ^s. 
SCRIBE. LE VERRE D'EAU. With a Biographical 

Memoir, and Grammatical, Literary and Historical Notes. By C. COLBECK, 

M.A. IS. 
*' It may be national prejudice, but we consider this edition far superior to any of the series 
which hitherto have been edited exclusively by foreigners. MrColbeck seems better to under- 
stand the wants and difficulties of an English boy. The etymological note.*; especially are admi- 
rable. . . . The historical notes and introduction are a piece of thorough honest work," — Journal 
of Education. 

SEDAINE. LE PHILOSOPHE SANS LE SAVOIR. 

Edited with Notes by Rev. H. A. Bull, M.A., late Master at Wellington 
College. 2i. 

THIERRY. LETTRES SUR L'HISTOIRE DE FRANCE 

(XIII.— XXIV.). By GUSTAVE Masson, B.A. and G. W. Prothero, M.A. 
With Map. ^s. 6(i. 

THIERRY. RECITS DES TEMPS MEROVINGIENS 

I — III. Edited by GusTAVE Masson, B.A. Univ. Gallic, and A. R. Ropes, 
M.A. With Map. 3^. 

VILLEMAIN. LASCARIS, ou LES GRECS DU XV^ 

SIjlCLE, Nouvelle Historique, with a Biographical Sketch of the Author, 
a Selection of Poems on Greece, and Notes Historical and Philological. 
By GusTAVE Masson, B.A. is. 

VOLTAIRE. HISTOIRE DU SIECLE DE LOUIS XIV. 

Part I. Chaps. I.— XIII. Edited with Notes Philological and Historical, 
Biographical and Geographical Indices, etc. by G. Masson, B.A. Univ. 
Gallic, and G. W. Prothero, M.A., Fellow of King's College, Cambridge. 
IS. 6d. 

Part II. Chaps. XIV.— XXIV. With Three Maps 

of the Period. By the same Editors, is. 6d. 

Part III. Chap. XXV. to the end. By the same 

Editors, zs. 6d. 

XAVIER DE MAISTRE. LA JEUNE SIBERIENNE. 

LE LfiPREUX DE LA CIT£ D'AOSTE. With Biographical Notice, 
Critical Appreciations, and Notes. By G. Masson, B.A. is. 6d. 



IV. GERMAN. 



BALLADS ON GERMAN HISTORY. Arranged and 

Annotated by W. Wagner, Ph. D., late Professor at the Johanneum, 
Hamburg, is. 

"It carries the reader rapidly through some of the most important incidents connected with 
the German race and name, from the invasion of Italy by the Visigoths under their King Alaric, 
down to the Franco-German War and the installation of the present Emperor. The notes supply 
very well the connecting links between the successive periods, and exhibit in its various phases of 
growth and progress, or the reverse, the vast unwieldy mass which constitutes modem Germany." 
— Timts, 
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BENEDIX. DOCTOR WESPE. Lustspiel in funf Auf- 

ziigen. Edited with Notes by Karl Hermann Breul, M.A. y. 

FREYTAG. DER STAAT FRIEDRICHS DES GROS- 

SEN. With Notes. By Wilhelm Wagner, Ph.D. is. 
GERMAN DACTYLIC POETRY. Arranged and Anno- 

tated by the same Editor. 31. 

©oet^e'g itnabenja^re. (1749—1759.) GOETHE'S BOY- 
HOOD: being the First Three Books of his Autobiography. Arranged 
and Annotated by the same Editor, is. 

GOETHE'S HERMANN AND DOROTHEA. With 

an Introduction and Notes. By the same Editor. Revised edition by J. W. 
Cartmell, M.A. 3J. dd. 

"The notes are among the best that we know, with the reservation that they are often too 
abundant." — Academy. 

GUTZKOW. ZOPF UND SCHWERT. Lustspiel in 

fiinf Aufziigen von. With a Biographical and Historical Introduction, English 
Notes, and an Index. By H. J. Wolstenholme, B.A. (Lond.). 3^. €d. 
"We are glad to be able to notice a careful edition of K. Gutzkow's amusing comedy 
*Zopf and Schwert' by Mr H. J. Wolstenholme. . . . These notes are abundant and contain 
references to standard grammatical works." — Academy. 

HAUFF. DAS BILD DES KAISERS. Edited by Karl 
Hermann Breul, M.A., Ph.D. 3^. 

HAUFF. DAS WIRTHSHAUS LM SPESSART. Edited 

by A. .Schlottmann, Ph.D., late Assistant Master at Uppingham School. 
y. 6d. 

HAUFF. DIE KARA VANE. Edited with Notes by A. 
Schlottmann, Ph. D. 3^. 6d. 

IMMERMANN. DER OBERHOF. A Tale of West- 
phalian Life. With a Life of Imraermann and English Notes, by Wilhelm 
Wagner, Ph.D., late Professor at the Johanneum, Hamburg, y. 

KOHLRAUSCH. t>a6 3ae)r 1813 (The Year 1813). With 

English Notes. By W. Wagner, is. 

LESSING AND GELLERT. SELECTED FABLES. 

Edited with Notes by Karl Hermann Breul, M.A., Lecturer in German 
at the University of Cambridge. 3J. 

MENDELSSOHN'S LETTERS. Selections from. Edited 
by James Sime, M. A. y. 

RAUMER. 'Der crfte ffreujjug (THE FIRST CRUSADE). 

Condensed from the Author's 'History of the Hohenstaufen', with a life of 
Raumer, two Plans and English Notes. By W. Wagner. •jj. 
" Certainly no more interesting book could be made the subject of examinations. The story 
of the First Crusade has an undying interest. The notes are, on the whole, good." — Educational 
Times. 

RIEHL. CULTURGESCHICHTLICHE NOVELLEN. 

With Grammatical, Philological, and Historical Notes, and a Complete 
Index, by H. J. Wolstenholme, B.A. (Lond.). y. 6d. 
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SCHILLER WILHELM TELL. Edited with Intro- 
duction and Notes by Karl Hermann Breul, M.A., Univeraity Lecturer 
in German, ^s. 6ti. 

UHLAND. ERNST, HERZOG VON SCHWABEN. With 

Introduction and Notes. By H. J. Wolstenholme, B.A. (Lond.), 
Lecturer in German at Newnham College, Cambridge, y. 6d. 



V. ENGLISH. 

ANCIENT PHILOSOPHY. A SKETCH OF, FROM 
THALES TO CICERO, by Joseph B. Mayor, M.A. 3J. 6d. 

"Professor Mayor contributes to the Pitt Press Series A Sketch of Ancient Philosophy in 
which he has endeavoured to give a general view of the philosophical systems illustrated by the 
genius of the masters of metaphysical and ethical science from Thales to Cicero. In the course 
of his sketch he takes occasion to give concise analyses of Plato's Republic, and of the Ethics and 
Politics of Aristotle : and these abstracts will be to some readers not the least useful portions of 
the book." — The Guardian. 

ARISTOTLE. OUTLINES OF THE PHILOSOPHY OF. 

Compiled by Edwin Wallace, M.A., LL.D. (St Andrews), late Fellow 
of Worcester College, Oxford. Third Edition Enlarged. 4J. 6d. 
"A judicious selection of characteristic passages, arranged in paragraphs, each of which is 
preceded by a masterly and perspicuous English analysis." — Scotsman. 

"Gives in a comparatively small compass a very good sketch of Aristotle's teaching." — Sat. 
Review. 

BACON'S HISTORY OF THE REIGN OF KING 

HENRY VII. With Notes by the Rev. J. Rawson Lumby, D.D. 3^. 

COWLEY'S ESSAYS. With Introduction and Notes. By 
the Rev. J. Rawson Lumby, D.D., Norrisian Professor of Divinity ; Fellow 
of St Catharine's College. \s. 

MORE'S HISTORY OF KING RICHARD III. Edited 

with Notes, Glossary and Index of Names. By J. Rawson Lumby, D.D. 
to which is added the conclusion of the History of King Richard III. as given 
in the continuation of Hardyng's Chronicle, London, 1543. 3^. dd. 

MORE'S UTOPIA. With Notes by the Rev. J. Rawsok 
I^UMBY, D.D. 3J. 6//. 

" It was originally written in Latin and does not find a place on ordinary bookshelves. A very 
great boon has therefore been conferred on the general EngHsh reader by the managers of the 
Pitt Press Series^ in the issue of a convenient little volume of Move's Utopia not in the original 
Latin, but in the quaint English Translation thereof meule by Raphe Robynson^ which adds a 
linguistic interest to the intrinsic merit of the work. . . , All this has been edited in a most com- 
plete and scholarly fashion by Dr J. R. Lumby, the Norrisian Professor of Divinity, whose name 
alone is a sufficient warrant for its accuracy. It is a real addition to the modem stock of classical 
English literature." — Gitardian. 

THE TWO NOBLE KINSMEN, edited with Intro- 

duction and Notes by the Rev. Professor Skeat, Litt.D., formerly Fellow 
of Christ's College, Camhridge. 3^. 6^. 

*'This edition of a play that is well worth study, for more reasons than one, by so careful a 
scholar as Mr Skeat, deserves a hearty welcome." — Athemeunt. 

"Mr Skeat is a conscientious editor, and has left no difficulty unexplained." — Times. 



VI. EDUCATIONAL SCIENCE. 

COMENIUS. JOHN AMOS, Bishop of the Moravians. His 
Life and Educational Works, by S. S. Laurie, M.A., F.R.S.E., Professor of 
the Institutes and History of Education in the University of Edinburgh. 
New Edition, revised, y. 6d. 
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EDUCATION. THREE LECTURES ON THE PRAC- 
TICE OF. I. On Marking, by H. W. Eve, M.A. II. On Stimulus, by 
A. SiDGWiCK, M.A. III. On the Teaching of Latin Verse Composition, by 
E. A. Abbott, D.D. is. 

LOCKE ON EDUCATION. With Introduction and Notes 
by the Rev. R. H. Quick, M.A. 3^. dd. 

**The work before us leaves nothing to be desired. It is of convenient form and reasonable 
price, accurately printed, and accompanied by notes which are admirable. There is no teacher 
too young to find this book interesting ; there is no teacher too old to find it profitable." — The 
School BHlIetin^ New York. 

MILTON'S TRACTATE ON EDUCATION. A fac- 

simile reprint from the Edition of 1673. Edited, with Introduction and 
Notes, by Oscar Browning. M.A. is. 

*' A separate reprint of Milton's famous letter to Master Samuel Hartlib was a desideratum, 
and we are grateful to Mr Browning for his elegant and scholarly edition, to which is prefixed the 
careful risiinii of the work given in his 'History of Educational Theories.'" — yonmal of 
Education. 

MODERN LANGUAGES. LECTURES ON THE 

TEACHING OF, delivered in the University of Cambridge in the Lent 
Term, 1887. By C. Colbeck, M.A., Assistant Master of Harrow School. 2J. 

ON STIMULUS. A Lecture delivered for the Teachers' 

Training Syndicate at Cambridge, May 1882, by A SiDGWiCK, M.A. \s. 

TEACHER. GENERAL AIMS OF THE, AND FORM 

MANAGEMENT. Two Lectures delivered in the University of Cambridge 
in the Lent Term, 1883, by Archdeacon Farrar, D.D., and R. B. Poole, 
B.D. Head Master of Bedford Modern School. \s. dd. 

TEACHING. THEORY AND PRACTICE OF. By the 

Rev. Edward Thring, M.A., late Head Master of Uppingham School 
and Fellow of King's College, Cambridge. New Edition. 4.r. 6d. 
"Any attempt to summarize the contents of the volume would fail to give our readers a 
taste of the pleasure that its perusal has given \is."—younial of Education. 



BRITISH INDIA, A SHORT HISTORY OF. By 

Rev. E. S. Carlos, M. A., late Head Master of Exeter Grammar School. \s. 

GEOGRAPHY, ELEMENTARY COMMERCIAL. A 

Sketch of the Commodities and the Countries of the World. By H. R. 
Mill, Sc.D., F.R.S.E., Lecturer on Commercial Geography in the Heriot- 
Watt College, Edinburgh. \s. 

AN ATLAS OF COMMERCIAL GEOGRAPHY. In- 
tended as a Companion to the above. By J. G. Bartholomew, 
F.R.G.S. With an Introduction by Dr H. R. Mill. y. 



VII. MATHEMATICS. 

EUCLID'S ELEMENTS OF GEOMETRY. Books I. 

& II. Edited by H. M. Taylor, M.A., Fellow and formerly Tutor of 
Trinity College, Cambridge, is. dd. 

Books III. and IV. By the same Editor. 

\In the Press. 

[^Other Volumes are in preparation.'] 
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LOCAL EXAMINATIONS. 

Examination Papers, for various years, with the Regulations for the 
Examination. Demy 8vo. is. each, or by Post 2j. 2d. 

Class Lists, for various years. Boys is.. Girls 6el. 
Annual Reports of the Syndicate, with Supplementary Tables showing 
the success and failure of the Candidates. 2j. each, by Post 2s. yi. 



HIGHER LOCAL EXAMINATIONS. 

Examination Papers for various years, to which are added the Regu- 
lations for the Examination. Demy 8vo. is. each, by Post is. id. 
Class Lists, for various years. \s. each. By Post is. id. 
Reports of the Syndicate. Demy 8vo. is., by Post \s. id. 

LOCAL LECTURES SYNDICATE. / 

Calendar for the years 1875—80. Fcap. 8vo. cloth. is.\ for 1880—81. i.r. 

TEACHERS' TRAINING SYNDICATE. 

Examination Papers for various years, to which are added the Regu- 
lations for the Examination. Demy 8vo. dd., by Post "jd. 

CAMBRIDGE UNIVERSITY REPORTER. 

Published by Authority. 
Containing all the Official Notices of the University, Reports of 
Discussions in the Schools, and Proceedings of the Cambridge 
Philosophical, Antiquarian and Philological Societies. 30^. weekly. 

CAMBRIDGE UNIVERSITY EXAMINATION PAPERS. 

These Papers are published in occasional numbers every Term, and in 

volumes for the Academical year. 

Vol. XVI. Parts a\ to 65. Papers for the Year 1886—87, ^S^- cloth. 

Vol. XVII. „ 651086. „ „ iZZ7—9,?,,it,s.cloth. 

Vol. XVIII. „ 8710107. „ „ i888— 89, isj. f/«M. 

Oxford and Cambridge Schools Examinations. 

Papers set in the Examination for Certificates, July, 1888. is. 6d. 
List of Candidates who obtained Certificates at the Examination 

held in 1889 ; and Supplementary Tables. 6d. 
Regulations of the Board for 1890. gd. 
Regulations for the Commercial Certificate, 1890. zd. 
Report of the Board for the year ending Oct. 31, 1889. is. 

Studies from the Morphological Laboratory in the Uni- 
versity of Cambridge. Edited by Adam Sedgwick, M.A., Fellow and 
I.eclurer of Trinity College, Cambridge. Vol. II. Part I. Royal 8vo. los. 
Vol.11. Part II. ■]S.6d. Vol. III. Parti, ^s.6d. Vol. III. Part II. is.ed. 
Vol. IV. Part I. lis. 6d. Vol. IV. Part II. los. Vol. IV. Part III. jj. 
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